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The plan upon which this vrork was originally commea- 
ced, is continued in this second part of the course. As the 
single object is to provide for a class in college^ such matter 
as is not embraced by this design is excluded. The mode 
of treating the subjects, for the reasons mentioned in the pre- 
ftce to Algebra, is, in a considerable degree, difiuse. It was 
thought better to err on this extreme, than on the other, 
especially in the early part of the course. 

The section on right angled triangles will probably be 
considered as needlessly minute. The solutions might, in 
all cases, be effected by the theorems which are given for 
oblique angled triangles. But the applications of rectangu* 
lar trigonometry are so numerous, in navigation, surveying, 
astronomy, &c., that it was deemed important, to render 
familiar the various methods of stating the relations of the 
sides and angles ; and especially to bring distinctly into view 
the principle on which most trigonometncai calculations are 
founded, ^e proportion between the parts of the given tri- 
angle, and a similar one formed fiom the sines, tangents, &c., 
in the tables. 
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LOGARITHMS. 



SECTION I. 

NATURE OP LOGARITHMS.* 

Art. 1. The operations of Multiplication and Division, 
when they are to be often repeated, become so laborious, 
that it is an object of importance to substitute, in their stead, 
more simple methods of calculation, such as Addition and 
Subtraction. If these can be made to perform, in an expe- 
ditious manner, the office of multiplication and division, a 
great portion of the time and labor which the latter processes 
require, may be saved. 

Now it has been shown, (Algebra, 233, 237,) that powerg 
may be multiplied, by adding their exponents^ and divided, 
by subtracting their exponents. In the same manner, roots 
may be multiplied and divided, by adding and subtracting 
their fractional exponents. ^Alg. 280, 286.) When these ex- 
ponents are arranged in taoles, and applied to the general 
purposes of calculation, they are called Logarithms. 

2. LOGARITHMS, then, are the EXPONENTS of 

A SERIES OF POWERS AND ROOTS.f 

In forming a system of logarithms, some particular num« 
ber is fixed upon, as the hasey radix, or first power, whose 
lorarithm is always 1. From this, a series of powers is rais* 
ed, and the exponents of these are arranged in tables for use. 
To explain this, let the number which is chosen for the first 

• Maakelfne'i Preface to Taylor's Logarithma. Introduotion to Huttoi*s 
Tablea. Keil on Logarithma. Maaerea Scriptorea Logarithmid. Brigga* Log- 
arithma. Dodson'a Anti-logarithmie Canon. Euler'a Algabia. 

t See note A. 

1 
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2 NATURE OF LOGARITIIMa 

power, be represented by a. Then taking a series of pow- 
ers, both direct and reciprocal, as in Alg. 207 ; 

a«, a», a*, a', a«, ar\ a"', ar^, cr*, &c. 

The logarithm of a ' is 3, and the logarithm of ar^ is — 1, 
ofa^isl, offlT^is — 2, 

of a« is 0, of a-» is — 3,&c. 

Universally, the logarithm of a* is ir. 

3. In the system of logarithms in common use, called 
Briggsf logarithms, the nmnber which is taken for the radix 
or base is 10. The above series then, by substituting 10 for 
a, becomes 

los 10', io«, los 10% lo-^ io-«, io~>, &a. 

Or 10000, 1000, 100, 10, 1, ^V, tH; t^zt^ <kc. 
Whose logarithms are 
4, 3, 2, 1, 0, —1, —2, —3, &c. 

4. The fractional exponents of roots^ and of powers of 
roots, are converted into decimals^ before they are inserted 
in the logarithmic tables. See Alg. 265. 

The logarithm of a*, or a«« « » », is 0.3333, 

of a% or a<»-« • • «, is 0.6666, 

of a^ or a»-« a • », is 0.4285, 

of aV, or a«-« • • •, is 3.6666, &a 

These decimals are carried to a greater or less number of 
places, according to the degree of accuracy required. 

5. In forming a system of logarithms, it is necessary to 
obtain the logarithm of each of the numbers in the natural 
series 1, 2, 3, 4, 5, &c.; so that the logarithm of any number 
may be found in the tables. For this purpose, the radix of 
the system must first be determined upon ; and then every 
other number may be considered as some power or root of 
this. If the radix is 10, as in the common system, every 
other number is to be considered as some power of 10. 

That a po\ver or root of 10 may be found, which shall be 
equal to any other number whatever, or, at least, a very near 
approximation to it, is evident from this, tliat the exponent 
may be endlessly varied ; and if this be increased or dimin- 
ished, the pcwer will be increased or diminished. 
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NATURS OP LOOARmma 3 

If the exponent is a fraction, and the numerator be increas- . 
edy the power will be increased ; but if the dencminaicr be 
increased, the power will be diminished. 

6. To obtain then the logarithm of any number, according 
to Brigffs' syTstem, we have to find a power or root of 10 
which snail be equal to the proposed number. The exponent 
of that power or root is the logarithm required. Thus 



20-10>-»«»* 

30«10'-*'''" 

400«-10a-«««« 



therefore the 
logarithm 



^of 7 is 0.8451 
of. 20 is 1.3010 
of 30 is 1.4771 
of 400 is 2.6020, &c 



7. A logarithm ^nerally consists of two parts, an integer 
and a decimal. Thus, the logarithm 2.60206, or, as it is 
sometimes written, 2-f -60206, consists of the integer 2, and 
the decimal .60206. The integral part is called the charac- 
teristic or index* of the logarithm ; and is frequently omitted, 
in the common tables, because it can be easily supplied, when- 
ever the logarithm is to be used in calculation. 

By art. 3d, the logarithms of 

10000, 1000, 100, 10, 1, .1, .01, .001, &c. 
are 4, 3, 2, 1, 0, —1, —2, —3, &c. 

As the logarithms of 1 and of 10 are and 1, it is evident, 
that, if any given number be between 1 and 10, its logarithm 
will be between and 1, that is, it will be greater than 0, but 
less than 1. It will therefore have for its index, with a 
decimal annexed. 

Thus, the logarithm of 6 is 0.69897. 

For the same reason, if the given number be between ' 

10 and 100, ) the log. ( 1 and 2, i. e. 1+the dec. part 

100 and 1000, } will be ^ 2 and 3, 2+the dec. part. 

1000 and 10000, ) between ( 3 and 4, 3+the dec. part. 

We have, therefore, when the logarithm of an integer or 
mixed number is to be found, this general rule: 

• The term indtXy as it is used hei^ may possibly lead to aoroe oonfuaion in 
the mind of the learner. For the logarithm itself is the index or exponent of a 
powar. The characteristic, therefore, is the index of an index. 
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4 K ATDBS or XXKIARrrSMI. 

8. The index of the logarithm is alwai^s one lese^ thanthe 
number ofintegraljiffuresj in the natural number whose logor 
rithm is sought : or, the index shows how far the first fi^re 
of the natural number is removed from the place of units. 

Thus, the logarithm of 37 is 1.66820. 

Here, the number of figures being tivoy the index of the 
logarithm is 1. 

The logarithm of 253 is 2.40312. 

Here, the proposed number 253 consists of three figfures, 
the first of which iS in the second place from the unit figure. 
The index of the logarithm is therefore 2. 

The logarithm of 62.8 is 1.79796. 

Here it is evident that the mixed number 62.8 is between 
10 and 100. The index of its logarithm must, therefore, 
be 1. 

9. As the logarithm of 1 is 0, the logarithm of a number 
less than 1. that is, of any proper /roc^ion, must be negative. 

Thus, by art. 3d, 

The logarithm of j\ or .1 is — 1, 
of tJt or .01 is— 2, 
of j^\^ or .001 is — 3, &c. 

10. If the proposed number is between y^^ and -r^Vir) 
its logarithm must be between — 2 and — 3. To obtain the 
logarithm, therefore, we must either subtract a certain frac- 
tional part from — 2, or add a fractional part to — 3 ; that is, 
we must either annex a negative decimal to — 2, or a posi- 
tive one to — 3. 

Thus, the logarithm 

of .008 is either —2 —.09691, or — 3+.90309.* 

The latter is generally most convenient in practice, and is 
more coihmonly written 3.90309. The line over the index 

• That these two expresaons are of the same value will be evident, if we sah- 
tract the same quantity, -f -90309 from each. The remainders will be equal, and 
therefore the quantities fix>m which the subtraction is made must be equal. See 
DOteB. 
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denotes, that thai is negatiye, while the decimal part of the 
k^[arithm is positive. 

f of 0.3, i8T47712, 

The logarithm 5 of 0.06, is_2.77816, 

( of 0.009, is'3:96424, 

And univeTsally, 

11. The negative index of a logartthm shows haw far the 
first signijicant figure of the natural number^ is removed 
from the place of unitSy on the right ; in the same manner as 
a positive index shows how far the first figure of the natural 
number is removed from the place of units, on the left. (Art 
8.) Thus, in the examples in the, last article. 

The decimal 3 is in the^^^ place from that of units, 
6 is in the second place, 
9 is in the third place ; 

And the indices of the logarithms BieT, 2^ and 3. 

12. It is often more convenient, however, to make the in- 
dex of the logarithm positive, as well as the decimal part 
This is done by adding 10 to the index. 

Thus, for — 1, 9 is written ; for — 2, 8, &c. 
Because — 1+10=- 9, — 2+10- 8, &c. 

With this alteration, 

CT90309 ) ( 9.90309, 

The logarithm < 2.90309- [ becomes < 8.90309, 

' 3790309 J ' 7.90309, &c 

This is making the index of the logarithm 10 too great 
But with proper caution, it will lead to no error in practice. 

13. The sum of the logarithms of two numbers, is the log- 
arithm of the product of those numbers ; and the difference 
of the logarithms of two numbers, is the logarithm of the 

r}tie7ii of one of the numbers divided by the other. (Art 2.) 
Briggs' system, the loj^rithm of 10 is L (Art 3.) If there- 
fore any number be multiplied or divided by 10, its logarithm 
will be increased or diminished by 1 : and as this is an in- 
teger, it will only change the index of the Ic^parithm, without 
affecting the decimal part 
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t 

Thus, the l<^arithm of 4730 is 3.67486 
And the logarithm of 10 is 1. 

The logarithm of the product 47300 is 4.67486 
And the logarithm of the quotient 473 is 2.67486 

Here the index only is altered, while the decimal part re- 
mains the same. We have then this important property, 

14. The DECIMAL PART of the logarithm of any number 
is the sams^ as that of the number multiplied or divided by 
10, 100, 1000, &c. 



Thus the log. of 45670, 
4567, 
456.7, 

45.67, 
4.567, 


is 4.65963, 
3.65963, 
2.65963, 
1.65963, 
0.65963, 


.4567, 


1.65963, or 9.65963, 


.04567, 


'2:65963, 8.65963, 



.004567, 3.65963, 7.65963. 

This property, which is peculiar to Briggs' system, is of 
great use in abridging the logarithmic tables. For when we 
have the logarithm of any number, we have only to change 
the index, to obtain the logarithm of every other number, 
whether integral, fractional, or mixed, consisting of the same 
significant figures. The decimal part of the logarithm of a 
firaction found in this way, is always positive. For it is the 
same as the decimal part of the logarithm of a whole num- 
ber. 

15. In a series of fractions continually decreasing-, the 
negative indices of the logarithms continually increase. 
Thus, 

In the series 1, .1, .01, .001, .0001, .00001, Sec. 

The logarithms are 0, — 1, — 2, — 3, — 4, — 5, &c. 

If the progression be continued, till the fraction is reduced 
to 0, the negative logarithm will become greater than any as- 
signable quantity. The logarithm of 0, therefore, is infinite 
and negative. (Alg. 447.) 

16. It is evident also, that all negative logarithms belong 
to fractions which are between 1 and ; while positive loga- 
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rithms belong to natural numbers which are greater than 1. 
As the whole ran^ of numbers, both positive and negativei 
is thus exhausted in supplying the logarithms of integral and 
fractional positive quantities ; there can be no other numbers 
to furnish logarithms for negative quantities. On this ac- 
count the logarithm of a negative quantity is, by some wri- 
ters, considered as impossible. But as there is no difTerence 
in the multiplication, division, involution, &c. of positive and 
negative quantities, except in applying the signs ; they may 
be considered as all positive, while these operations are per- 
forming by means ot logeirithms ; and the proper signs may 
be afterwards aflixed. 

17. If a series of numbers be in geometrical progression^ 
their logarithms will be in arithmetical profession. For, 
in a geometrical series ascending, the quantities increase by 
a common multiplier ; ( Alg. 436.) that is, each succeeding 
term is the product of the preceding term into the ratio. 
But the logarithm of this product is the sum of the logarithms 
of the preceding term and the ratio ; that is, the logarithms 
increase by a common addition^ and are, therefore, m arith- 
metical progression. (Al^. 422.) In a geometrical progression 
descending^ the terms decrease by a common divisor^ and 
their logarithms, by a common difference* 

Thus, the numbers 1, 10, 100, 1000, lOOOQ, &c. are in 
geometrical progression. 

And their logarithms 0, 1, 2, 3, 4, &c. are in arithmeti- 
cal progression. 

Universally, if in any geometrical series;, 
a — the least term, r = the ratio, 

Z/ » its logarithm, Z =» its logarithm ; 

Thw the logarithm of ar is -L+ly (Art. 1.) 
of ar« \sL+2l, 
of ar» is ZH-3Z, &c. 

Here, the quantities a, ar^^ ar^, qr^j &c., are in geomet- 
rical progression. (Alg. 436.) 

And their logarithms i, L+i, L+% i+3Z, &c., are in 
arithmetical progression. (Alg. 423.) 

• Seo note C. 
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THE LOGARITHMIC CURVE. 



19. The relations of logarithms, and their corresponding 
numbers, may be represented by the abscissas and ordinates 
of a curve. Let the line AC (Fig. 1.) be taken for unity. 
Let AF be divided into portions, each equal to A C, by the 
points 1, 2, 3, &c. Let the line a represent the radix of a 
given system of logarithms, suppose it to be 1.3 ; and let a', 
a3,&c. correspond, in length, with the different powers of a. 
Then the distances from A to 1, 2, 3, &c., will represent the 
logarithmg oi a^ a", a', &c. (Art. 2.) The line CH is called 
the logarithmic curve, because its abscissas are proportioned 
to the logarithms of numbers represented by its ordincUes. 
(Alg. 527.) 

^. As the abscissas are the distances from AC, on the Une 
AF, it is evident, that the abscissa of the point C is 0, which 
is the loffarithm of 1 = AC. (Art. 2.) The distance from A to 
1 is the logarithm of the ordinate a, which is the radix of 
the system. For Briggs' logarithms, this ought to be ten 
times AC. The distances from A to 2 is the logarithm of the 
ordinate a' ; &om A to 3 is the logarithm of a 3, ice. 

21. The logarithms of numbers less than a unit are negor 
tvve. (Art 9.) These may be represented by portions of the 
line AN, on the opposite side of AC. (Alg. 507.) The ordi- 
nates cr', d"*, a" 3, &c., are less than AC, which is taken 
for unity ; and the abscissas, which are the distances from A 
to — 1, — 2, — 3, &c., are negative. 

22. If the curve be continued ever so far, it will never 
meet the axis AN. For, as the ordinates. are in geometrical 
progression decreasing, each is a certain portion of the pre- 
cedSig one. They will be diminished more and more, the 
fiuther they are carried, but can never be reduced absolutely 
to nothing. The axis AN is, therefore, an asymptote of the 
curve. (Alg. 645.) As the ordinate decreases, tne abscissa 
increases ; so tha^ when one becomes infinitely small, the 
other becomes infinitely great. This corresponds with what 
has been stated, (Art 16.) that the logarithm of is infinite 
and negative. 
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23. To iixid the equaiian of this curves 

Let a"> the radix of the system, 
^r^any one of the abscissas, 
y— the corresponding ordinate. 

Then, by the natare of the curve, (Art 19.) the ardinaie 
Co any point, is that power of *a whose exponent is equal to 
the aowissa of the same point ; that is, {Alg. 628.) 

■ ■ ■ ' 

• For odMT propertiM of the lofarithmio oarv«, m6 Flnzioiiii 
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SECTION n. 



DIRECTIONS FOR TAKING LOGARITHMS AND THEIR NUM- 



Art. 24. The purpose which logarithms are intended to 
answer, is to enable us to perform arithmetical operations 
with greater expedition^ th€Ui by the common methods. Be- 
fore any one can avail himself of this advantage, he must 
become so familiar with die tables, that he can readily find 
the logarithm of any number ; and, on the other hand, the 
number to which any logarithm belongs. 

In the common tables, the indices to the logarithms of the 
first 100 numbers, are inserted. But, for all other numberS| 
the decimal part only of the logarithm is given ; while the 
index is left to be supplied, according to the principles in 
arts. 8 and 11. 

26. To find the logarithm of any number between 1 and 
100: 

Look for the proposed number, on the left ; and ajgainst 
it, in the next column, will be the logarithm, with its index. 
Thus, 

The log. of 18 is 1.26527. The log. of 73 is 1.86332. 

26. To find the logarithm of any number between 100 and 
1000 ; or of any number consisting of not more than three 
significant figures, with ciphers annexed. 

In the smdler tables, the three first figures of each num- 
ber, are generally placed in the left hand column ; and the 
jfourth figure is placed at the head of the other columns. 

Any number, therefore, between 100 and 1000, may be 
found on the left hand ; and directly opposite, in the next 
colunm, is the decimal part of its logarithm. To this the 
index must be prefixed, according to the rule in art. 8. 

• Tho belt English Tables are Hutton's in 8vo. and Taylor's in 4to. In theses 
the logarithms are carried to seven places of decimals, and proportional parts are 
plaoedin the margin. The smaller tables are numerous; and, when accurately 
printed, are sufficient for common calculations. 
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The log. of 468 is 2.66087, The log. of 936 is 2.97081^ 
of 796 2.90091, of 386 2.58659. 

If there are ciphers annexed to the significant figures the 
logarithm may be found in a similar manner. For, by art 
14, the decimal part of the logarithm of any number is the 
same, as that of the number multiplied into 10, 100, &c. All 
the difference n^l be In the index ; and this may be supplied 
by the same general rule. 

The 1<^. of 4580 is 3.66087, The log. of 326000 is 5.61322, 
of 79600 4.90091, of 8010000 6.90363. 

27. To find the logarithm of any number consisting of 
vojTRfigureSj either vnth, or without^ ciphers annexed. 

Look for the three first figures, on the left hand, and for 
the fourth figure, at the head of one of the columns. The 
l<^[aritfam wilt be found, opposite the three first figures, and 
in the column which, at the head, is marked with me fourth 
figure.* 

The log. of 6234 is 3.79477, The log. of 783400 is 6.89398, 
of 6231 3.71858, of 6281000 6.79803. 

28. To find the logarithm of a number contaiiiing more 
than four significant figures. 

By turning to the tables, it will be seen, that if the differ- 
ences between several numbers be small, in comparison with 
the numbers themselves ; the differences of the logarithms 
will be nearly proportioned to the differences of the numbers. 
Thus, 

The log. of 1000 is 3.00000, Here the differences in the 
of 1001 3.00043, numbers are, 1, 2, 3, 4, &c. 
of 1002 3.00087, and the corresponding dif- 
of 1003 3.00130, ferences in the logarithms, 
of 1004 3.00173, &c. are 43, 87, 130, 173, &c 

Now 43 is nearly half of 87, one third of 130, one fourth 
of 173, dfcc. 

Upon this principle, we may find the logarithm of a num- 
ber which is between two other numbers whose logarithms 

• In Taylor's, Hnttoii'& and other table8,/our figures are placed in the leflhand 
mumi, and the^/Vk at the top of the page. 
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are given by the tables. Thus, the logarithm of 21716 is not 
to be found in those tables which give the numbers to four 
places of figures only. 

But by the table, the log. of 21720 is 4.33686 
and the log. of 21710 is 4.33666 

The difference of the two numbers is 10; and that of the 
logarithms 20. 

Also, the difference between 21710, and the proposed num* 
ber 21716, is 6. 

If, then, a difference of 10 in the numbers 
make a difference of 20 in the logarithms : 

A difference of 6 in the numbers, will 
make a difference of 12 in the logarithms. 

That is, 10 : 20 :: 6 : 12. 

If, therefore, 12 be added to 4.33666, the log. of 21710 ; 
The sum wUl be 4.33678, the log. of 21716* 

We have, then, this 

RULE, 

To find the logarithm of a number consisting of more than 
four figures : 

Take out the logarithm of two numbers, one greater, and 
the other less, than the number proposed : Find the differ- 
ence of the two numbers, and the difference of their loga- 
rithms : Take also the difference between the least of me 
two numbers, and the proposed number. Then say, 
As the difference of the two numbers. 
To the difference of their logarithms; 
So is the difference between the least of the two num- 
bers, and the proposed number, 
To the proportional part to be added to 
the least of the two logarithms. 
It will generally be expedient to make ihe four first figures^ 
in the least of the two numbers, the same as in the proposed 
number, substituting ciphers, for the remaining figures ; and 
to make the greater number the same as the less, with the 
addition of a unit to the last significant figure. Thus, 

For 36843, take 36840, and 36850, 
For 792674 792600, 792700, 
For 6537825, 6537000, 6538000, &c- 
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The first term of the proportion will then be 10, or 100^ 
ca 1000, &c. 

Ex. 1. Reqnired the Ic^farithm of 362672. 

The logarithm of 362600 is 6.56943 
of 362600 6.66931 

The differences are 100, and 12. 

Then 100 : 12 : : 72 : 8.64, or 9 nearly. 
And the log. 6.66931+9 » 6.66940, the log. required. 

Ex. 2. The log. of 78264 is 4.89366 

3. The log. of 143642 is 6.16698 

4. The log. of 1129536 is 6.05290. 

By a little practice, such a facility, in abridging these cal< 
culations, may be acquired, that the logarithms may be taken 
out, in a very short time. When great accuracy is not re- 
quired, it will be easy to make an allowance sufficiently near, 
without formally stating a proportion. In the larger tables, 
the proportional parts which are to be added to the loga- 
rithms, are already prepared, and placed in the margin. 

29. To Jhid the logcariihm of a DECiMAh FRACTION, 
The logarithm of a decimal is the same as that of a whole 

number, excepting the indes. (Art. 14.) To find then the 
logarithm of a decimal, take out that of a whole number con- 
sisting of the same figures ; observing to make the negative 
index equal to the distance of the first significant figtire of 
the fraction from the place of units. (Art. 11.) 

The log. of 0.07643, is 2:S8326, or 8.88326, (Art 12.) 
of 0.00269, 341330, or 7.41330, 
of 0.0006278, 4.79782, or 6.79782. 

30. To find the logarithm of a mixed decimal number. 

Find the logarithm, in the same manner as if a2/ the fig- 
ures were integers ; and then prefix the index which belongs 
to the integrw pait, according to art 8. 

The logarithm of 26.34 is 1.42062. 

The index here is 1, because 1 is the index of the Icm- 
rithm of every number greater than 10, and less than 100. 
(Art. 7.) 
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The 1<^. of 2^ is 0.37391, The log. of 364.2 is 2.66134 
of 27.8 L44404, of 69.42 1.84148. 

31. Tojind the logarithm of awhQAB, vfLACTiofi. 
From the nature of a vulgar fraction, the numerator may 

be considered as a dividend^ and the denominator as a divi- 
sor ; in other words, the value of the fraction is equal to the 
quotient of the numerator divided hj the denominator. { Alg. 
136.) But in logarithms, division is performed by subtrac- 
tion ; that is, the difference of the logarithms of two numbers, 
is the logarithm of the quotient of those numbers. (Art 1.) 
To iGuid then the logarithm of a vulgar fraction, subtract the 
logarithm of the denominator from that of the numerator. 
The difference will be the Ic^arithm of the fraction. Or the 
logarithm may be found, by mrst reducing the vulgar fraction 
to a decimal. If the numerator is less than the denominator, 
the index of the logarithm must be negative^ because tfie 
value of the fraction is less than a tmit. (Art^ 9.) 

Required the logarithm of f^. 

The log. of the numerator is 1.63148 
of the denominator 1.93962 

of the fraction T591%, or 9.69196. 

The logarithm of ^y/y is 2766362, or 8.66362. 

ofy/,y 3704376, or 7.04376. 

32. If the logarithm of a mixed number is required, reduce 
it to an improper fraction, and then proceed as before. 

The logarithm of 3f-y is 0:57724. 



33. To find the natural numb A belonging to any logor 
rUhm. 

In computing by logarithms, it is necessaij, in the first 
place, to take from the tables the logarithms of the numbers 
which enter into the calculation ; and, on the other hand, at 
the close of the operation, to fiind. the number belonging to 
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the logarithm obtained ia the result This is evidently done, 
by reversing the methods in the preceding articles. 

Where great accuracy is not required, look in the tables 
for the logarithm which is nearest to the given one; and 
directly opposite, on the left hand, will be found the three 
first figures, and at the top, over the logarithm, the fourth 
figure, of the number required. This number, by pointing 
on decimals, or by adding ciphers, if necessary, must be made 
to correspond with the mdex of the given logarithm, accord- 
ing to arts. 8 and 11. 

The natural number belonging 

to 3.86493 is 7327, to L62572 is 42.24, 

to 2.90141 796.9, to 2.89115 0.07783. 

In the last example, the index requires that the first signi- 
ficant figure shoula be in the second place firom units, and 
therefore a cipher must be prefixed. In other instances, it 
is necessary to annex ciphers on the rights so as to make the 
number of figures exceed the index by 1. 

The natural number belonging 

to 6.71667 is 6196000, to [3:66677 is 0.004637, 
to 467062 46840, to 4.69802 0.0003963. 

34 When great accuracy is required, and the given loga- 
rithm is not exactly, or very nearly, found in the tables, it 
will be necessary to reverse the rule in art. 28. 

Take firom the tables two logarithms, one the nextgreater, 
the odier the next less than the given logarithm. land the 
difference of the two logarithms, and the difference of their 
natural numbers ; also the difference between the least of the 
two logarithms, and the given logarithm. Then say. 

As the diflference of the two logarithms. 
To the difference of their nunu)ers ; 
So is the difference between the given 

logarithm and the least of the other two. 
To me proportional part to be added to 

the least of the two numbers. 
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Requiied the number beionging to the logarithm 2.6732S, 

Next great log, 2.67330. Ite numb. 471.3. Given log. 2.67326 
Next less 2.67321. Its numb. 471.2. Next less 2.67321. 

Differences 9 0.1 4 



Then, 9 : 0.1 : : 4 : 0.044, which is to be added 
to the number 471.2 



The number required is 471.244 

lie natural number belonging 
to 4.37627 is 23783.45, to L7J 

to 3.69479 4962.08, to 1.09214 0.123636. 



The natural number belonging 
to 4.37627 is 23783.46, to 1.73698 is 64.67367, 



36. Correction of the Tables. — ^The tables of l<^aritfams 
have been so carefully and so repeatedly calculated, by the 
ablest computers, that there is no room left to question their 
^neral correctness. They are not, however, exempt from 
me common imperfeotions of the press. But an error of this 
kind is easily corrected, by comparing the logarithm with anv 
two others to whose sum or difference it ought to be equal. 
(Art. 1.) ^ 

Thus, 48 =-24x2 -16x3 -12x4 -8x6. Therefore, the 
logarithm of 48 is equal to the sum of the logarithms of 24 
and 2, of 16 and 3, 6oc. 

And, 3— 1-« V— V— V-" V » ^<^ Therefore, the logarithm 
of 3 is equal to the difference of itie logarithms of 6 and ^of 
12 and 4^ &c. 
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SECTION ra. 



VETfiODS OF CALCVLATING BT LOGARITHMS. 



Art. 36. Thb arithmetical operations for which loga- 
rithms were originally contrived, and on which their grea^ 
utility depends, are chiefly multiplication, division, involution, 
ev<rfution, and finding the term required in sin£^le and com- 
pound proportion. The principle on which all these calcu« 
lations are conducted, is this : 

^the hgcaithme of two numbers he cdded^ the bum wiU 
he the logarithm €fthe product of the numbers ; and, 

If the logarithm of one number be subtracted from that of 
emlkher^ th^ difference mS be the logarithm of the auo- 
TiENT cfone of the numbers divided by the other. 

In proof of this, we have only to call to mind, that loga^ 
rithms are the exponents of a series of powers a$ul roots, 
(Arts. 2, 6.) And it has beeoi shown, that powers and roots 
are mmUii^ied by addimg their exponents ; and divided, by 
mi^oc^ their exponents. (Alg. 233, 237, 280, 286.) 

MULTIPLICATION BT LOGARITHMS. 

37. ADD THE LOGARITHMS OF THE FACTORS: THE 
SUM WILL BE THE LOGARITHM OF THE PRODUCT. 

In making the addition, 1 is to be carried, for ever^ 10, 
from the decimal part of the logarithm, to the index. (Art. 7.) 

Nomben. Lofirithms. Nomben. Logaritbmi. 

Molt. 36.2 (Art 30.) 1.65871 Mult. 640 2.80618 
Into 7.84 0.89432 Into 2.316 0.36474 

Prod. 283.8 2.46303 Prod. 1482 3.17092 

The loprithms of the two factors are taken from the tables. 
'Hie pro£ct is obtained, by finding, in die tables, Ihe natunU 
number belonging to the sum. (Art. 33.) 

3 



Digitized by LjOOQ IC 



IS 



MKimiCATKnC BY UWARITBiaL 



Mult 89.24 
Into 3.687 


1.95056 
0.56667 


Mult 134. 
Into 26.6 


2.12710 
1.40824 


Prod. 329. 


2.61723 


Prod. 3430 


3.63634 



38. When any or all of the indices of the logarithms are 
negative, they are to be added according to the rules for ftie 
addition of positive and neffative quantities in algebra. But 
it mqst be kept in mind, that the decimal part of the lo^ar 
rithm is positive. (Art. 10.) Therefore, that which is earned 
from the decimal part to the index, must be considered posi- 
tive also. 



Mult. 
Into 



62.84 
0.682 



1.83378 



Prod. 42.86 1.63202 



Mult 
Into 

Prod. 



0.0294 
0.8372 



246836 
1.92283 



0.0246 2.39118 



In each of these examples, + 1 is to be carried from the 
decimal part of the logarithm. This, added to — 1, the lower 
index, makes it ; so that there is nothing to be added to the 
upper index. 

If any perplexity is occasioned, by the addition of positive 
and negative quantities, it may be avoided, by borrowing 10 
to the index. (Art 12.) 



Mult 


62.84 


Into 


0.682 


Prod. 


42.86 



1.79824 
9.83378 

1.63202 



Molt 
Into 



0.0294 
0.8372 



8.46836 
9.92283 



Prod. 0.0246 8.39118 



Bsxe 10 is added to the negative indices, and aiterwaids 
rejected from the index of the sum of ^e logarithms. 



Multiply 26.83 
Into 0.00069 

Product 0.01861 



JL.42862 1.42862 

4.83886 or 6.83886 



256747 



8.26747 



Here +1 carried to — 4 makes it — 3, which added to the 
u|^r index +1, gives — 2 for the index of the sum. 
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Multiply .00845 1:92686 or 7.92686 
Into 1068. 3.02857 3.02857 

Product 9.0246 0.96543 0.95643 



The product of 0.0362 into 25.38 is 0.9188 
of 0.00467 into 348.1 is 1.626 
of 0.0861 into 0.00843 is 0.0007258 

39. Any number of factors may be multiplied together, by 
adding their logarithms. If there are several positive^ and 
severfd negative indices, these are to be reduced to one, as 
in Akebra, by taking the difference between the sum of those 
which are n^ative, and the sum of those which are positive, 
increased by what is carried from the decimal part of the 
logarithms. (Alg. 78.) 



Multiply 


6832 


3.83466 


3.83466 


Into 


a00863 


3.93601 or 


7.93601 


And 


0.661 


1.81358 


9.81358 


And 


0.0231 


2.36361 or 


8.36361 


And 


62.87 


1.79844 


1.79844 


PkmL 


65.74 


1.74619 


1.74619 



Ex. 2. The prod, of 36.4x7.82x68.91x0.3846 is 7644 

3. The prod, of 0.00629x2.647x0.082x278.8x0.00063 is 
0.0002398. 

40. Negative quantities are multiplied, by means of loga- 
rithms, in the same manner as those which are positive. {AxL 
16.) But, after the operation is ended, the proper sim must 
be applied to the natural number expressing the product, ac- 
cording to the rules for the multiplication of positive and 
ne^tive quantities in aleebra. The negative index of a log- 
anthnij must not be confounded with the sign which denotes 
that the natural number is negative. That which the index 
of the logarithm is intended to show, is not whether the nat- 
ural nuau)er is positive or neffotiv^^ but whether it is greater 
or less than a unit. (Art. 16.) ^ 
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Mult +36.42 1.66134 Mult— 2.681 0.42830 
Into — 67.31 1.82808 Into + 37.24 1.67101 

ProA —2451 3.38942 Prod.— 99.84 1.99931 

In these examples, the logarithms are tak^i firom the tables, 
and added, in the same manner, as if both &ctors were posi- 
tive. Bat after the product is found, tihe negative sign is 
prefixed to it, because + is multiplied into — . (Alg. 105.) 

Mult 0.263 T41996 Mult 0.066 1:81291 

Into 0.00894 3.96134 Into 0.693 1.84073 

Prod. 0.002361 " 3.37130 Prod. 0.04604 " gTeeSM 

Here, the indices of the logarithms are negative, but the 
product is positive, because the &ctors are both positive. 

Mult —62.69 J.79660 Mult —68.3 2:^3442 
Into — 0.00663 3.93601 Into — 0.0096 3.98227 

Prod. +0.5402 T73251 Prod. +0.6667 T81669 
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41. From the logarithm op the DIVIDEND, SUB- 
TRACT THE LOGARITHM OP THE DIVISOR ; THE DIF- 
FERENCE WILL BE THE LOGARITEIM OF THE QUO- 
TIENT. (Art. 36.) 



Ntmiben. LogartUunf. 

Divide 6238 3.79606 

B7 2^ 3.47461 

auot 2.092 0.32064 



Nnmben. 

Divide 896.3 
By 9.847 

duot 91.02 



LogailduM. 

2.96246 
0.99330 

1.96916 



42. The decimal part of the logarithm may be subtracted 
as in common arithmetic. But for the indices^ when either 
of them is negative, or the lower one is greater than the upper 
one, it will te necessary to make use of the general rule for 
subtraction in algebra ; that is, to change the signs of the 
subtrahend, and men proceed as in addition. (Alg. §2.) When 
1 is carried from the d^imal part, this is to bs considered 
affirmative^ and appliea to the index, before the sign is 
changed. 

Divide 0.8697 T93937 or 9.93937 
By 98.66 1.99410 1.99410 

QAiot. 0.008816 3:94627 7.94627 

In this example, the upper logarithm being less than the 
lower one, it is necessary to borrow 10, as in other cases of 
subtraction; and therefore to carry 1 to the lower index, 
which then becomes +2. This changed to — 2, and addea 
to — 1 above it, makes the index of the dbSference of the log- 
arithms — 3* 



Divide 
B7 



29.76 
6264 



1.47363 
3.7%16 



1.47363 
3.7%16 



Qnot 0.00476 3.67747 or 7.67747 
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Here, 1 carried to the lower index, makes it +4. This 
changed to — 4, and added to 1 above it, gives — 3 finr the 
index of the difference of the logarithms. 



Divide 6.832 
By .0362 



0JB3466 
2.65871 



Divide 0.00634 
B7 62.18 



3.80209 
1.79366 



Qnot 188.73 2.27684 Quot 0.000102 400844 

The quotient of 0.0986 divided by 0.007241, is 13.6 
The quotient of 0.0621 divided by 3.68, is 0.01687 

43. To divide negative quantities, proceed in the same 
manner as if they were positive, (Ait 40.) and prefix to the 
quotient, the sign which is requiied by the rules for division 
in algebra. 



Divide +3642 
By — 23.68 
auot —163.8 



a66134 
1.37438 



Divide— 0.667 
By +0.0793 



^81767 
2.89927 



2.18696 auot. —8.286 0.91830 



In these examples, the sign of the divisor being different 
from that of the dividend, Sie sign o{ the quotient must be 
n^atiye. (Alg. 123.) 



Divide — 0.364 1.66110 
By — 2.66 0.40624 

Ouot +ai422 r.16286 



Divide 
By 



-68.6 
+0.094 



1.83669 
2.97313 



Qnot — 72a7 2.86266 



INVOLTITION BT LOOABITBHS. 

44. Involving a quantity is multiplying it into itselfl By 
means of logarithms, multiplication is pemrmed by addition. 
I^ thei., till? Jogarithm of any quantity be added to ittdf, the 
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logarithm of a potoer of that quantity will be obtained. But 
acMin^ a iogarithni, or any other quantity, to itself is muUi- 
plicaium. The involution of quantities, by means of loga- 
rithms, is therefore performed, by multiplying the loga- 
rithms. 

Thus the logarithm 

of 100 is 2 

of 100x100, thatis,of 100«is2+2 -3x2. 

of 100x100x100, 100« is 2+2+2 -2x3. 

of 100x100x100x100, 100« is 2+2+2+2 • -2x4. 

On the same principle, the logarithm of 100* is 2>cn. 
And the logarithm of «*, is (log. x) yn. Hence, 

46. To involve a quantity by logarithms. MULTIPLY 

THE LOGARITHM OF THE CtUANTITT, BT THE INDEX OF 
THE POWER RECtUIRED. 

The reason of the rule is also evident, firom the considera- 
tion, that logarithms are &e exponents of powers and roots, 
and a power or root is involved, by fmUHplj^ing its index 
into the index of the power required. (Alg. 220, ^8.) 

Ex. 1. What is the eube of 6^6? 
Boot 6.296, its log. 0.79906 
Index of the power 3 

F^wer 249.6 2.39718 

2. Required the 4th power of 21.32 
Boot 21.32 log. 1.32879 

Index 4 

Power 206614 6.31616 

3. Required the 6th power of 1.689 
Boot 1.689 log. 0.22763 

Index 6 

Power 23.216 1.36678 
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4. Bequiied the i44th pov«r of 1.003 

Root 1.003 log. 0.00130 

IiHkx 144 



Power 1.639 



0.18720 



46. It must be observed, as in the case of multiplication, 
(Art 38.) that what is carried £rom the decimal part of Ae 
logarithm is positive^ whether the index itself is positive or 
negative. Or, if 10 be added to a native index, to render 
it positive, (Art 12.) this will be multiplied, as well as the 
other figur^ so that the logarithm of the square, will be 20 
too great ; of the cube, 30 too great, &c. 



Ex. 1. Required the cube of 0.0649 

Root 0.0649 log. 2.81224 or 8.81224 

Index 3 3 



Power 0.0002733 



4.43672 6.43672 



2. Required the 4th power of 
Root 0.1234 log 



Power O.0002319 



J).1234 

1.09132 or 9.09132 

4 4 

1:36628 6.36628 



3. Required the 6th power of _0.9977 
Root 0.9977 log. 1.99900 ot 9.99900 

Index 6 6 



Power 0.9863 



1.99400 9.99400 



4. Required the cube of 
Root 0.08762 log. 
Index 

Power 0.0006727 



^08762 

2.94260 or 8.94260 

3 3 

"482780 6.82780 
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6. The 7th power of 0.9061 is 0.6015. 
6. The 6th power of 0.9344 is 0.7123. 



BYOLUTIOir BT LOOARITUIIS. 

47. Evolution is the opposite of involution. Therefore, as 
quantities are involved, by the multiplicoHon of logarithms, 
roots are extracted by the division of logarithms ; that is, 

To extract the root of a quantity by logarithms, DIVIDE 

THE LOGARITHM OF THE QUANTITY, BY THE NUMBER EX- 
PRESSING THE ROOT REQ.UIREB. 

The reason of the rule is evident also, from the Is^iy that 
l^^iarithms are the exponents of powers and roots, and evo- 
lution is performed, by dividing the exponent, by the number 
expressing the root required. (Aig. 367.) 

1. Required the square root of 648.3 

Nnmbtxt. LqpurttbnM. 

Power 648.3 2)2.81178 

Boot 25.46 1.40689 

2. Required the cube root of 897.1 

Power 897.1 3)2.95284 

. Root 9.645 0.98428 

In the first of these examples, the logarithm of the given 
nuniber is divided by 2 ; in the other, by 3. 

3. Required the 10th root of 6948. 

Power 6948 . 10)3.84186 
Root 2.422.. 0.38418 

4. Required the 100th root of 983. 

Power 983.. 100)2.99265 
Root wm • .0.02992 

The division is performed here, as in other cases of deci* 
nalsi by removing the deeimal point to the left. 
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6. What 18 the ten thousandth root of 49680000? 

Power 49680000 10000)7.69618 

Root 1.00179 0.00077 

We have, here, an example of the ffreat rapidity with which 
arithmetical operations are performed by logarithms. 

48. If the mdex of the logarithm is negative^ and is tud 
divisible by the given divisor, without a remainder, a diffi« 
culty will occur, unless the index be altered. 

Suppose the cube root of 0.0000892 is required. The 

logarithm of this is ~&96036. If we divide the index by 3, 
the quotient will be — 1, with — 2 remainder. This remain* 
der, if it were positive, might, as in other cases of division, 
be prefixed to the next figure. But the remainder is negor 
tive, while the decimal part of the logarithm is positive ; so 
that, when the former is prefixed to me latter, it will make 
neither +2.9 nor — 2.9, but — 2+.9. This embarrassing in- 
termixture of positives and negatives may be avoided, by 
addine; to the index another negative number, to make it ex- 
actly divisible by (he divisor. Thus, if to the index — 6 there 
be added — 1, the sum — 6 will be divisible by 3. But this 
addition of a negative number must be amipensated, by the 
addition of an equal positive number, which may be prefixed 
to the decimal part of the logarithm. The division may then 
be continued, without diffici^ty, through the whole. 

Thus, if the logarithm "5.95036 be altered to 6+1.96036 
it may be divided by 3, and the quotient will be 2.65012. 
We have then this rule, 

49. Add to the index, if necessary, such a negative number 
as trill make it exactly divisible by the divisor, and prefix an 
equal positive number to the decimal part of the logarithm, 

1. Required the 6th root of 0009642. 

Power 0.009642 log. _ '3.98417 

or 6H^.98417 

Root 0.3962 1.69683 

2. Required the 7th root of 0.0004936. 

Power 0.0004936 log. _X69329 

or 7)7+3^69329 

Root 0.337 1.62761 
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60. I^ for the, sake of performing the division conveniently; 
the negative index be rendered posUive, it will be expedient 
to borrow as many t^as, as there are units in the number 
denoting the root. 

What is the fourth root of 0.03698 ? 

Power 0.03698 4)2;56797 or 4)38.66797 
Boot 0.4385 1.64199 9.64199 

Here the index, by borrowing, is made 40 too ^^reat, that 
IS, +38 instead of —2. When, therefore, it is divided by 4, 
it is still 10 too great, +9 instead of — 1. 

What is the 5th root of 0.008926 ? 

Power 0.008926 6)3|95066 or 6)47.96066 
Root 0.38916 1.59013 9.59013 

61. A power of a root may be found by first multiplying' 
the logarithm of the given quantity into ttie index of the 
power, (Art. 45.) and then dimdiTig the product by the num- 
oer expressing the root. (Art. 47.) 

1. What is the value of (63)^, that is, the 6th power of 
the 7th root of 53 ? 

^ Given number 53 log. 1.72428 
Multiplying by 6 

Dividing by 7)10.34568 

Power required 30.06 1.47796 

2. What is the 8th power of the 9th root of 664? 

PROPORTION BY LOGARITHMS* 

62. In a proportion, when three terms are ^ven, the fourth 
is found, in common arithmetic, by multiplying toother {be 
second and third, and dividing by the first. &t when loga- 
rithms are used, addition takes the place of multiplication, 
and subtraction^ of division. 

To find, then, by logarithms, the fourth term in a proper- 
tion, ADD the logarithms of the SECOND and THIRD 
TERMS, AND/rofn the sum SUBTRACT *THB logarithm 
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OF THE FIRST TEEM. The remaind^ will be the bgaiithm 
of the tenn required. 

Ex. 1. Find a fourth proportional to 7964, 378, and 2796a 

Numben, Logaritiuns. 

Second term 378 2.57749 

Third term 27960 4.44664 

7^403 
First term 7964 3.90113 

Fourth term 1327 3.12290 

2. Find a 4th proportional to 768, 381, and 9780. 

Second term 381 2.68092 

Third term 9780 3.99034 

6.67126 
First term 768 2.88636 

Fourth term 4862 3.68690 



ARITHMETICAL COMPLEMENT. 

63. When one number is to be subtracted from another, 
it is often convenient, first to subtract it fix)m 10, dien to add 
the difference to the other number, and afterwards to reject 
the 10. 

Thus, instead of a — 6, we may put 10 — 6+a— 10. 

In the first of these expressions, h is subtracted from a. In 
the other, b is subtxacted from 10, the difference ia added to 
a, and 10 is afterwards taken from HiQ sum. The two ex- 
pressions are equivalent, because they consist of the same 
terms, with the addition, in one of them, of 10 — 10«»0. The 
alteration is, in fact, nothing more than borrowing 10, for the 
sake of convenience, and then rejecting it in the result 

Instead of 10, we may borrow, as occasion requires, 100^ 
1000, &c. 

Thus, a— i=100—5+o— 100-1000— *+a— 1000, &€• 

64. The DIFFERENCE between a given number and 10, or 
100, cr 1000, 4*0., is called the abithmstical complement 
of thai nmkber. 
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The arithmetical complement of a number consisting of 
ene integral figure, either with or without decimals, is found, 
by subtracting the number from 10. If there are two inte- 
gral figures, they are subtracted irom 100 ; if three^ from 
1000, £c. 

Thus, the arithmetical compl't of 3.46 is 10— 3.46»-6.64 

of34.6 is 100—34.6-66.4 ^ 
of 346. is 1000— 346.»:664 6cc. 

According to the rule for subtraction in arithmetic, any 
nimiber is subtracted from 10, 100, 1000, &c. by beginning 
on the right hand, and taking each fi^^e from 10, after in- 
creasing all except the first, oy carrying 1. 

Thus, if firom 10.00000 

We subtract 7.63 125 

The difierence, or arith'l compl't is 2.36875, which is ob- 
tained by taking 5 from 10, 3 from 10, 2 from 10, 4 from 10, 
7 from 10, and 8 from 10. But, instead of taking each figure, 
increased by 1, from 10 ; we may take it without being in- 
creased^ fi'om 9. 

Thus, 2 firom 9 is the same as 3 firom iO^ 

3 firom 9, the same as 4 fronf 10, &c. Hence, 

55. To obtain the arithmetical complement of a nutnr 
bcTy subtract the right hand significant figure from 10, and 
each of the other figures from 9. If, however, there are 
ciphers on the right hand of all the significant figures, they 
are to be set down without alteration. 

In taking the arithmetical complement of a logarithin, if 
the index is negative, it must be tzdded to 9 ; for adding a 
nes;ative quantity is the same as subtracting a positive one. 
(Jjg. 81.) The difference between — 3 and +9, is not 6, 
but 12. 



The arithmetical complement 

of 6.24897 is 3.75103 ( 

of 2.98643 7.01357 

of 0.62430 9.37570 of 9.36001 0.64999 



of 6.24897 is 3.75103 of 2.70649 is 11.293B1 
of 2.98643 7.01357 of 3.64200 6.35800 
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66. The principal use of the arithmetical ccmiplement, is 
in working proportions by logarithms ; where some of the 
terms are to be addedj and one or more to be subtracted. 
In the Rule of Three or simple proportion, two terms are to 
be added, and from the sum, the first term is to be subtracted. 
But i^ instead of the logarithm of the first term, we substi- 
tute its arithmetical complement, this may be ctdded to the 
sum of the other two, or more simply, all three may be added 
together, by one operation. After the index is diminished 
by 10, the result will be the same as by the common method. 
For subtracting a number is the same, as adding its arith- 
metical complement, and then rejecting 10, 100, or 1000, 
from the sum. (Art. 63.) 

It will generally be expedient, to place the terms in the 
same order, in wmch they are arran^^ in the statement of 
the proportion. 



1. As 6273 a. e 
Is to 769.4 
So is 37.61 


.6.20262 
2.88616 
1.67630 


2. As 263 a. c 
Is to 672.6 
So is 497 


. 7.69688 
2.82769 
2.69636 


To 4.613 


0.66397 


To 1321.1 


3.12093 


a As 46.34 a. e 
Is to 892.1 
So is 7.638 


.8.33404 
2.95041 
0.88298 


4. As 9.86 a. e 
Is to 643 
So is 76.3 


.9.00666 
2.80621 
1.88262 


To 147 


2.16743 


To 4981 


3.69729 



COMPOUND PROPOaTION. 

67. In compound, as in single proportion, the term re- 
quired may be found by logarithms, if we substitute addition 
for multiplication, and subtraction for division. 

Ex. 1. If the interest of $365, for 3 years and 9 months, 
be $82.13 ; what will be the interest of $8940, for 2 years 
and 6 months 7 

In common arithmetic, the statement of the question is 
made in this jpanner. 
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366 dollars ) . qqio j^iu^ . . S ^^ ^^^^ I • 
3.75 years \ • ^'^^ *^"^ '} 2.6 years j • 

And the method of calculation is, to divide the product of 
the third, fourth, and fifth terms, by the product of the two 
first.* This, if logarithms are used, will be to subtract the 
sum of the l<^;arimms of the two first terms, from the sum 
of the logarithms of the other three. 

TSir^ fi^ f^««« S 365 log, 2.56229 
Two first terms J3J.5 » 0.57403 

Sum of the logarithms 3.13632 

Third term 82.13 1.91460 

PourthandfifthtermsjSMJ J|^ 

Sum of the logs, of the 3d, 4th, and 6th, 6.26378 
Do. 1st and 2d, 3.13632 

Term required 1341 3.12746 

68. The calculation will be more simple, if, instead of 
subtracting the Ic^arithms of the two first terms, we add 
their arithmetical complements. But it must be observed, 
that ecuA arithmetical complement increases the index of the 
logarithm by 10. If the arithmetical complement be intro- 
duced into two of the terms, the index of the sum of the loga- 
rithms will be 20 too great; if it be in three terms, the index 
will be 30 too great, &c. 

rv^r. fii«f term. S 365 o. c 7.43771 
Two first terms J 3.75 ^ e. 9.42597 

Third term 82.13 1.91460 

Term required 1341 23.12746 

The recruit is the same as before, except thai fbe index of 
the logarithm is 20 too great, 

* S« Arithmetic 
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Ex. 2. If the wages of 53 men for 42 days be 2S00doIIan; 
what will be the wages of 87 men for 34 days ? 

'^ ™®^ ^ 2200 . . ^ 87 men ) 
42 days ^ • ^^^^ • • j 34 days ^ • 

rr«r« ««.♦ ♦^^v,- ^ *3 a. c. 8.27672 
Two first terms j 43 «. c. 8.37675 

Third term 2200 3.34242 

Fourth and fifth terms j ^ J'^^JJI 

Term required 2923.5 3.46689 

69. In the same manner, if the product of any number of 
quantities, is to be divided, by the product of several others ; 
we may add together the logarithms of the quantities to be 
divided, and the arithmetical complements of the logari&ms 
of the divisors. 

Ex. If 29.67x346.2 be divided by 69.24x7.862x497; 
what will be the quotient? 

Numbers to be divided jggSJ JS 

(69.24 a. c. 8.15964 

Divisors \ 7.862 a. c. 9.10447 

I 497 a.c. 7.30364 

auotient 0.03797 8.5794 



In this way, the calculations in Cmjaincd Proportion may 
be expeditiously performed. 



COMPOUND INTEBEST. 



60. In calculating compound interest, the amount for the 
first year, is made the principal for the second year; the 
amount for the second year, the principal fi)r the third year, 
&c. Now the amount at the end of each year, must be pro- 
portioned to the principal at the b^inning of the year. If 
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the principal for the first year be 1 dollar, and if the amount 
of 1 dollar for 1 year»a'; then, (Alg. 377.) 

a : a'»> the amount for the 2d year, or the prin- 
cipal for the 3d ; 

a' : a'«the amount for the third year, or the 
principal for the 4th ; 

a> : a*» the amount for the 4th year, or the prin- 
cipal for the 6th. 



1 : a: 



That is, the amount of 1 dollar for any number of years is 
obtained, by finding the amount for 1 year, and involving 
this to a power whose index is equal to the number of years. 
And the amount of any other principal, for the given time, i^ 
found, by multiplying the amount of 1 dollar, into the num- 
ber of dollars, or the fractional part of a dollar. 

If logarithms are used, the multiplication required here 
may be performed by addition; and the invohuion^ by mtU' 
tiplicaium, (Art. 45.) Hence, 

61. To calculate Compound Interest, Find the amount of 
1 dollar far 1 year ; multiply its logarithm by the number 
of years ; and to the product^ add the logarithm of the prin- 
cipal. The sum will be the logarithm of the amount for the 
Sven time. From the amount inibtract the principal, and 
e remainder will be the interest. 

If the interest becomes due half yearly or quarterly ; find 
the amount of one dollar, for the half year or quarter, ,and 
multiply the logarithm, by the number of half years or quar- 
ters in the given time. 

If P -a the principal, 

a=»the amount of 1 dollar for 1 year, 
n««» any number of years, and 

A"" the amount of the given principal for n years ; then^ 
A^a'^xP. 

Taking the logarithms of both sides of the equation, and 
reducing it, so as to give the value of each of the four quan- 
tities, in terms of the others, we have 
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1. Log. A—nx log. a+ log. P. 

2. Log. P— log. A— nx log. a. 

« - log. A — log. P. 

3. Log. a— -2 2 — 

4.' ^^ log.A— log.P. 
"■ log. a. 

Any Jiree of these quantities being given, the fourth 1^^ 
befouncL 



Ex. 1. What is the amount of 20 dollars, at 6 per cent 
compound interest, for 100 years? 

Amount of 1 dollar for 1 year 1.06 log. 0.0253059 
Multiplying by 100 

2.53069 
Given principal 20 * 1.30103 

Amount required 96786 3.83162 

2. What is the amount of 1 cent, at 6 per cent, compound 
interest, in 500 years? 

Amount of 1 dollar for 1 year 1.06 log. 0.0253059 
Multiplying by 500 

12.65295 
Given principal 0.01 -2.00000 

Amount $44,973,000,000 10.65296 



More exact answers ma^ be obtained, by using logarithms 
cff a gieater number of decimal places. 

3. What is the amount of 1000 dollars, at 6 per cent com> 
pound interest, for 10 years ? Ans. 1790.80. 

4. What principal, at 4 per cent, interest, will amount to 
1643 dollars in 21 years ? Ans. 721. 



Digitized by LjOOQ IC 



INCRKA8B or PaPVLATION. 35 

6. What principal, at 6 per cent, will amount to 302 dol- 
lars in 4 years ? Ans. 160. 

6. At what rate of interest, will 400 dollars amount to 
669 J, in d years ? ' • Ans. 4 per cent. 

7. In how many years will 600 dollars ^>unt to 900, at 
6 per cent, compound interest? IrAns. 12 years. 

8. In what time will 10,000 doUats amount to 16,288, at 
6 per cent compound interest ? Ans. 10 years. 

9. At what rate of interest, will 11,106 dollats amount to 
20.000 in 16 years 1 Ans. 4 per cent 

10. What principal, at 6 per cent compound interest, will 
amount to 3188 dollars in 8 years 7 Ans. $2000. 

11. What will be the amount of 1200 dollars, at 6 per c«nt 
compound interest, in 10 years, if the interest is converted 
into principal every half year 7 Ans. 2167.3 dollars. 

12. In what time will a sum of money double, at 6 per 
cent compound interest ? Ans. 11.9 years. 

13. What is the amount of 6000 dollars, at 6 per cent, 
conqpound interest, for 28^ years? Ans. 26.942 dollars. 



INOREASB OF POPULATION. 



61. b. The natural increase of population in a country, 
may be calculated in the same manner as compound interest ; 
on the supposition, that the yearly rate of increase is regu- 
larly proportioned to the actual number of inhabitants. 
From the population at the beginning of the year, the rate 
of increase being given, may be computed the whole increase 
during the year. This, added to die number at the begin- 
ning, will give the amount, on which the increase of the 
9ee(md year is to be calculated, in the same manner as the 
first year's interest on a sum of moneys added to the sum 
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itself gives the amount ou which the interest for the second 
year is to be calculated. 

If P = the population at the beginning of the year, 

a »l+the fractftn which expresses the rate of increasOi 
n == any number of years ; and 
A»» the aft)unt of the population at the end of n years ; 
thrill as in the preceding article, 

A«-a"xP, and 

1. Log. A—nxlog. a+log. P. 

2. Log. P—log. A — nxlog. a. 

^ - log. A — log. P. 

3. Log. a— -5 2 — 



n«» 



n 

log. A — log. P. 
log. a. 



Ex. 1. The population of the United States in 1820 was 
9,625,000. Supposing the yearly rate of increase to be ^'^th 
part of the whole, what will be the population in 1830 ? 

Here P«9,626,000. n= 10. a« 1+,'^— |f . 

And log. A-lOxlog. |f +log. (9,626,000,) 
Therefore, A»- 12,860,000, the population in 1830. 

2. If the number of inhabitants in a country be five mil- 
lions, at the beginning of a century ; and if the yearly rate 
of increase be j\ ; what will be the number, at the end of 
the century? Ans. 132,730,000. 

3. If the population of a country, at the end of a century, 
is found to be 45,860,000 ; and if the yearly rate of increase 
has been j^^ ; what was the population, at the commence^ 
ment of the century 1 Ans. 20 milUons. 

4. The population of the United States in 1810 was 
7,240,000; in 1820, 9,625,000. What was the annual rate 
of increase between these two periods, supposing the increase 
each year to be proportioned to the population at the begin- 
ning of the year ? .« 
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Here log. ^ Joe-^mm^^og.r^m 

Therefore, ai- 1.029 ; and rff ^i ^^ ^-^ P®^ <^^^^* ^ ^® '<^ 
of increase* 

6. In how many years, will the population of a country 
advance firom two millions to five millions ; supposing the 
yearly rate of increase to be j|y? Ans. 47 \ years. 

6. If the population of a country, at a given time« be seven 
millions ; and if the jrearly rate of increase be ,^th ; what 
will be the population at the end of 36 years? 

7. The population of the United States in 1800 was 
6,306,00a What was it in 1780, suppo9ing the yearly rate 
of increase to be ^^ ? 

8. In what time will the population of a coun^ advance 
from four millions to seven millions, if the ratio of increase 
be^l^? 

9. What must be the rate of increase, that Ae population 
of a place may change from nine thousand to fitteen thou* 
sand, in 12 years 7 

If the population of a country* is not affected by immigra* 
tion or emigration, the rate of mcrease will be equal to the 
difference TOtween the ratio of the births^ and the ratio of the 
deaths^ when compared with the whole population. 

Ex. 10. If the population of a country, at any given time, 
be ten millions ; ana the ratio of the annual numter of births 
to the whole population be ^'j, and the ratio of deaths ^, 
what will be the number of inhabitants, at the end of ^ 
years? 

Here the yearly rate of increase »> ^ — ^ "" jf ▼* 
And the population, at the end of 60 years >«31,750,000. 

The rate of increase or decrease firom immigration or 
emigration^ will be equal to the difference between the ratio 
of immigration and the ratio of emigration ; and if this differ- 
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ence be added to, or subtracted from, the difierence between 
the ratio of the births and that of the deaths, the whole rate 
of increase will be obtained. 

Ex. 11. If in a country, the ratio of births be jVi 
the ratio of deaths ^7, 

the ratio of immigration -g^^ 
the ratio of emigration ^, 

and if the population this year be 10 millionS| what will it 

be 20 years hence ? 

The rate of the natural increase « j',5 — ^i^»i^|^ ; 
That of increase from immigration ^j\ — j»^— ^1^^; 
The sum of the two is ^ J^ ; 

And the population at the end of 20 years, is 12,611,000. 

12. If the ratio of the births be ^q, 

of the deaths ^^^i 

of immigration ^'^ 

of emigration /y, 
in what time will three millions increase to four and a half 
millions 2 

If the period in which the population will double be given ; 
the numbers for several successive periods, will evidently 
be in a geometriccd progression, of which the ratio is 2 ; and 
as the numberof periods will be one less than the number 
of terms; 

IfP«-the first term, 

A»the last term, 

n —the number of periods ; 
Then will A-Px2«, (Alg. 439.) 
Or log. A«log. P+nxlog. 2. 

Ex. 1. If the descendants of a single pair double once in 
25 years, what will be their number, at the end of one thou* 
sand years? 

The number of periods here is 40, 
And A-2x2«*« 2,199,200,000,000. 
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2. If the. descendants of Noah, bq^inning with his three 
sons and their wives, doubled once in 20 years for 300 years, 
what was their number, at the end of this time ? 

Ans. 196,608. 

3. The population of the United States in 1820 bemg 
9,625,000 ; what must it be in the year 2020, supposing it to 
double once in 25 years ? Ans. 2,464,0(1^000. 

4. Supposing the descendants of the first human pair to 
double once in 50 years, for 1650 years, to the time of the 
deluge, what was the population of the world, at that time ? 



BXPONENTIAL S^UATIONB. 



62. An ExpoivBNTiAL equation is one in which the letter 
expressing the unknown quantity is an^exponent. 

Thus, a?^=» &, and r*^ 6c, are exponential equations. These 
are most easily solved by logarithms. As the two members 
•of an equation are equal, their logarithms must also be equal. 
If the logarithm of each side be taken, the equation may then 
be redu^, by the rules given in algebra. 

Ex. What is the value of or in the equation 3'»243? 

Taking the logarithms of both sides, log. 3^^ log. 243. 
'But the logarithm of a power is equal to the logarithm of 
the root, multiplied into the index of the power. (Art. 46.) . 

Therefore (log. 3)x:r»log. 343 ; and dividing by log. 3. 

log. 243 2.38661 ^ ^ .t. o n.o 
a?- T^-o-«nTwTo- 5. So that 3'= 243. 
log. 3 0.47712 

63. The preceding is an exponential equation of the sim* 
plest form. Other cases, after the Ic^arithm of each side is 
taken, may be solved by TYicU and Error, in the same man- 
ner as affected equations. (Alg. 503.) For this purpose, make 
two suppositions of the value of the unknown quantity, and 
find their errors ; then say, 
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As the difference of the errors, to the dif- 
ference of the assumed numbers ; 

So is the least error, to the correction required 
in the corresponding assumed numl^r. 

Ex. 1. Find the value of j? in the equation or*— 266. 
Taking the logarithms of both sides ^og. or) xar«- log. 256. 
Jiet X be supposed equal to 3.5, or 3.6. 

Bj fhe flnt nqypodtloD. By the fecond nippodtion. 

x-3.5, and log. ar»0.54407 jr»3.6, and log. 2r»0.66630 
Multiplying by 3.6 Multiplying by 3.6 

(log. ar)xa:=- 1.90424 (log. x) X3:-2.00268 

log. 256- 2.40824 log. 256^ 2.40824 

Error —0.50400 Error —0.40556 

Difference of the errors 0.09844 

Then, 0.09844 : 0.1 : : 0.40666 : 0.41\9, the correction. 
This added to 3.6, the second assumed number, makes the 
value of ar-i4.0119. 

To correct this £BUther, suppose ari-i4.011, or 4.012. 

Bf the flnt mtppoMoom Bj the eecond wappoMoiL 

:r-4.011, and log. ir»0.60326 2r-i4.012, and log. 2r»0.60336 
Multiplying by 4.011 Multiplying by 4.012 

(log. 3r)xr-2.41963 (1<^. ir)xa:- 2.42068 

log. 266-2.40824 tog. 256-2.40824 

Error +0.01139 Error +0.01244 

Difference of the errors 0.00105 

Then, 0.00106 : 0.001 : : 0.01139 : 0.011 very nearly. 

Subtracting this correction from the first assumed number 
4011, we have the value of ir—4, which satisfies the condi* 
tions of the proposed equation ; for 4«»256. 

2. Reduce the equation 42f — 100:p'. Ans. z— 6. 

. 3. Reduce the equation xF^^x. 
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64. The exponent of a power may be itself a power, as in 
tbe equation 

where x is the exponent of the power m', which is the expo- 
nent of the power a"* . 

Ex. 4. Find the Talue of :r, in the equation 9' -"1000. 
S-xGog. 9)-log. 1000- Therefore, 3*- 1^^-^-3.14. 
Then, as S'- 3.14 x (log. 3) — log. 3.14. 
Therefore, xJ^^^^mmi^lOL 

In cases like this, where the factors, divisors, &c., are loga- 
rithms, the calculation may be facilitated, by taking the log* 
ariikms of the logarithms. Thus, the value of the fraction 
Ijf'fHff ^ ^^^'^ easily found, by subtracting the l(tt;arithm 
01 the logarithm which constitutes the denominator, from the 
logarithm of that which forms the num^ator. - 

6. Find the value of x, in the equation — f». 

j^j^ j^ ^Qg' (cwi— <0— log- fr' 

T' , "■ log.O- 
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SECTION IT. 

DIFFERENT 8Y8TEH8 OF LOGARITHMS, AND COMPUTATION 
OF THE TABLES. 



66. For the common purposes of numerical computation, 
riggs' system of logarithms has a decided advantage over 
every other. Bat the theory of logarithms is an important 



instrument of investigation, in the higher departments of 
mathematical science. In its numerous applications, there is 
frequent occasion to compare the common system with oth^s ; 
especiallv with that which was adopted by the celebrated in- 
ventor ot logarithms. Lord Napier. In conducting these in- 
vestigations, it is often expedient to express the logarithm of 
a number, in the form of a scries. 

If a* = N, then x is the logarithm of N. (Art. 2.) 
To find ihe value of t, in a series, let the quantities a and 
N be put into the form of a binomial, by making a»l+i] 
and N >"1+ n. Then (1+ b) '»1+ n, and extracting the root 
y of both sides, we have 

(l+6^(l+n)i 
By the binomial theorem, 



As these expressions will be the same, whatever be the 

s 1 
value of y, let y be taken indefinitely great ; *then - and ~ 

being indefinitely small, in comparison with the numbers — 1, 
— 2, &c., with which they are connected, may be cancelled 

from the fiictors tf. i\^f_2\ &c. ^ i\/ 2)7 ^^ 
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Rejecting 1 irom each side of the equation, multipl3rin^ by 
y, (Alg. 159.) and dividing by the compound factor into 
which X is multiplied, vre hare 

b — J6«+J63 —^b^+ &c. 
Or, as n=N — 1, and 6 = a — 1, 

f_ ^ _(N-l)-i(N-l)-+i(N-l)3-KN-l)^+&c, 

^S' ^ (a -1)-Ka -l)'+i(« -1)^ -K« -1)*+ <kc- 
Which is a general expression, for the logarithm of any 
number N, in any system in which the base is a. The nu- 
merator is expressed in terms of N only ; and the denomina- 
tor in terms of a only : So that, whatever be the number, the 
denominator will remain the same, unless the base is changed. 
The reciprocal of this constant denominator, viz. 

. 1 

{a—l)—i{a—iy+^{a—iy—i{a—iy+&c. 
is called the Modulus of the system of which a is the base. 
If this be denoted by M, then 

Log. N- Mx((N —1) — 1(N — l)i+KN -.!)»— i(N — 1)« 

+ &C.) 

66. The foundation of Napier's system of Logarithms is 
laid, by making the modulus equal to unity. Prom this con- 
dition the hose is determined. Taking the equation above 
marked A. and making the denominator equal to 1, we have 
x^n — \n^+\n^ — \n^+\n* — &c. 

By reverting this equation * 

X^ X^ X* X* 

"^''+ 2-+2r3+2:34+2:3zr^ ^ 

Or, as by the notation, n +1« N « a*, 

- X* x^ ar* X* , 

If then X be taken equal to 1, we have 

a-1+1 + 1+^+ J^+gJ^+Ac. 

Adding the first fifteen terms, we have 

2.7182818284 
Which is the base of Napier's system, correct to ten places 
of decimals, 
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Napier's logarithms are also called hyperbciic logarithmsi 
from certain relations which they have to the spaces between 
the asymptotes and the curve of an hjrperbola; although 
these relations are not, in fact, peculiar to Napier's system. 

67. The logarithms of different systems are compared with 
each oUier, by means of the nuxlulus. As in the series 

( N-l)-i(N-l)«+i(N— 1)'— KN— l)^+&c. 
(a_l)_i(a— l)«+|(a— 1)»— i(a— l)*+&c. 

which expresses the logarithm of N, the denominaier only is 
affected by a change of the base a ; and as the value effrac- 
tions, whose numerators are given, are reciprocally as their 
denominators : (Alg. 360. cor. 2.) 

The hgaritkm of a given number^ in one system^ 

Is to the logarithm of the same number in another system ; 

As the modulus of one system^ 

To the modtdus of the other. 

So that, if the modulus of each of the systems be given, 
and the logarithm of any number be calculated in one of the 
systems ; the logarithm of the same number in the other sys- 
tem may be calculated by a simple proportion. Thus, if M 
be the modulus in Briggs' S3rstem, ana M' the modulus in 
Napier's ; / the lo^aritmn of a number in the former, and V 
the logarithm of the same number in the latter ; then, 

M : M' : : Z : f , 
Or,asM'=.l, 
M : 1 : : Z : r. 

Therefore, Z»Z'xM; that is, the common logarithm of a 
number, is equal to Napier's logarithm of the same, multiplied 
into the modulus of the common system. 

To find this modulus, let a be the base of Briggs' system, 
and e the base of Napier's ; and let La denote the conmion 
logarithm of a, and I. a denote Napier's logarithm of a. 

Then, M : 1 : : /.a : l'.a. Therefore, HL^^ 

But in the conmion system, a»10, and Z.a«l. 

So tbat, M— 7— jr, that is the modulus of Briggs' system, is 

equal to 1 divided by Napier's logarithm of 10. 
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Again, M : 1 : : Z.e : Te 

But as e denotes Napier's base, f.ea»l. 
So that M»Z.e, that is, the modulus of the common sys- 
tem, is equal to the common logarithm of Napier's base. 

Therefore, either of the eiqpressions, 2.6, or .^^may be used, 

lo convert the l<^^thms of one of the systems into those of 
the other. 

7%e ratio of the logarithms of two numbers to each other^ 
is the same in one system as in another. If N and n be the 
two numbers ; 

Then, I.N : f.N : : M : M' 

In : r.n : : M : M' 
Therefore, IN : In: : f .N : f .n. 



COMPUTATION OF LOGARITHMS. 

68. The logarithms of most numbers can be calculated by 
approximation onl^r, by finding the sum of a sufficient number 
of terms, in the series which expresses the value of the loga- 
rithms. According to art. 66. 

Log. N«Mx((N— 1)— UN— 1)«+4(N— l)',&c.) 

Or, putting as berore, n— N — 1, 
Log. (l+n)=-M(n— in»+Jn»— }n*+Jn* — &c.) 

• But this series will not converge, when n is a whole num- 
ber, greater than unity. To convert it into another which 
will converge, let (1 — n) be expanded in the same manner 
as (1+n), (Art. 65.) Tne formula will be the same, except 
that the odd powers of n will be negative instead of positive. 
We shall then have. 

Log. (1+n)— M(n— in»+Jn>— Jn*+Jn*— &c.) 
Log. (1— n)«M(— n— ill*— |n»— }n«— in«— Ac.) 

Subtracting the one from the other, the even powers of n 
disappear, and we have 

M(2n+|n«+in»+^n''+ Ac.) 

or 
2M (n+Jn'+jn'+lHT+jtc.) 
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Bat this, which is the difference of the logarithms of 

S+n) and (1— n) is the logarithm of the juoiieni of the one 
vided by the other. (Art 36.) 

That is, Log, j^-2M<n+|n»+Jn«+|n''+&c. 

Now put It— 5 

» — 1 

1 z 



1+- 



— , 1+n z — 1 z—1 z 



Therefore, substituting — ^^ fior^r-i-, and -• for n, we 

Z /6 1— W jft — 1 

have 

Or, (Art. 36.) 

Therefore, 
Log.^-log. (.-2)+2M (^^-^^^^+^^ 

+ &C-) 

This series may be ^plied to the computation of any 
number greater than 2. 

To find the logarithm of 2, let ;s?— 4, 
Then, {z — 1)»3, and the preceding series, after transpos- 
ing log. {z — 2) becomes 

But as 4 is the square of 2 ; lo^. 4»2 log. 2. (Alg. 44.) 
So that log. 4 — log. 2— log. 2. We have then 
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When the logarithms of the prime numbers are computedi 
the logarithms of all other numbers may be found, by simply 
adding the logarithms of the &ctors of which the numbers 
are composed. (Art 36.) 

69. In Napier's sjrstem, where M»-l| the logarithms may 
be computed, as in the following table. 

NAPIEB's OB HYFSBBOLXC LOGABITHMS. 

^•3-2(|+3^-F^-4,.&c) -1.098618 

Log. 4-2 log. 2. - 1.386294 

Log.6-log.3+2(^gL+g^^+_^,&c.) -1.609438 

L(^. 6-l<^. 3+log. 2. -1.791769 

Log.7-log.6+2(^-f^4^+^,&c) -1.955900 

Log. 8-log. 4+l<^. 2. -2.079441 

Log. 9-2 log. 3. -2.197224 

Log. lO'-'log. 6+log. 2. -2.302586 

&c. ice. &c. 

70. To compute the loearithms of the common system, it 
vill be necessary to find me -ralue of the modulus. This is 
equal to 1 dlTided by Napier's logariAm of 10, (Art 67.) 
thatis, 

1 

2.302685 -.43429448. 

' This number substituted for M, or twice the number, viz. 
.86868896 substituted for 2M, in the series in art. 68. will 
enable us to calculate the common l(^;arithm of any number. 
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COMMON OR BRIGGS' LOGARITHMS. 

Log.2-.86868896(|+^+g^+^,&c.) -0.301030 

Log. 3-86868896 (|+^+g^^,&c) -0.477121 

Ix^. 4-2 log. 2. -q.602060 

Log. 6-log. 10 —log. 2— 1 —log. 2. —0.698970 

Log. 6-log. 3+log. 2. -0.778161 

+log. 6. -0.846098 

log. 8-3 log. 2. -0.903090 

Log. 9-2 log. 3. -0.964243 

Log. 10 -1.000000 
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TRIGONOMETRY^ 



SECTION L 



8INE8, TANGENTS, SECANTS, dCC 

Art. 71. Trigonometry treats of the relations of the 
sides and angles of triangles. Its first object is, to deter- 
mine the length of the sides, and the quantity of the angles. 
In addition to this, from its principles are derived many in- 
teresting methods of investigation in the higher branches of 
analysis, particularly in physical astronomy. Scarcely any 
department of mathematics is more important, or more exten- 
sive in its applications. By trigonometry, the mariner traces 
his path on the ocean ; the geographer determines the latitude 
and longitude of places, the dimensions and positions of coun- 
tries, the altitude of mountains, the courses of rivers, (fee, and 
the astronomer calculates the distances and magnitudes of 
the heavenly bodies, predicts the eclipses of the sun and 
moon, and measures the progress of light from the stars. 

72. Trigonometry is either plane or spherical. The for- 
mer treats of triangles bounded by right lines ; the latter, of 
triangles bounded by arcs of circles. 

Divisions of the Circle. 

73. In a triangle there are two classes of quantities which 
are the subjects of inquiry, the sides and the angles. For 
the purpose of measuring the latter, a circle is introduced. 

The periphery of every circle, \vhether great or small, is 
supposed to be divided into 360 equal parts called degrees^ 
each degree into 60 minutes^ each minute into 60 seconds, 

7 
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each second into 60 thirds^ d^., marked with the characters 
S \ \ "\ &c- Thus, 32^ 24' 13' 22 ' is 32 degrees, 24 min- 
utes, 13 seconds, 22 thirds.* 

A de^ee, then, is not a mamitude of a given length ; but 
a certain portion of the whole circumference of any circle. 
It is evident, that the 360th part of a large circle is greater 
than the same part of a small one. On the ottier hand, the 
number of degrees in a small circle, is the same as in a large 
one. 

The fourth part of a circle is called a quadrant, and con- 
tains 90 degrees. 

74. To measure an angle, a circle is so described that its 
center shall be the angular point, and its periphery shall cut 
the two lines which include the angle. The arc between the 
two lines is considered a metisure of the angle, because, by 
Euc. 33. 6, angles at the center of a given circle, have the 
same ratio to each other, as the arcs on which they stand. 
Thus the arc AB, (Fig. 2.) is a measure of the angle ACB. 

It is immaterial what is the size of the circle, provided it 
cuts the lines which include the angle. Thus, the angle 
ACD (Fig. 4.) is measured by either of the arcs AG, ag^ 
For ACD is to ACH, as AG to AH, ot ob ag to ah. (Euc. 
33. 6.) 

76. In the circle ADGH, (Fig. 2.) let the two diameters 
AG and DH be perpendicular to each other. The angles 
ACp, DCG, GCH, and HCA, will be right angles ; and the 
periplaery of the circle will be divided into four equal parts, 
each containing 90 degrees. As a ri^ht angle is subtended 
by an arc of 90^, the angle itself is said to contain 90^. 
Hence, in two right angles, there are 180^ ; in four right 
angles, 360^ ; and in any other angle, as many degrees, as in 
the arc by which it is subtended. 

76. The sum of the three angles of any triangle bein 
equal to two right angles, (Euc. 32. 1.) is equal to IV 
Hence, there can never be more than one obtuse angle in a 
triangle. For the sum of Wo obtuse angles is more than 
180^. 

77. Hie COMPLEMENT of an arc or an angle, is the differ^ 
ence hettoeen the arc or angle and 90 degrees. 

The complement of the arc AB (Fij?. 2.) is DB; and the 
complement of the angle ACB is DCB. The complement 
of the arc BDG is also DB. 

« 8«enot«E. 
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The compieinent of 10° is 80^, of 6(P is 30°, 
of 2(P is 70° of 120° is 30° 
of 60° is 40°, of 170° is 80° &€• 

Hence, an acute angle and its complement are always equal 
to 90°. The an^es ACB and DCB are together equal to a 
right angle. The two acute angles of a right angled trian- 

Sfe are equal to 90° : therefore each is the complement of 
16 other. 

78. 7%e SUPPLEMENT (jf on arc or an angle is the differ- 
enee b^oeen the arc or angle and 180 degrees. 

The supplement of the arc BDO (Fig. 2.) is AB ; and the 
suiqplement of the angle BGG is BCA. 

The sui^ement of 10° is 170°,* of 120° is 60° 

of 80° is 100°, of 160°is 30°, &c. 

Hence an angle and its supplement are always equal to 
180° The angles BCA and BCG are together equal to two 
right angles. 

79. Cor. As the three angles of a plane triangle are equal 
to two right angles, that is, to 180° (Enc. 32. 1.) the sum of 
any two W them is the supplement of the other. So that the 
third angle may be fbund, by subtracting the sum of the other 
two from 180°. Or the sum of any two may be found, by 
subtracting the third from 180°. 

80. A straight line drawn from the centre of a circle to 
any part of the periphery, is called a radius of the circle^ 
In mimy calculations, it is convenient to consider the radius, 
whatever be its length, as a unit. (Alg. 610.) To this must be 
referred the numbers expressing the lengths of other lines. 
Thus, 20 will be twenty times the radius, and 0.76, three 
fourths of the radius. 

Definitions of Sines, Tangents^ Secants j ^c* 

81. To facilitate the calculations in trigonometry, there 
are drawn, within and about the circle, a number of straight 
lines, called Sines, Tangents, Secants, ^c. With these the 
learner should make himself perfectly familiar. 

82. The Sine of an arc is a straight line drawn from 
one end of the arc, perpendicular to a diameter which passes 
through the other end. 
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Thus, BG (Pig. 3.) is the sine of the arc AG. For BG is 
a line drawn from the end G of the arc, perpendicular to the 
diameter AM which passes through the other end A of the 
arc. 

Cor. The sine is half the chord of double the arc. The 
sine BG is half PG, which is the chord of the arc PAG, 
double the arc AG . 

83. TAe VERSED sine of an arc is that part of the diam- 
eter which is between the sine and the arc. 

Thus, B A is the versed sine of the arc AG. 

84. The TANGENT of an arc, is a straight line drawn 
perpevdicular from, the extremity - of the diameter which 
passes through one end of the arc, and extended till it meets 
a line drawn from the center through the other end. 

Thus, AD (Fig. 3.) is the tangent of the arc AG. 

85. The SECANT of an arc, is a straight line drawn frovn 
the center, through one end of the arc, and extended to the 
tangent which is drawn from the other end. 

Thus, CD (Fig. 3.) is the secant of the arc AG. 

86. In Trigonometry, the terms tangent and secant have 
a more limited meaning, than in Geometry. ' In both, indeed, 
the tangent touches the circle, and the secant ciUsii, But in 
Greometry, these lines are of no determinate length ; tv^hereas, 
in Trigonometry, they extend from the diameter to the point 
in which they intersect each other. 

87. The lines just defined are sines, tangents, and secants 
of arcs. BG (Fig. 3.) is the sine of the arc AG. But this 
arc subtends the angle GO A. BG is then the sine of the arc 
which subtends the angle GCA. This is more concisely 
expressed, by saying that BG is the sine of the angle GCA. 
And universally, the sine, tangent, and secant of an arc, are 
said to be the sine, tangent, and secant of the angle which 
stands at the center of the circle, and is subtended by the arc. 
Whenever, rtierefore, the sine, tangent, or secant of an angle 
is spoken of; we are to suppose a circle to be drawn whose 
center is the angular point ; and that the lines mentioned be- 
long to that arc of the periphery which subtends the angle. 

88. The sine and tangent of an acute angle, are opposite 
to thq angle. But the secant is one of the "lines which irir 
elude the angle. Thus, the sine BG, and the tangent AD, 
(Fig. 3.) are opposite to the angle DCA. But the secant CD 
IS one of the Unes which include the angle. 
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89. 7%6 Hue complement or cosine of an fftgUj is the 
sine of the complement of thai angle. Thus, if 3ie diame- 
ter HO (Pig. 3.) be perpendicular to MA, the angle HCG is 
the complement of ACG ; (Art 77.) and LG, or its equal OB, 
is the sine of HCG. (Axt, 82.) It is, therefore, tihie cosine of 
GCA. On the other hand, GB is the sine of GCA, and the 
cosine of GCH. 

So also the cotangent of an angle is the tangent of the 
complement of the angle. Thus, HF is the cotangent of 
GrCA. And the cosecant of an angle is the secant of the 
complement of the angle. Thus, CP is the cosecant of GCA- 

Hence, as in a right angled triangle, one of the acute 
angles is the complement of the other ; (Art. 77.^ the sine^ 
^ tangent, and secant of one of these angles, are tne cosine, 
co-tangent, and cosecant of the other. 

90. The sine, tangent, and secant of the supplement of an 
angle, are each equ^ to the sine, tangent, and secant of the 
angle itself. > It will be seen, by applying the definition (Art 
82.) to the figure, that the sine of die obtuse angle GCM is 
BG, which is also the sine of the acute angle GCA. It should 
be observed, however, that the sine of an acute angle is op- 
posite to it ; while the sine of an obtuse angle falls wii?umt 
the angle, and is opposite to its supplement. Thus BG, the 
sine of the angle MCG, is not opposite to MCG, but to its 
supplement ACG. 

The tangent of the obtuse angle MCG is MT, or its equal 
AD, which is also the tangent of ACG. And the secant of 
MCG is CD, which is also the secant of ACG. 

91. But the vei'sed sine of an an^le is not the same as that 
of its supplement. The versed sine of an a^cute angle is 
equal to the difference between the cosine and radius. But 
the versed sine of an obtuse angle is equal to the sum of the 
cosine and radius. Thus, the versed sine of ACG is AB= AC 
— BC. (Art. 83.) But the versed sine of MCG is MB=»MO 
+BC. 

Relations of Sines^ Tangents, Secants, ^c, to each other. 

92. The relations of the sine, tangent, secant, cosine, &c., 
to each other, are easily derived from the proportions of the 
sides of similar triangles. (Euc. 4. 6.) In the quadrant ACH, 
(Pig. 3.) these lines form three similar triangles, viz. ACD, 
BCG or LCG, and HCP. For, in each oT these, there is one 
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right angle, because the aines and tangents oxe^ by definition^ 
perp^dicular to AC; as the cosine and cotangent are to 
CH. The lines CH, BG, and AD, are parallel, because CA 
makes, a right angle with each. (Euc. 27. 1.) For the same 
rsasoQ, CA, LG, and HF, are parallel. The alternate angles 
GGL, BGC, and the opposite angle CDA, are equal ; (Eue. 
29. 1.) as are also the angles GCB, LGC, and HFC. The 
triangles ACD, BCG, and HCF, are therefore similar. 

It should also be observed, that the line BC, between the 
sine and the center of the circle, is parallel and equal to the 
cosine ; and that LC, between the ^cosine and center, is par- 
allel and equal to the sine; (Euc. 34. 1.) so that one may be 
taken for the other, in any calculation. 

93. From these similar triangles, are derived the following 
proportions ; in which R is put for radius, 

am for sine, cos for cosine, 

tan for tangent, cot for cotangent, 

sec for secant, cosec for cosecant 

By comparing the triangles CBG and CAD, 

1. AC : BC : : AD : BG, that is, R : cos : : tan : sin. 

2. CG : CD : : BG : AD R : sec : : sin : tan. 

3. CB : CA : : CG : CD cos : R : : R : sec. 

Therefore R»= cos x sec. 

By comparing the triangles CLG and CHF, 



4 CH : CL 
6. CG : CF 
6. CL : CH 



: HF : LG, that is, R : sin : : cot : cos. 
; LG : HF R : cosec : : cos ; cot 

: CG : CF sin : R : : R : cosec 

Therefore Ra«=sin x cosea 



By comparing the triangles CAD and CHF, 

7. CH : AD : : CF : CD, that is, R : tan : : cosec : sec. 

8. CA : HF : : CD : CF R : cot : : sec ; cosec. 

9. AD : AC ; : CH : HF tan : R : : R : cot 

Therefore Ra= tan x cot 

It will not be necessary for the learner to commit these 
proportions to memory. But he ought to make himself so 
fiuniUar with the manner of stating them from the figure, as 
to be able to explain them, whenever they are referred to. 
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94. Other relations of the sine, tangent, &c., may be dari* 
ved from the proposition, that the square of the hypotbenuse 
is equal to the smn of the squares of the perpendicular sides. 
(Euc. 47. 1.) 

In the right angled triangles CBO, CAD, and CHF, 
(Fig. 3.) 

1. CG'-CB'+BQ*, that is, R«=cos«+sin»,* 

2. CP*-CA*+AD' sec«=R«+tan«, 

3. (DP'-CH'+iEfF" cosec»«Ra+cot«, 

And, extracting the root of both sides, (Alg. 2%.) 



R=Vcos«4-sin*=»Vsec2 — ^tan^^Vcosec* — cot* 
Hence,if R=-l,(Alg. 510.) 



Sin« V 1— cos* ' Sec- V l+tan« 



Cos—Vl— sin« Cosec— Vl+cot« 

96. The sine of 9(P ) 

The chord of 6(P > are, in any circle, each equal 
And the tangent of 45^^ ) 
to the radiu9y and there&rd equal to each other. 

Demonstration. 



1. In the quadrant ACH, (Fig. 5.) the arc AH is 9(F. The 
sine of this, according to the definition, (Art 82.) is CH, the 
radius of the circle. 

2. Let AS be an arc of 6(F. HThen the angle ACS, being 
measured by this arc, will also contain 60^ ; (Art 75.) and 
the triangle ACS will be equilateral. For the sum of the 
three angles is equal to 180^. (Art. 76.^ From this, taking 
the angle ACS, which is 60°, the sum ot the remaining two 
is 120°. But these two are emal, because they are subtended 
by the equal sides, CA and CS, both radh of the circle. 
Each, therefore, is equal to half 120°, that is, to 60°. All the 

* Shfi ia here pit for the square of the sine, cos' for the square of the cowul 
Ac 
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angles being equal, the sides are equal, and therefore AS, the 
chord of 6(P, is equal to CS, the radius. 

3. Let AR be an arc of 46°. AD will be its tangent, and 
the angle ACD subtended by the arc, will contain ^°. The 
an^le CAD is a ri^ht ande, because the tangent is, by defi- 
nition, perpendicular to the radius AC. (Art. 84.) Subtract- 
ing ACD, which is 45° from 90°, (Art. 77.) the other acut^ 
angle ADC will be 45° also. Therefore the two legs of the 
triangle ACD are equal, because they are subtended by equal 
angles ; (Euc. 6. 1.) that is, AD the tangent of 45°, is equal 
to AC the radius. 

Cor. The cotangent of 45° is also equal to radius. For 
the complement of 45° is itself 45°. Thus, HD, the cotan- 
gent of ACD, (Fig. 5.) is equal to AC the radius. 

96. The sine of 3(P is equal to half radius. For the sine 
of 30° is equal to half the chord of 60°. (Art. 82. cor.) But 
by the preceding article, the chord of 60° is equal to radius. 
Its hfidf, therefore, which is the sine of 30°, is equal to half 
radius. 

Cor. 1. The cosine of 60° is equal to half radius. For the 
cosine of 60° is the sine of 30° (Art. 89.) 

Cor. 2. The cosine of 30°«iV3. For 

Cos « 30°«=R«— sin* 30^1— }—j. 

Therefore, 

Cob 30°«V}-iV3. 

96. b. The sine of 45°— -s- For 

V2 

Ra».l».sin' 45°-|-cos« 45=^2sin2 45° 
Therefoie, Sin 45°= V^— ---^ 

97. The chord of an^t arc is a mean proportional, between 
the diameter of the circle, and the versed sine of the arc. 

Let ADB, (Fig. 6.) be an arc, of which AB is the chord, 
BF the sine, and AF the versed sine. The angle ABH is a 
right angle, (Euc. 31. 3.) and the triangles ABH, and ABF, 
are similar. (Euc. 8. 6.) Therefore, 

AH : AB : : AB : AF. 
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That 18, the diameter is to Uie chord, aa the chord to the 
iFersedsine. 

In Fig. 6th, let the arc AD=a, and ADB»2a. Draw BP 
perpendicular to AH. Thid will divide the riffht anrfed tri- 
angle ABH into two similar triangles. (Euc. 8. 6.) The an- 
Sfles ACD and AHB are equal. (Euc. 20. 3.) Therefore the 
our triangles ACG, AHB, PHB, and PAB, are similar ; and 
the line BH is twice GG, because BH : CG : : HA : CA. 

The sides of the four triangles are, 
AG-=sin a, CG==cos a, HP=»vers. sup. 2a, 
AB»=2 sin a, BH»2 cos a, AG»the radius, 
BF»sin 2a, .AP—vers 2a, AH—the diameter. • 

A Tariety of proportions may be stated, between the homo- 
logous sides of these triangles : Por instance. 

By comparing the triangles ACG and ABP, 
AG : AG : : AB : AP, that is, R : sin a : : 2sin a : vers 2a 
AC : CG : : AB : BP, R : cosa : :2sin a : sin2a 

AG : CG : : AP : BP, Sin a : cosa : : vers2a : sin2a 

Therefore, 
Rxvers 2a»2sin'a 
Rxsin 2a -^2sin axcos a 
Sin axsin 2aa>ver8 2axcos a 

By comparing the triangles ACG and BPH, 

AC : CG : : BH : HP,thatia,R:co8a: :2cosa:Ters.sup.2a 
AG: CG : : BP : HP, Sina : cosa: :sin2a : yers.sup.2a. 

Therefore, 
' Rxvers. sup. 2a-=2 cos'a 
Sin axvers. sup. ^a»cos axsin 2a 
&c. &c. 

That is, the product of radius into the versed sine of the 
supplement of twice a given arc, is equal to twice the square 
of the cosine of the arc. 

And the product of the sine of an arc, into the versed sine* 
of the supplement of twice the arc, is equal to the product of 
the cosine of the arc, into the sine of twice the arc, &c. &c. 

8 
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THE TRIGONOMETRICAL TABLES. 

Art. 98. To facilitate the operations in trigonometry, the 
sine, tangent, secant, <Sbc., have been calculate! for every 
degree and minute, and in some instances, for every second, 
of a quadrant, and arranged in tables. These constitute' 
what is called the TVigonometrical Canon.* It is not ne- 
cessary to extend these tables beyond 9(P ; because the sines, 
tangents, and secants, are of the same magnitude, in one of 
the quadrants of a circle, as in the others. Thus the sine of 
30° is equal to that of 150°. TArt. 90.) ' 

99. And in any instance, ii we have occasion for the sine, 
tangent, or secant of an obtuse angle^ we may obtain it, by 
looking for its equal, the sine, tangen^ or secant of the sup- 
plementary acute angle. 

100. The tables are calculated for a circle whose radius is 
supposed to be a unit. It may be an inch, a yard, a mile, or 
any other denomination of length. But the sines, tangents^ 
4*c., must always be understood to be of the same denomina- 
tion as the radius. 

101. All the sinesj except that of 90°, are less than r€h 
diusy (Art. 82, and Fig. 3.) and are expressed in the tables by 
decimals. 

Thus the sine of 20° is 0.34202, of 60° is 0.86603, 

of 40° is 0.64279, of 89° is 0.99985, &c. 

When the tables are intended to be very exact, the decimal 
is carried to a greater number of places. 

The tangents of all angles less than 45° are also less than 
radius. (Art. 95.) But the tangents of angles greater than 
45°, are greater than radius, and are expressed by a whole 
number and a decimal. It is evident that all the secants also 

• For the am^ructimt of the Canon, eee Section VIIL 



Digitized by LjOOQ IC 



TRiaoNoinniiicAi. tabuk 59 

most be greater than radius, as they extend from the center, 
to a point without the circle. 

102. The numbers in the table here spoken of, are called 
natural sinews, tangents, &c. They express the lengths of 
the several lines which have been defined in arts. 82, 83, &c. 
By means of them, the angles and sides of triangles may be 
accurately determined. But the calculations must be made 
by the tedious processes of multiplication and division. To 
avoid this inconvenience, another set of tables has been pro- 
vided, in which are inserted the logarithms of the natural 
sines, tangents, &c. By the use of these, addition and sub- 
traction are made to perform the office of multiplication and 
division. On -this account, the tables of logarithmic, or as 
they are sometimes call^, artificial sines, tangents, <Sbc., are 
much more valuable, for practical purpose, than the naiural 
sines, &c. Still it must be remembered, that the former are 
derived finom the latter. The artificial sine of an angle, is the 
logarithm of the natural sine of that angle. The artificial 
tangent is the logarithm of the natural tangent, dbc. 

103. One circumstance, however, is to be attended to, in 
comparing the two sets of tables. The radius to which the 
natural smes, &c., are calculated, is unity. (Art. 100.) The 
secants, and a part of the tangents are, therefore, greater than 
a unit ; while the sines, and another part of the tangents, are 
less than a unit. When the logarithms of these are taken, 
some of the indices will be positive, and others negative ; 
(Art. 9.) and the throwing of them together in the same table, 
if it does not lead to* error, will at least be attended with in- 
convenience. To remedy this, 10 is added to each of the 
indices, f Art. 12.) They are then all positive. Thus the nat- 
ural sine of 20° is 0.34202. The logarithm of this isT53405. 
But the index, by the addition of 10, becomes 10 — 1=9. 
The logarithmic sine in the tables is therefore 9.53405.* 

Directions for taking SineSy Cosines, ^c.,from the tables. 

104. The cosine, cotangent, and cosecant of an angle, are 
the sine, tangent, and secant of the complement of the angle. 
(Art. 89.) As the complement of an angle is the difference 
between the angle and 90^, and as 46 is the half of 90 ; if 
any given angle within the quadrant is greater than 45^, its 

• Or the tables mav b« supposed to be calculated to the radius 10000000000; 
whose logaiiihm is 10. 
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complement is less ; and, on the other hand, if the angle is 
less than 45°, its complement is greater. Hence, erery co- 
sine, cotangent, and cosecant of an angle greater than 45°, 
has its equal, among the sines, tangents, and secants of angles 
less than 45°, and v. v. 

Now, to bring the trigonometrical tables within a small 
compass, the same column is made to answer for the sines of 
a number of angles above 46°, and for the cosities of an equal 

number below 45°. 

• 

Thus 9.23967 is the log. sine of 10°, and the cownc of 80°, 
9.53405 the sine of 20°, and the cosine of 70°, &c. 

The tangents and secants are arranged in a similar manner. 
Hence, 

105. Tojind the Sine, Cosine, Tangent, ^c, of any mum- 
ber of degrees and minutes. 

If the ^ven angle is less than 46°, look for the degrees at 
the top of the table, and the minutes on the left ; then, oppo- 
site to the minutes, and under the word sine at the head of 
the column, will be found the sine ; imder the word tangent, 
will be found the tangent, &c. 

The log. sin of 43° 25' is 9.83715 The tan of 17° 20' is 9.49430 
of 17° 20' 9.47411 of 8° 46' 9.18812 

The cos of 17° 20' 9.97982 The cot of 17° 20' 10.60670, 
of 8° 46' 9.99490 of 8° 46' 10.81188 

The first figure is the index ; and the other figures are the 
decimal part of the logarithm. 

106. i3F the given angle is between 45° and 9()° ; look for 
the degrees at the bottom of the table, and the minutes on 
the right ; then, opposite to the minutes, and over the word 
sine at the foot of the column, will be found the sine ; over 
the word tangent, will be found the tangent, &c. 

Particular care must be taken, when the angle is less than 
45°, to look for the title of the column, at the top, and for the 
minutes on the left ; but when the angle is between 46° and 
90°, to look for the title of the column at the bottom^ and for 
the minutes, on the right. 

The log. sine of 81° 21' is 9.99503 
The cosine of 72° 10' 9.48607 
The tangent of 54° 40' 10.14941 
The cotangent of 63° 22^ 9.70026 
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107. If the given angle is greater than 90^, look fi>r the 
sine, tangent, £c., of its supplement. (Art 98, 99.) 

The log. sine of 96^ U' is 9.99699 
The cosine of 17P 16' 9.99494 
The tangent of 130° 26' 10.06962 
The cotangent of 156^ 22' 10.35894 

108. To find the siney cosine^ tangent j ^c, of any number 
of degrees^ minutes^ arid seconds. 

' In the common tables, the sine, tangent, &c., are nven 
only to every minute of a degree.* But thev may be &und 
to seconds, by taking proportional parts of the difference of 
the numbers as they stana in the tables. For, within a single 
minute, the variations in the sine, tangent, &c., are nearly 
proportional to the variations in the angle. Hence, 

To find the sine,*tangent, <Sbc., to seconds : Take out the 
number corresponding to the given degree and minute ; and 
also that corresponding to the next greater minute, and find 
their difference. Then state this proportion ; 

As 60, to the given number of seconds ; 

So is the difference found, to the correction for the seconds. 

This correction, in the case of sines, tangents, and secants, 
b to be added to the number answering to the given degree 
and minute ; but for cosines, cotangents, and cosecants, the 
correction is to be subtracted; 

For, as the sines increase^ the cosines decrease. 

Ex. 1. What is the logarithmic sine of 14^ 43^ 10" ? 

The one of 14'' 43' is 9.40490 
of 14P 44' 9.40638 

Difference 48 



Here it is evident, that the sine of the required angle is 
greater than that of 14^ 43', but less than that of 14^ 44'. 
And as the difference corresponding to a whole minute or 

* In the very valuable tables of Michael Taylor, the linea and tangents are 
llTen to cv<ry ttfooncC 
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60'' is 48 ; the difference for 10" must be a proportional part 
of 48. That is, 

60" : 10" : : 48 : 8 
the correction to be added to the sine of 14^ 43'. 

Therefore the sine of \AP 43' 10" is 9.40498. 

2. What is the logarithmic cosine of 32° 16'* 46"? 

The cosine of 32° 16' is 9.92715 
of 32^ 17' 9.92707 

Difference 8 

Then, 60" : 45" : : 8 : 6 the correction to be subtracted 
from the cosine of 32P 16'. 

Therefore the cosine of 329 16' 45" is 9.92709.- 

The tangent of 249 15' 18" is 9.65376 

The cotangent of 31° 50' 5" is 10.20700 

The sine of 58° 14' 32" is 9.92956 

The cosine of 55<' 10' 26" is 9.75670 

If the given number of seconds be any even part of 60, 
as I, |, J, &c., the correction may be found, by taking a like 
part of the difference of the numbers in the tables, without 
stating a proportion in form. 

109. To find the degrees and minutes belonging to any 
given sine, tangent, d*c. 

This is reversing the method of finding the sine, tangent, 
&c. (Art. 106, 6, 7.) 

Look in the column of the same name, for the sine, tan- 
gent, &c., which is nearest to the given one ; and if the title 
be at the head of the column, take the degrees at the top of 
the table, and the minutes on the left ; but if the title be at 
the foot of the column, take the degrees at the bottom^ and 
the minutes on the right. 

Ex. 1. What is the number of degrees and minutes be- 
longing to the logarithmic sine 9.62863 ? 

The nearest sme in the tables is 9.62865. The title of 
sine is at the head of the column in which these numbers are 
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finind. The d^ees at the top of the page are 26, and the 
minutes on the left are 10* The angle required is, therefore 
25^10'. 

The angle belonging to 

the sine 9.87993 is ie"" 20' the cos 9.97361 is ig^" 48^ 
the tan 9.97956 43° 39' the cotan 9.75791 60° 12^ 
the sec 10.65396 77^11' the cosec 10.49066 18^^61' 

110. To find the degrees^ mintUe^^ and seconds, behng- 
ing to any given 9ine, tangent, ^c. 

This is reversing the method of finding the sine, tangent, 
&.C.J to seconds. {Art. 108.) 

First find the difference between the sine, tangent, &6,j 
next greater than the given one, and that which is next less; 
then the difference between thiis less number and the given 
one; thea 

As the difference first found, is to the other'difference ; 

So are 60 seconds, to the number of seconds, which, in the 
case of sines, tangents, and secants, are to be cuided to the 
degrees and minutes belonging to the least of the two num- 
bers taken from the tables ; but for cosines, cotangents, and 
cosecants, are to be subtracted. 

Ex. 1. What are the de^ees, minutes, and seconds, be- 
longing to the logarithmic sme 9.40498? 

Sine next greater 14^ 44' 9.40638 Given sine 9.40498 
Next less 14^ 43' 9.404 90 Next less 9.4049 

Difference 48 Difference 8 

Then, 48 : 8 : : 60" : 10", which added to 14° 43', gives 
14° 43' 10" for the answer. 

2. What is the angle belonging to the cosine 9.09773 ? 

Cosine next greater 82° 48' 9.09807 Given cosme 9.09773 
Next less 82° 49' 9.09707 Next less 9.09707 

Difference 100 Difference 66 
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Then, 100 : 66 : : 6(y' : 40^', which subtracted fiom 82^ 
49', gives 82° 48/ 20'' for the answer. 

It must be observed here, as in all other cases, that of the 
two angles, the less has the greater cosine. 

The angle belonging to 

the sin 9.20621 is 9° 15' 6" the tan 10.43434 is 69° 48' 16" 
the cos 9.98157 16° 34' 30" the cot 10.33564 24° 47' 16" 

Method of Supplying the Secants and Cosecants, 

111. In some trigonometrical tables, the secants and cose- 
cants are not inserted. But they may be easily obtained &om 
the sines and cosines. For, by art 93, proportion 3d, 

cosxsec=»R*. 

That is, the product of the cosine and secant, is equal to 
the square of radius. But, in logarithms, addition takes the 
place, of multiplication; and, in the tables of logarithmic 
sines, tangents, &c., the radius is 10. (Art 103.) Therefore, 
in these tables, 

cos+seca>20. Orsec«20 — cos. 

Again, by art 93, proportion 6, 

sinxcosec*-R*. 

Therefore, in the tables, 

sin+oosec»20. Or,cosec-»20 — ^sin. Hence, 

112. To obtain the secant, subtract the cosine from 20; 
and to obtain the cosecant, subtract the sine from 20. 

These subtractions are most easily performed, by taking 
the right hand figure from 10, and the others from 9, as in 
finding the arithmetical complement of a logarithm ; (Art 
65.) observing however, to add 10 to the index of the secant 
or cosecant In fact, the secant is the arithmetical comple- 
ment of the cosine, with 10 added to the index. 

For the secant —20 — cos. 

And the arith. comp. of cos —10 — cos. (Art 64.) 

So also the cosecant is the arithmetical complement of the 
sine, with 10 added to the index. The tables of secants and 
cosecants are, therefore, of use, in furnishing the arithmetical 
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ODiiqdem^it of the sine and cosine, in the following simple 
manner: 

113. For the arithmetical complement of the sitie^ subtract 
10 from the index of the cosecant ; and for the arithmetical 
complement of the cosinej subtract 10 from the index of the 
secant. 

By this, we may save the trouble of taking each of the 
figures from 9. 
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SOLT/TIONS OF RIGHT ANGLED TRIANGLES. 

Art. 114. In a triangle there are six parts, three sides, 
and three angles. In every trigonometrical calculation, it is 
necessary that some of these should be known, to enable us 
to find the others. The number of parts which must be 
given, is tqree, one of which must be a side. 

If only two parts be given, they will be either two sides, a 
side and an angle, or two angles ; neither of which will limit 
the triangle to a particular form and size. 

If two sides only be given, they may make any anele with 
each other ; and may, therefore, be the sides of a thousand 
different triangles. Thus, the two lines a and b (Fig. 7.) may 
belong either to the triangle ABC, or ABC, or ABC'. So 
that it will be impossible, £om knowing two of the sides of a 
triangle, to determine the other parts. 

Or, if a side atid an angle only be given, the triangle will 
be indeterminate. Thus, if the side AB (Fig. 8.) and the 
angle at A be given ; they may be parts either of the triangle 
ABC, or ABC, or ABC'. 

"Lastly, if two angles, or even if all the angles be given, 
they will not determine the length of the sides. For the tri- 
angles ABC, A'B'C, A"B"C", (Fig. 9.) and a hundred others 
which might be drawn, with sides parallel to these, will all 
have the same angled. So that one of the parts given must 
always be a side. If this and any other two parts, either 
sides or angles, be known, the other three may be found, as 
will be shown, in this and the following section. 

115. Triangles are either right angled or oblique angled. 
The calculations of the former are the most simple, and ttiose 
which we have the most firequent occasion to make. A great 
portion of the problems in the mensuration of heights and dis- 
tances, in surveying, navigation, and astronomy, are solved by 
rectanfi^ular trigonometry. Any triangle whatever may be 
divided into two riffht angled tnangles, by drawing a peipen- 
dicular from one of the angles to the opposite side. 
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116. One of the six parts in a right angled triangle, is al- 
ways given, viz. the right aiiffle. This is a constant quantity ; 
while the other angles and the sides are variable. It is also 
to be observed, that, if one' of the acute angles is given, the 
other is known of course. For one is the complement of the 
other. (Art. 76, 77.) So that, in a right angled triangle^ 
siibtracting one of the acute angles from 9(P gives the other. 
There remain, then, only four parts, one of the acute angles, 
and the three sides, to be sought by calculation. If any tv>o 
of these be given, with the right angle, the others may be 
found. 

117. To illustrate the method of calculation, let a case be 
supposed in which a right angled triangle CAD, (Fig. 10.) 
has one of its sides equal to the radius to which th^ trigo- 
nometrical tables are adapted. 

In the first place, let the base of the triangle be equal to 
the tabular radius. Then, if a circle be described, with this 
radius, about the angle C as a center, DA will be the tangenty 
and DC the secant of that angle. (Art. 84, 85.) So that the 
radius, the tangent, and the secant of the angle at C, consti- 
tute the three sides of the triangle. The tangent, taken from 
the tables of natural sines, tangents, &c., will be the length 
of the perpendicular ; and the secaiU will be the length of 
the hypothenuse. If the tables used be logarithmic, they will 
give the logarithms of the lengths of the two sides. 

In the same manner, any right angled triangle whatever, 
whose base is equal to the radius of tiie tables, will have- its 
other two sides wund among the tangents and secants. Thus, 
if the quadrant AH, (Fig^. 11.) be divided into portions of 
15^ each ; then, in the triangle 

CAD, AD ^viU be the tan, and CD the sec of 15^ 
In CAD', AD' will be the tan, and CD' the sec of 30°, 
In CAD", Aiy will be the tan, and CD" the sec of 46°, ^c 

118. In the next place, let the hypothenuse of a right 
angled triangle CBF, (Fig. 12.) be equal to the radius of the 
tables. Then, if a circle be described, with the given radius, 
and about the anrie C as a center ; BF will be the sine, and 
BC the cosine of Uiat angle. (Art. 82. 89.) Therefore the sine 
of the angle at C, taken from the tables, will be the length 
of the perpendicular, and the cosine will be the length of the 
base. 
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And any right angled triangle whatever, whose hypothe- 
nuse is equal to the tabular r^ius, will have its other two 
sides found among the sines and cosines. Thus, if the quad- 
rant AH, (Pig. 13J be divided into portions of 15° eac^ in 
the points F, F', F", &c.; then, in the triangle, 

CBF, FB will be the sin, and CB the cos, of 15°, 
In CBIJ'', F'B' will be the sm, and CB' the cos, of 30°, 
In CB"F", F"B'' wiU bi3 the sin, and CB" the cos, of 45°, <kc. 

119. By merely turning to the tables, then, we may find 
the parts of any right angled triangle which has one of its 
sides equal to the radius of the tables. But for determining 
the parts of triangles which have not any of their sides equsd 
to the tabular ramus, the following proportion is used : 

As the radius of one drcle. 
To the radius of any other ; 
So is a sine, tangent, or secant, in one, 
To the sine, tangent, or secant, of the same number 
of degrees, in the other. 

In the two concentric circles AHM, ahm, (Fig. 4.) the arcs 
AG and ag, contain the same number of degrees. (Art. 74.^ 
The sines of these arcs are BG and hg, the tangents AD ana 
ad, and the secants CD and Crf. The four triangles, CAD.. 
CBG, Cad, and Cbg, are similar. For eoch of Uiem, from 
the nature of sines and tangents, contains one right angle ; 
tlie angle at C is common to them all ; and the other acute 
angle in each is the complement of that at C. (Art. 77.) We 
have, then, the following proportions. (Euc. 4. 6.) 

1. CG : Cg- : : BG : ftg^. 

That is, one radius is to the other, as one sine to the other. 

2. CA : Co : : DA : da. 

That is, one radius is to the other, as one tangent to the other. 

3. CA : Co : : CD : Crf. 

That is, one radius is to the other, as one secant to tlie other 
Cor. BG ; fcfi- : : DA : cJo : : CD : Cd. 
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That is, as the sine in oae circle, to the sine in the other ; 
so is the tangent in one, to the tangent in the other ; and so 
is the secant in one, to the secant in the other. 

This is a general principle, which may be appUed to most 
trigonometrical calculations. If one of the sides of the pro- 
pc^ed triangle be made radius, each of the other sides will be 
the sine, tangent, or secant, of an arc described by this radius. 
Proportions are then stated, between these lines, and the tab* 
filar radius, sine, tangent, &c. 

120. A line is said to be made radius^ when a circle is 
described, or supposed to be described, whose semi-diameter 
is equal to the line, and whose center is at one end of it. 

121. In any right angled triangle, if the hypothenuss 
be made radius, one of the legs mil be a sine of its opposite 
angle, and the other leg a cosine of the same angle. 

Thus, if to the triangle ABC (Fig. 14.) a circle be applied^ 
whose radius is AC, and whose center is A, then BC will be 
the sine, and BA the cosine, of th^ angle at A. (Art. 82, 89.) 

If, while the same line is radius, the other end C be made 
the center, then BA will be the sine, and BC the cosine, of 
the angle at C. 

. 122. If either of Me legs be mcuie radius, the other leg 
will be a tangent of its opposite angle, and the hypothenuse 
will be a secant of the same angle; tiiat is, of the angle 
between the secant and the radius. 

Thus, if the hose AB (Fig. 15.) be made radius, the center 
being at A, BC will be the tangent, and AC the secarU, of 
the angle at A. (Art. 84, 85.) 

But, if the perpendicular BC, (Fig. 16.) be made radius, 
with the center at C, then AB will te the tangent, and AC 
the secant, of the angle at* C. 

123. As the side which is the sine, tangent, or secant of 
one of the acute angles, is the cosine, cotangent, or cosecant 
of the other ; (Art. 89.) the perpendicular BC (Fig. 14.) is 
the sine of the angle A, and the cosine of the angle C ; while 
the ba^e AB, is the sine of the angle C, and the cosine of the 
angle A. 

If the base is made radius, as in Fig. 16, the perpendicular 
BC is the tangent of the angle A, and the cotangent of the 
angle C ; while the hypothenuse is the secant of the angle A, 
and the cosecant of the angle C. 

If the perpendicular is made radius, as in Fig. 16, the base 
AB is the tangent of the angle C, and the cotangent of the 
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angle A ; while the hypothenuse is the secant of the angle C^ 
and the cosecant of the angle A. 

124. Whenever a right angled triangle is proposed, whose 
sides or angles are required ; a similar triangle may be form- 
ed, from the sines, tangents, &c., of the tables. (Art. 117, 118.) 
The parts required are then ibund, by stating proportions be- 
tween the similar sides of the two triangles. If the triangle 
proposed be ABC, (Fig. 17.) another, abe^ may be formed, 
having the same angles with the first, but diifering from it in 
the length of its sides, so as to correspond with the numbers 
in the tables. If similar sides be made radius in both, the 
remaining similar sides will be lines of the same name ; that • 
is, if the perpendicular in one of the triangles be a sine^ the 
perpendicular in the other will be a sine ; if the base in one 
De a cosincy the base in the other will be a cosine, &c. . 

If the hypothenuse in each triangle be made radius, as iu 
Fig. 14, the perpendicular Ac, will be the tabtdar sine of the 
angle at a ; and the perpendicular BO, will be a sine of the 
equal anele A, in a circle of which AC is radius. 

If the base in each triangle be made radius, as in Fig. 16, 
then the perpendicular 6c, will be the tabular tangent of the 
angle at a ; and BC will be a tangent of the equal angle A, 
in a circle of which AB, is radius, &c. 

126. From the relations of the similar sides of these trian- 
gles, are derived the two following theorems^ which are suffi- 
cient for calculating the parts of any right angled triangle 
whatever, when the requisite data are furnished. One is 
used, when a side is to be found ; the other, when an angle 
is to be found. 



Theorem I. 
126. When a side is required ; 

As THE TABULAR SINE, TANGENT, &C., OP THB 
SAME NAME WITH THE GIVEN SIDE, 

To THE GIVEN SIDE ; 

So IS THE TABULAR SINE, TANGENT, &C., OF THB 
SAME NAME WITH THE REQUIRED SIDE, 

To THE RE<^UIRED SIDE. 

It will be readily seen, that this is nothing more than a 
statement, in general terms, of the proportions between the 
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sunilar sides of two triangles, one {xroposed for solution, and 
the other formed from the numbers in the tables. 

Thus, if the bypothenuse be ^iven^ and the- base or perpen- 
dicular be required ; then, in Fig. 1^ where oc is the tabular 
radius, be the tabular sine of a, or its equal A, and ab the 
tabular sine of C ; (Art. 124.) 

ac : AG: :bc : BO, that is, R : AC : : sin A : BO. 
oc : AC :: oft : AB, R : AC : : sin O : AB. 

In Fig. 15, where a& is the tabular radius, ac the tabular 
secant of A, and be the tabular tangent of A ; 

oc : AC :: 6c : BC, that is, sec A : AC : : tan A : BO. 
oc : AC : : a6 : AB, sec A : AC : : R : AB. 

In Fi|. 16, ^here be is the tabular radius, ac the tabular 
secant of C, and ab die tabular tangent of C ; 

oc : AC :: 6c : BG, that is, sec C : AC : : R : BC. 
oc : AC :: a& : AB, sec C : AG : : tanC : AR 

Theorem IL 
127. When an angU is required; 

As THE GIVEN SI]>E HADE RADIUS, 
To THE TABULAR RADIUS ; 
So is ANOTHER GIVEN SIDE, 

To THE TABULAR SINE, TANGENT, &C., OT THE 
SAME NAME. 

Thus, if the side made radius, and one other side be given, 
then, in Fig. 14, 

AC : oc :: BC : 6c, that is, AC : R : : BC : sin A. 
AC : oc :: AB : a6, AC : R : : AB : sin C. 

In Fig. 16, 

AB : a6 : : BC : 6c, that is, AB : R : : BC : tan A. 
AB : a6 :: AC : ac, AB : R : : AC : sec A. 

In Fig. 16, 

BC : 6c : : AB : <i6, that is, BC : R : : AB : tan C. 
BC : 6c : :'AC : ac, BC : R : : AC : sec C. 
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It will be observed, that in these theorems, angles are not 
introduced, though they are amon? the quantities which are 
either given or required, in the calculation of triangles. But 
the tabular sines, tangents, &c., may be considered the rep- 
resentatives of angles, as one may be found from the olher, 
by merely turning to the tables. 

128. In the theorem for finding a sidsy the first term of the 
proportion is a tabular number. But, in the theorem for 
finding an angle^ the first term is a side. Hence, i^ applying 
the proportions to particular cases, this rule is to be observed ; 

To find a side, begin toith a tdbtUar number^ 
To find an angle, begin with a side, 

Radius is to be reckoned amoug the tabular numbers. 

129. In the theorem for finding an angle^ the first term is 
a side made radius. As in every proportion, the three first 
terms must be given, to enable us to find the fourth, it is evi- 
dent, that where this theorem is, applied, the side made radius 
mnH be a given one. But, in the theorem for finding a side^ 
It us not necessary that either of the terms should be radius. 

• Hence, 

130. To find a side, anv side may be mcule radius. • 
To find an angle, a given side must be made radius. 

It will generally be expedient, in both cases, to make radius 
one of the terms m the proportion ; because, in the tables of 
natural sines, tangents, &c., radius is 1, and in the logarith- 
mic tables it is 10. (Art. 103.) 

131. The proportions in Trigonometry are of the same 
nature as other simple proportions. The fourth term is found, 
therefore, as in the Rule of Three in Arithmetic, by multiply-^ 
ing together the second and third termsy and dividing their 
product by the first term. This is the mode of calculation, 
when the tables of natural sines, tangents, &c., are used 
But the operation by logarithms is so much more expeditious, 
that it has almost entirely superseded the other method. In 
logarithmic calculations, addition takes the place of multipli- 
cation ; and subtraction the place of division. 

The logarithms expressing the len^hs of the sides of a 
triangle, are to be taken from the tables of common loga- 
rithms. The Ic^arithms of the sinss^ tangents^ ^c, are found 
in the tables of artificial sines, &c. The calculation is then 
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vmde by adding the second and third termsj and subtract- 
ing the first, (Art. 52.)- 

132. The logarithmic radius 10, or, as it is written in the 
tables, 10.00000, is so easily added and subtracted, that the 
three terms of which it is one, may be considered as, in effect, 
r^uced to two. Thus, if the tabular radius is in the first 
term, we have only to add the other two terms, and then take 
10 from the index ; for this is subtracting the first term. If 
radius occurs in the second term, the first is to be subtracted 
from the third, after its index is increased by 10. In the 
same manner, if radius is in the third term, the first is to be 
subtracted from the second. 

133. Every species of right angled triangles may be solved 
upon the principle, that the sides of similar triangles are pro- 
portional, according to the two theorems mentioned above. 
There will be some advantages, however, in giving the ex- 
anmles in distinct classes. 

There must be ^ven, in a right angled triangle, tw*> of the 
parts, besides the right angle. (Art. 116.) These may be; 

1. The hypothenuse and an angle ; or 

2. The hypothenuse and a leg ; or 

3. A leg and an angle ; or 

4. The two legs. 

Case L 

tfjii ni^^^ S Th© hypothenuse, ) . ^^ , ( The base and 

134. Given j ^^^ J^^^^^ ' j to find j perpendicular. 

Ex. 1. If the h3rpothenuse AC, (Pig. 17.*) be 45 miles, and 
the angle at A 32^ 20^, what is the length of the base AB, 
and the perpendicular BC7 

In this case, as sides only are required, any side may be 
made radius. (Art. 130.) 

If the hypothenuse be made radius, as in Fig. 14, BC will 
be the sine of A, and AB the sine of C, or the cosine of A. 
(Art 121.) And if abc be a similar trianofle, whose hypoth- 
enuse is equal to the tabular radius, bo will be the tabular 
sine of A, and ab the tabular sine of C. (Art 124.) 

• The parts which are given are disdncruished by a mark acrost the ]in% or at 
the opening of ihe angle» and the parts rtf^utrad, by a eipbar. 

10 
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To find the perpendicular^ then, by Theorem I, we have 

this proportion ; 

ac : AC : : be : BO. 
Or R : AC : : Sin A : BC. 

Whenever the terms Radius, Sine, Tanpent, &^^ occur in 
a proportion like this, the tahtdar Radius, &c., is to be under- 
stood, as in Arts. 126, 127. 

The numerical calculation, to find the length of BC, may 
be made, either by luxtvral sines, or by logarithms. See Art 
131. 

By natural Sines. 

1 : 46 : : 0.63484 : 24.068--BC. 

Computation by Logarithms. 



As radius 




10.00000 


To the h]^theiiase 


46 


1.66321 


So is the Sine of A 


32° 20' 


9.72823 



To the perpendicular 24.068 1.38144 

Here the logarithms of the second and third terms are add- 
ed, and from the sum, the first term 10 is subtracted. (Art. 
132.) The remainder is the lorarithm of 24.068— BC. 

Subtracting the angle at A from 90^, we have the angle at 
0=67^ 40'. (Art. 116.) Then to find the base AB ; 

oc : AC :: oft : AB 
Or R : AC : : Sin C ; AB-38.023. 

Both the sides required are now found, by making the 
hypothenuse radius. The results here obtainea may be veri- 
fied, by making either of the other sides radius. 

If the base bd made radius, as in Fig. 15, the perpendicular 
will be the tangent^ and the hjrpothenuse the secant of the 
angle at A. (Art 122.) Then, 

Sec A : AC : : R : AB 
R : AB : : Tan A : BC 
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B7 making the arithmetical calculations, in these two pro- 
portions, the values of AB and BG, will be found the same 
as before. 

If the perpendicular be made radius, as in Fig. 16, AB 
will be the tangent^ and AC the secant of the angle at C. 
Then, 

Sec C : AC : : R : BC 
R : BC : : Tan C : AB 

Ex. 2. If the hypothenuse of a right angled trians^le be 
260 rods, and the angle at the base 46^ 30' ; what is the 
ienffth of the base and perpendicular ? ' 

Sn3. The base is 172.1 rods, and the perpendic. 181.35. 

Case II. 

Ex. 1. If the hypothenuse (Fig. 18.) be 35 leagues, and 
the base 26 ; what is the length of the perpendicular, and the 
quantity of each of the acute angles ? 

To find the angles it is necessary that one of the given 
sides be made radius, f Art 130.) 

If the hypothenuse oe radius, the base and perpendicular 
will be sines of their opposite angles. Then, 

AC : R : : AB : Sin C«47o 58^' 

And to find the perpendicular by theorem I ; 
R : AC : : Sin A : BO-23.43 

If the hose be radius, the perpendicular will be tangent^ 
and the hypothenuse secant of the angle at A. Then, 

AB : R : : AC : Sec A 
R : AB : : Tan A : BC 

In this example, where the hypothenuse and base are 
giren, the angles can not be found by making the perpendic- 
ular radius. For to find an angle, a given side must be 
made radius. (Art 130.) 
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136. Ex. 2. If the hypothenuse (Fig. 19.) be 64 miles, and 
the perpendicular 48 milesy what are the angles, and the 
base? 

Making the hypothenmse radius. 

AC : R : : BC : Sin A 
R : AC : : Sin C : AB 

The numerical calculation will give A— 62^ 44^ and AB 

-24.74 

Making the perpendicular radius. 

BO : R : : AC : Sec C 
R : BC : : Tan C : AB 

The angles cannot be found by making the btue radiuSi 
when its length is not given. 



Case m. 

Ex. 1. If the base (Pi^. 20.) be 60, and the angle at the 
base 47^ 12', what is tne length of the hypothenuse and the 
perpendicular ? 

In this case, as sides only are required, any side may be 
radius. 

Making the hypothenuse radius. 

Sin C : AB : : R : AC-88.31 
R : AC : : Sin A : BC»64.8 

Making the b<ise radius. 

R : AB : : Sec A : AC 
R : AB : : Tan A : BC 

Making the perpendicular radius. 

Tan C : AB : : R : BC 
R : BC : : Sec C : AC 
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138. Ex. 2. If thfi perpendieuiar (Fig. 21.) be 74, and the 
angle C 61^ 27', what is the length of the baae and the hypo- 
dienuae? 

Making the hypotkenuse radius. 

Sin A : BC : : R : AC 
R : AC : : sin C : AB 

Making the base radius. 

Tan A : BO : : R : AB 
R : AB : : sec A : AC 

Making the perpendicular radios. 

R : BC : : sec C : AC 
R : BC : : tan C : AB 

The hypothenuse is 164.83 and the base 136. 
Case IT. 

Ex. 1. If the base (Fig. 22.) be 284, and the perpendicular 
192, what are the ans^les, and. the hypothenuse? 

In this case, one of the legs must be made radius, to find 
an angle ; because the hypomenuse is not giYen« 

Making the base radius* 

AB : R : : BC : tan A-34'' 4^ 
R : AB : :8ec A : AG-342.84 

Alaking the perpendicular radius. 

BC : R : : AB : tan C 
R : BC : : sec C : AC 

Ex. 2. If the base be 640, and the perpendicular 480, what 
are the angles and hypothenuse ? 
Ans. The hypothenuse is 800, and the angle at the base 
36° 6» 12". 
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Examples for Practice. 

1. Given the hypothenuse 68, and the angle at the base 

39^ 17' ; to find the base and perpendicular. 

2. Given the hypothenuse 860^ and the base 594, to find 

the angles, and the perpendicular. 

3. Given the hypothenuse 78, and perpendicular 67, to find 

the base, and the angles. 
4 Given the base 723, and the angle at the base 64^ 18', 

to find the hjrpothenuse and perpendicular. 
6. Given the perpendicular. 632, and the angle at the base 

81^ 36', to find the hyppthenuse and the base. 
6. Given the base 32, and the perpendicular 24, to find the 

hypothenuse, and the angles. 

140. The preceding solutions are all efiected, by me«ins of 
the tabular sines, tangents, and secants. But, when any two 
sides of a right angled triangle are given, the third side may 
be found, without the aid of the trigonometrical tables, by 
the proposition, that the square of the hypothenuse is equal to 
the sum of the squares of the two perpendicular sides. (Euc. 
47. 1.) 

If the legs be given, extracting the square root of the sum 
of their squares, will rive the hypothenuse. Or, if the hypo- 
flienuse and one leg be given, extracting the square root of 
the difference of the squares, will give the other leg. 



Let A=the hypothenuse ) 

7s«the perpendicular > of a right angled triangle, 
sthe base > 



V. 



Then A«— 6*+p«, or (Alg. 296.) A—v ft«+P' 

By trans. 6'— A* — p», or &— vA« — p* 



And p«— A* — 6», or p«vA»— 6» 

Ex. 1. If the base is 32, and the perpendicular 24, what is 
the hypothenuse ? Ans. 40. 

2. If the hypothenuse is 100, and the base 80, what is the 
perpendicular ? Ans. 60. 

3. If the hypothenuse is 300, and the perpendicular 220^ 
what is the base ? 

Ans. 366»— 220*— 4160, the root of which is 204 nearly. 
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141. It is generally most conyenient to find the difference 
of the squares by logarithms. But this is not to be done by 
subtraction. For subtraction, in logarithms, performs the 
office of division, (Art. 41.) If we subtract the logarithm of 
ft* from the logarithm of A", we fehall have the logarithm, 
not of the difference of the squares, but of their quotient. 
There is, however, an indirect, though very simple method, 
by which the difference of the squares may be obtained by 
logarithms. It depends on the principle, that the difference 
of the squares of two quantities is equal to the product of the 
sum and difference of the quantities. (Alg. 235.) Thus, 

A«_6««(A+6)x(A— 6) 

as will be seen at once, by performing the multiplication. 
The two factors may be multiplied by adding their loga- 
rithms. Hence, 

142. To obtain the difference of the squares of two quanH" 
ties, add the logarithm of the sum of the quantities, to the 
logarithm of their difference. After the logarithm of the 
difference of the squares is found ; the square root of this 
difference is obtained, by dividing the logarithm by 2. 
(Art. 47.) 

Ex. 1. If the hypotfaenuse be 76 inches, and the base 45, 
what is the length of the perpendicular ? 

Sum of the dven sides 120 log. 2.07918 
Difference of do. 30 1.47712 

Dividing by 2)a55630 

Side required 60 1.77815 

2. If the hypothenuse is 135, and the perpendicular 108, 
what is the length of the base 7 Ans. 8L 
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SECTION IV. 



SOLUTIONS OF OBLIQUE ANGLED TRIANGLES. 

Art. 143. The sides and anffles of oblique angled trian* 
gles may be calculated by the foUowing theorems. 

Theorem L 
In any plane triangle, the sines of the angles ark as 

THEIR opposite SIDES. 

Let the angles be denoted by the letters A, B, G, and their 
opposite sides by a, 6, c, as in Fig. 23 and 24. From one of 
the angles, let the line p be drawn perpendicular to the op* 
posite side. This will £bl11 either withm or without the tri* 
angle. 

1. Let it fall mthin as in Fig. 23. Then, in the right an* 
gled triangles ACD, and BCD, according to art. 126, 

R : 6 : : sin A : ;i 
R ; a : : sin B : p 

Here, the two extremes are the same in both proportions. 
The other four terms are, therefore, redprocaUy proportional : 
(Alg. 387.*) that is, 

a : 6 : : sin A : sin B. 

2. liCt the perpendicular p fall without the triangle, as in 
24. Then, in the right angled triangles ACD and 

R : fr : : sin A : /> 
R : a : : sin B : p 

Therefore as before, 

a : 6 : : sin A : sin B. 

• Eiidid23.6. 



BCD; 
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Sin A is here put both for the sine of DAC, and for that 
of BAG. For, as one of these angles is the supplement of 
the other, they have the same sine. (Art. 90.) 

The sines which are mentioDed here, and which are used 
in calculation, are icttnilar sines. But the proportion will be 
the same, if the sines be adapted to any other radius. (Art 
119.) 

Theorem IL 
144. In a plane triangle, 

As THE SUM OF ANY TWO OF THE SipES, 

To THEIR DIFFERENCE ; 

So IS THE TANGENT OF HALF THE^ Sf7M OF THE 

OPPOSITE angles; 
To THE TANGENT OF HALF THEIR DIFFERENCE. 

Thus, the sum of AB and AG, (Fig. 25w) is to their differ- 
ence ; as the tangent of half the sum of the angles ACB and 
ABC, to the tangent of half their difference. 

. Deffioftstrotunt. 

Extend CA to G, making AG equal to AB ; then CG is 
the sum of the two sides AB and AC. On AB, set off AD, equal 
lo AC ; then BD t^ the difference of the sides AB and AG. 

The sum of the two angles ACB and ABC, is equal to the 
sum of ACD and ADC ; because each of these sums is the 
supplement of CAD. (Art. 79.) But as AC« AD by construc- 
tion, the angle ADC« ACD. (Euc. 5. 1.) Therefore ACD is 
half the sum of ACB and ABC. As AB»AG, the angle 
AGB^ABG, or DBE. Also, GCE, or ACD- ADC=BDE. 
(Euc. 15. 1.) Therefore, in the triangles GCE, and DBE, the 
two remaining angles DEB, and CEG, are equal ; (Art. 79.) 
So that CE is perpendicular to BG. (Euc. Def 10. 1.) If then 
CE is made radius, GE is the tangent of GCE, (Art. 84.) that 
is, the tangent of half the sum of the angles opposite to AB 
and AC. 

If from the greater of the two angles ACB and ABC, there 
be taken ACD their half sum ; the remaining angle EGB 
will be their half difference. (Alg. 341.) The tangent of this 
angle, CE being radius, is Ej3, that is, the tangent of half 
the difference of the angles opposite to AB and AC. We 
have then, 

11 
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CGi-flie sum of the sides AB and AG; 

DB""their difierence ; 

GE"> the tangent of half the sum of the opposite angles ; 

£B«>the tangent of half their difference.. 

But by similar triangles, 
CG : DB : GE : EB. Ct E. D. 

Thborbm m. 

145. If upon the longest side of a triangle, a perpendicu- 
lar be drawn from the opposite angle ; 

As THB LONGEST SIDE, 
To THE SUM OF THE TWO OTHERS ; 
So IS THB DIFFERENCE OF THB LATTBB, 
To THE DIFFERENCE OF THE SEGMENTS MADE BT 
THB PERPENDiCDLAR. 

In the triande ABC, (Fig. 26.) if a perpendicular be drawp 
fix>m G upon AB ; 

AB : CB+OA : : OB— OA : BP— PA.* 

DenwnstratioTL 

Describe a circle on the center C, and with the radius BC. 
Throufirh A and G, draw the diameter LD, and eatand BA to 
H. Then by Euc. 36. 3. 

ABxAH-ALxAD 

Thereforoi 

AB : AD : : AL : AH 

But AD-CD+GA-CB+CA 

And AL-CL— CA«CB— OA 

And AH-HP— PA-BP— PA (Euc. 3. 3.) 

If, then, for the three last terms in the proportion, we sub- 
stitute their equals, we have, 

AB : CB+CA : : OB— OA : PB— PA. 

146. It is to be observed, that the greater s^ment is next 
the greater side. If BO is greater than AG, (fig. 26.) PB is 

* See note F. 
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greater than AP« With the radium AC, describe the arc AN. 
The segment NP»-AP. (Euc. 3. 3.) But BP is greater than 
NP. 

147. The two segments are to each other, as the tangents 
of the opposite angles, or the cotan^nts of the adjacent an- 
gles. For, in the right angled triangles ACP, and BCP, 
(Fig. 26.) if CP be made radius, (Art. 126.) 

R : PC : : Tan ACP : AP 
R : PC : : Tan BCP : BP 

Therefore, by equality of ratios, (Alg. 384.*) 
Tan ACP : AP : : Tan BCP : BP 

That is, the segments are as the tangents of the opposite 
angles. And the tan^nts of these are the ootangenis of the 
adjacent angles A and B. (Art 89.) 

Cor. The greater segment is opposite to the greater angle. 
And of the angles at the base, the less is next the greater 
side. If BP is greater than AP, the angle BCP is greater 
than ACP ; and B is less than A. (Art 77.) 



148. To enable us to find the sides and angles of an oblique 
angled triangle, three of them must be given. (Art 114.) 

These may be, either 

1. Two angles and a side, or 

2. Two sides and an angle opposite one of them, or 

3. Two sides and the induaed angle, or 

4. The three sides. 

The two first of these cases are solved by theorem I, (Art. 
143.) the third by theorem II, (Art 144.) and the fourth by 
theorem III, (Art. 145.) 

149. In making the calculations, it must be kept in mind, 
that the greater side is always opposite to the greater angle,- 
(Euc. 18, 19. 1.) that there can be only one obtuse angle in a 
triangle, (Art. 76.) and, therefore, that the angles oj^site to 
the two least sides must be acute. 

. I ■ 

* Euo. 11. 5. 
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150. Given, 

Two angles, and ) . _ ^^^ { The remaining angle, and 
A side, ^ to nna ^ ^pj^^ ^^j^^^^ ^^ ^j^^ 

The third angle is found by merely subtracting the sum 
of the two which are given from 180°. (Aft. 79.) 

The sides are found, by stating, according to theorem I, 
the following proportion ; 

As the sine of the angle opposite the given side, 
To the length of the given side ; 
So is the sine of the angle opposite the required side^ 
To the length of the required side. 

As a side is to be found, it is necessary to begin with a 
tabular nufnber. 

Ex. 1. In the triangle ABC, (Fig. 27.) the side b is giv^i 
32 rods, the ande A 56° 20^ and the angle C 49° lO', to find 
the angle ]3, and the sides a and c. 

The sum of the two given angles 56° 20'+ 49° 10'— 106° 
30' ; which subtracted from 180°, leaves 74° 30' the angle B. 

Then, 

Calculation by logarithms. 

As the sine of B 74° 30' a.c. 0.01609 
To the side b 32 1.50616 

So is the sine of A 56° 20' 9.92027 

To the side a 27.64 1.44161 



As the sine of B 74° 30' a. c 0.01609 

To the side b 32 1.50515 

So is the sme rf C 49° 10' 9.87887 

To the side c 25.13 * 1.40011 
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The arithmetical complement used in the first tenn here, 
may be found, in the usual way, or by taking out the cose- 
cant of the given angle, and rejecting 10 m>m the index. 
(Art. 113.) ^ 

Ex. 2. Given the side b 71, the angle A 107^ 6', and the 
angle C 27^ 40^ ; to find the angle B, and the sides a and c 
The angle B is 46^ 14'. Then, 

68 



flin « • A . . i Sin A : a=96.58 



Wh^i one of the given angles is ofr^u^e, as in this example, 
the sine of its supplement is to be taken firom the tables* 
(Art. 99.) 

CaseU 

161. Given, 
Two sides, and ) . ^ j { The remaming side, and 
An opposite angle, J '*' '"^ ^ The other two angles. 

One of the required angles is found, by beginning with a 
side, and, according to Theorem I, stating the proportion, 

As the side opposite the given angle, 
To the sine of that angle ; 
So is the side opposite tlie required angle, 
To the sine of that angle. 

The third angle is found, by subtracting the sum of the 
other two from 180^ ; and the remaining side is found, by 
ihe proportion in the preceding* article. 

152. In this second case, if the side opposite to the given 
angle be shorter than the other given side the solution will 
be ambiguous. Two different triangles may be formed, each 
of which will satisfy the conditions of the problem. 

Let the side b, (Fig. 28.) the angle A, and the length of 
the side opposite this angle, be fiven. With the latter for 
radius, (if it be shorter than ft,) describe an arc, cutting the 
line AH in the points B and B'. The lines BC and B'G, will 
be equal. So that, with the same data, there may be formed 
two different triangles, ABC and AB'C. 
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There mil be the same ambk^ty in the numerical calcu 
lotion. The answer found by the proportion will be the sin0 
of an angle. But this may be the sine, either of the acute 
angle AB'C, or of the obtuse angle ABC. For, BG being 
equal to B'C, the angle CB'B is equal to CBB'. Therefore 
AB(/, which is the supplement of CBB', is also the supplement 
of C'U^B. But the sine of an angle is the same, as the sine 
of iu supplement. (Art. 90.) The result of the calculation 
will, therefore, be ambiguous. In practice, however, there 
will generally be some circumstances which will determine 
whether the angle required is acute or obtuse. 

If the side opposite the given angle be longer than the 
other given side, the angle which is subtended by the latter, 
will necessarily be acute. For there can be but one obtuse 
angle in a triangle, and this is always subtended by the long- 
est side. (Art. 149.) 

If the given angle be obtuse, the other two will, of course, 
be acute. There can, therefore, be no ambiguity in the 
solution. 

Ex. 1. Given the anrie A, (Fig. 28.) 35° 20', the opposite 
side a 60, and the side 6 70; to mid the remaining side, and 
the other two angles. 

To find the angle opposite to ft, (Art. 161.) 

a : sin A : : 6 : sin B 

The calculation here gives the acute angle AB'C 64° 3' 
60", and the obtuse angle ABC 126° 66' 10". If the latter 
be added to the angle at A 36° 20', the sum wUl be 161° 16' 
10", the supplement of which, 18° 43' 60", is the angle ACB. 
Then in the triangle ABC, to find the side c»AB, 

Sin A : « : : sin C : c— 27.76 

If the acute angle AB'C 54° 3' 60" be added to the angle 
at A 36° 20', the sum will be 89° 23' 60", the supplement 
of which, 90° 36' 10", is the angle ACB'. Then, in the tri- 
angle AB'C, 

Sin A : CB' : : sin C : AB'-86.46. 

Ex. 2. Given the angle at A, 63° 36', (Fig. 29.) the side b 
64, and the side a 72 ; to find the side c, a^ the angles B 
and C. 
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a : tin A : : ft : sin B-62» 40^ 26'' 

Sin A : a : : sin C : c=72.06 

The sum of the angles A and B, is 116^ 26' 26", the sup- 
plement of which, 63^ 39' 35", is the anrie 0. 

In this example the solution is not anwigtumsj because the 
side opposite the given angle is longer than the other given 
side. 

Ex. 3. In a triangle of which the andes are A, B, and C, 
and the opposite sides a, 6, and c, as before ; if the angle A 
be 121° 40', the opposite side a 68 rods, and the side b 47 
rods ; what are the angles B and C, and what is the length 
of the side c? Ans. B is 36^ 2' 4", C 22° 17' 56", and c 
30.3. 

In this example also, the solution is not ambiguous, be- 
cause the given angle is obtuse. 

Case HI. 

163. Given, 
Two sides, and ) . ^^ ( The remaining side, and 
The included angle, ^ "^ " " ^ The other two angles. 

In this case, the angles are found by theorem 11. (Art. 144.) 
The required side may be found by*theorem 1. 

In making the solutions, it will be necessary to observe, 
that by subtracting' the given angle from 180°, the sum of the 
other two angles is found ; (Art. 79.) and, that adding half 
the difference of two quantities to their half sum gives the 
greater quantity, and subtracting the half difference from 
the half sum gives the less. (Alg. 341.) The latter proposition 
may be geometrically demonstrated thus ; 

Let AE, (Fig. 32,) be the greater of two magnitudes, and 
BR the less. Bisect AB in D, and make AC equal to BE. 
Then, 

AB is the sum of the two magnitudes ; 
CE their difference ; 
DA or DB halfHtiext sum; 
DE or DC A(^ their difference ; 
But DA+DE«AE the greater magnitude ; 
And DE— DE-BE the less. 

E]C 1. In tile triangle ABC, (Fig. 30.) the angle A is given 
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26"^ 14^ the side b 39, and tbe side c 63 ; to find the angles B 
and Cy and the side a. 

The sum of the sides b and c is 63+39—92 
And their difference 53—39 — 14 

The sum of the angles B and G»180^— 26^ 14'»-153o 46' 
AndAo/^/AewmofBandCis 76^63^ 

Then, by theorem H, 

(6+c) : (b—c) : : tan i(B+C) : tan i(B^C) 

To and from the half sum 

Adding and subtracting the half difference 

We have the greater angle 

And the less angle 

As the greater of the two given sides is c, the greater angle 
is C, and me less ang^e B. (Art. 149.) 

To find the side a, by theorem I. 
Sin B : ft : : sin A : a— 24.94. 

Ex. 2. Given the angle A 101^ 30', the side A 76, and the 
side c 109 ; to find the angles B and 0, and the side a. 

B is 30^ 67V, C 47° 32^', and a IU.S. 

Case IT. 

164. Given the three sides, to find the angles. 

In this case, the solutions may be made, by drawing a per- 
pendicular to the longest side, from the opposite angle. This 
will divide the given triangle into two right angled triangles. 
The two segments may be found by theorem fil. (Art. 146.) 
There will then be given, in each of the right angled trian- 
gles, the hypothenuse and one of the legs, from which the 
angles may be determined, by rectangular trigonometry. 
(Art. 135.) 

Ex. 1. In the triangle ABO, (Fig. 31.) the side AB is 39, 
AC 35, and BC 27. What are the angles ? 

Let a perpendicular be drawn from C, dividing the longest 
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side AB into the tvo s^ments AP and BP. Then, by 
theorem III, 

AB : AO+BC : : AC— BO : AP— BP 

As the longest side 39 a. c. 8.40894 

To the sum of the two others 62 1.79239 

So is the difference of the latter 8 0.90309 

To the difference of the segments 12.72 tl0448 

The greater of the two segments is AP, because it is next 
the side AC, which is greater than BC. (Art 146.) 

To and from half the sum of the segments 19.6 

Adding and subtracting half their dmere'nce, (Art. 163.) 6.36 

We have the greater segment AP 26.86 

And the less BP 13.14 

Then, in each of the right angled triangies APC and BPC, 
we have given the hypothenuse and base ; and by art. 136. 

AC : B : : AP : cos A-42o 2V 67" 
BC : R : : BP : €06 B»-60o 62' 42'^ 

And subtracting the sum of the angles A and B from 180^, 
we have the remaining angle ACB=»76^ 46' 21'^ 

Ex. 2. If the three sides of a triangle are 78, 96, and 104 ; 
what are the angles 1 

Ans. 450 41' 48", 61° 43' 27", and 72P 34' 46". 

Examples for Practice. 

1. Given the angle A 64° 30', the anffle B 63° 10', and the 

side a 164 rods ; to find the an^e C, and the sides b 
andc. 

2. Given the angle A 46° 6', the opposite side a 93, and the 

side b 108 ; to find the angles B and C, and the side c. 

3. Given the angle A 67° 24', the opposite side a 62, and the 

side & 46 ; to find the angles B and C, and the side c. 

4. Given the ande A 127° 42', the opposite side a 381, and 

the side b 1§4 ; to find the angles B and C, and the side c. 
IS 
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5. Given the side b 58, the side e 67, and the included angle 

A»36^; to find the angles B and C, and the side a* 

6. Given the three sides, 631, 268, and 646 ; to find the 

angles. 

165. The three theorems demonstrated in this section, have 
been here applied to obliqtie angled triangles only. But they 
are equally applicable to right angled triangles. 

Thus, in the triangle iSc, (Fig. 17.) according to theo- 
rem I, (Art. 143.) 

Sin B : AG : : sin A : BC 

This is the same proportion as one stated in art. 134, ex- 
cept that, in the first term here, the sine of Bis substituted 
for radius. But, as B is a right angl^ its sine is equal to 
radius. (Art. 95.) 

Again, in the triangle ABC, (Fig. 21.) by the same theo- 
rem; 

Sin A : BG : : sin G : AB 

This is also one of the proportions in rectangular trigo- 
nometry, when the hypothenuse is made radius. 

The other two theorems might be applied to the solution 
of right angled triangles. But, when one of the angles is 
known to be a right angle, the methods explaitied in the pre- 
ceding section, are much more simple in practice.* 

* For the application of Trigonometry to the Mentoratioa of Heighta and DIs- 
tanoei^ aee NaVigiioon and Survefinfir. 
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SECTION' V. 

GEOMBTRICAL CONSTRUCtlON OF TRIANGLES, BT THtS 
PLANE SCALE. 

Art. 156. To facilitate the construction of geometrical 
figures, a number of graduated lines are put upon the com- 
mon two feet scale ; one side of which is called the Plane 
Scalcj and the other side, GurU6r*s Scale. The most import- 
ant of these are the sccJes of e^iual pariSf and the line of 
chords. In forming a g^ven triangle, or any other right 
lined figure, the parts which must be made to agree with the 
conditions proposed, are the lineSj and the angles. For the 
former, a scale of equal parts is used ; for the latter, a line of 
chords. 

157. The lixie on the upper side of the plane scale, is 
divided into inches and tenths of an inch. Beneath this, on 
the left hand, are two diagonal scales of equal ports,* divided 
into inches and half inches, by perpendicular lines. On the 
larger scale, one of the inches is divided into tenths, by lines 
which pass obliquely across, so as to intersect the parallel 
lines which run from right to left. The use of the oblique 
lines is to measure hundredths of an inch, by inclining more 
and more to the right, as they cross each of the parallels. 

To take off, for instance, an extent of 3 inches, 4 tenths, 
and 6 hundredths ; 

Place one foot of the compasses at the intersection of the 
perpendicular line marked 3 with the parallel line marked 6, 
and the other foot at the intersection of the latter with the 
oblique line marked 4. 

The other diagonal scale is of the same nature. The di- 
visions are smaller, and are numbered from left to right. 

158. In geometrical constructions, what is often required, 
is to make a figure, not equal to a given one, but only similar. 
Now figures are similar which have equal angles, and the 

* These linee are not represented ia the pUte^ as the learner is supposed to have 
tha scale befora bim 
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sides about the equal angles proportional, (Euc. De£ 1. 6.V 
Thus a land surveyor, in plotting a field, makes the several 
lines in his plan to have the same proportion to each other, 
as the sides of the field. For this purpose a scale of equal 
parts may be used, of any dimensions whatever. If the sides 
of the field are 2, 6, 7, and 10 rods, and the lines in the plan 
are 2, 5, 7, and 10 inches, and if the angles are the same in 
each, the fi^^ures ore similar. One is a copy of the other, 
upon a smatler scale. 

So any two right lined figures are simiku*, if the angles are 
the same in both, and if the number of smaller parts in each 
side of one, is equal to the number of larger parts in the cor- 
responding sides of the other. The several divisions on the 
scale of equal parts may, therefore, be considered as repre- 
senting any measures of length, as feet, rods, miles, <fec. All 
that is necessary is, that the scale be not changed, in the con- 
struction of the same figure ; and that the several divisions 
and subdivisions be properly proportioned to each other. If 
the larger divisions, on the diagonal scale, are units, the smaller 
ones are tenths and hundredths. If the larger are tens, the 
smaller are units and tenths. 

169. In laying down an an^le, of a given number of de- 
grees, it is necessary to measure it. Now the proper measure 
of an angle is an arc of a circle. (Art. 74.J And the measure 
of an arc, where the radius is given, is its chord. For the 
chord is the distance, in a straight line, from one end of the 
arc to the other. Thus the chord AB, (Fig. 33.) is a measure 
of the arc ADB, and of the angle ACB. 

To form the line of chords, a circle is described, and the 
lengths of its chords determined for every degree of the quad- 
rant. These measures are put on the plane scale, on the line 
marked CHO. 

160. The chord of 60° is equal to radius. (Art. 96.) In 
laying down or measuring an angle, therefore, an arc must 
be drawn, with a radius which is equal to the extent from 
to 60 on the line of chords. There are generally on the 
scale, two lines of chords. Either of these may be used ; 
but the an^le must be measured by the same line firom which 
the radius is taken. 

161. To make an angle, then, of a given number of de- 
grees ; from one end of a straight line as a center, and with 
a radius equal to the chord of 60° on the line of chords, de- 
scribe an arc of a circle cutting the straight line. From the 
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point of intenection, extend the diord of the given number 
<^ degrees, applying the other extremity to the arc ; and 
through the place of meeting, draw the other line from the 
angular point. 

If the given angle is obtu8e, take from the scale the chord 
of Ao^the number of degrees, and apply it tt^ice to the arc. 
Or make use of the chords of any two arcs whose sum is 
equal to the given number of degrees. 

A right angle may be constructed, by drawing a perpen* 
dicular without using the line of chords. 

Ex. 1. To make an ande of 32 degrees. (Fi^. 33.) With 
the point C, in the lipe CH, for a center, and with the. chord 
of 6(P for radius, describe the arc ADF. Extend the chord 
of 32^ from A to B ; and through B, draw the line BG. Then 
is ACB an angle of 32 d^ees. 

2. To make an angle of 140 degrees. (Fig. 34.) On the 
line CH, with the chprd of 6(F, describe the arc ADF ; and 
extend the chord of 70^ from A to D, and from D to B. The 
arc ADB-7(Px2-140°. 

On the other hand : 

162. To measure an angle ; On the angular point as a 
center, and with the chord of 60° for radius, describe an arc 
to cut the two lines which include the angle. The distance 
between the points of intersection, applied to the line of 
chords, will give the measure of the angle in degrees. If the 
angle be abtiise^ divide the arc into two parts. 

Ex. 1. To measure the angle ACB. (Fig. SSL) Describe 
the arc ADF, cutting the lines CH and CB. Tiie distance 
AB, will extend 32° on the line of chords. 

2. To measure the angle ACB. (Fig. 34.) Divide the arc 
ADB into two pai-ts, either equal or unequal, and measure 
each part, by applying its chord to the scale. The sum of 
the two will be 140°. 

163. Besides the lines of chords, and of equal parts, on the 
plane scale ; there are also lines of natural sines, tangents^ 
and secants^ inxij\ie^ Sin., Tan. and Sec; of semitangents^ 
marked S. T.; of longitude, marked I^on. or M. L.; of 
rhumbs, marked Rhu. or Rum., &c. These are not neces- 
sary in trigonometrical construction. Some of them are used 
in Navigation ; and some of them, in the projections of the 
Sphere. 
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164. In Navigation, the quadrant, instead of being gradua- 
ted in the usual manner, is divided into eight portions, called 
Rhumbs. The Rhumb line^ on the scale, is a line of chords, 
divided into rhumbs and quarter-rhumbs, instead of degrees. 

166. The line of Longitude is intended to show the num- 
ber of geographical miles in a degree, of longitude, at differ- 
ent distances from the equator. It is placed over the line of 
chords, with the numbers in an inverted order : so that the 
figure above shows the length of a degree of longitude, in 
any latitude denoted by the figure below.* Thus, at the 
equator, where the latitude is 0, a de^ee of longitude is 60 
geographical miles. In latitude 40, it is 46 miles ; in latitude 
60, 30 mile^, &c^ 

166. The graduation on the Hue of secants begins where 
the line of sines ends. For the greatest sine is only equal to 
radius ; but the secant of the least arc is greater than radius. 

167. The semitangents are the tang^ts of halfihB siven 
arcs. Thus, the semitan^t of 20^ is the tangent of 10^. 
The line of semitangents is used in one of the projections of 
the sphere. 



168. In the construction o{ triangles, the sides and angles 
which are given, are laid down according to the directions in 
Arts. 158, 161. The parts required are then measured, ac- 
cording to Arts. 168, 162. The following problems corres- 
pond with the four cases of oblique angled triangles ; (Art 
148.) but are equally adapted to right angled triangles. 

169. PaoB. L The angles arid one side of a triangle being 
given ; to find, by construction, the other two sides. 

Draw the given side. From the ends of it, lay off two of 
the given angles. Extend the other sides till they intersect ; 
and then measure their lengths on a scale of equaJ parts. 

Ex. 1. Given the side b 32 rods, (Fig. 27.) the angle A 56° 
20', and the angle C 49^ 10' ; to construct the triangle, and 
find the lengths oS the sitles a and c. 

Their lengths will be 25 and 27i. 

2. In a right angled triangle, (Fig. 17.1 given the hypotli- 
enuse 90, and the angle A 32^ 20', to find the base and per- 
pendicular. 

The length of AB will be 76, and of BC 48. 

• Sometimet the line of longitude is placed tmdtr the line of ehoitU. 
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3. Given the side AC 68, the angle A 124P, and the angle 
C 37^ : to construct the triangle. 

170. Prob. II. Two sides md an opposite ongie being giv- 
en, to find the remaining side, and the other two angles. 

Draw one of the given sides ; from one end of it, lay off 
the given angle ; and extend a line indefinitely for the re- 
quired side. From the other end of the first side, with the re- 
maining ^iven side for radius, describe an arc cutting the in- 
definite hne. The point of intersection will be the end of 
the required side. 

If the side opposite the given angle be less than the other 
given side, the case will be ambiguous. (Art. 152.) 

Ex. 1. Given the angle A 63<^ 35', (Fig. 29.) the side 6'32, 
and the side a 36. 

The side AB will be 36 nearly, the angle B 52° 45}^ and 
C 63° 39i'. 

2. Given the angle A (Fig. 28.) 36° %^ the opposite side 
a 25, and the side b 35. 

Draw the side b 35, make the angle A 36° 20^ and extend 
AH indefinitely. From C with rraius 25, describe an arc 
cutting AH in B and B^ Draw CB and CB', and two trian- 
gles will be formed, ABC and AB'C, each corresponding 
with the conditions of the problem. 

3. Given the angle A 116°, the opposite side a 38, and the 
side 6 26 ; to construct the triangle. 

171. Prob. IU. Two sides ami the included angle being 
given ; to find^the other side and angles. 

Draw one of the ^ven sides. FSx)m one end of it lay off 
the given angle, and draw the other given side. Then con- 
nect the extremities of this and the first line. 

Ex. 1. Given the angle A (Fig. 30.) 26° 14', the side 6 78, 
and the side c 106 ; to find B, C, and a. 

The side a will be 50, the angle B 43° 44', and 110° 2'. 

2. Given A 86°, 6 66, and c 83 ; to find B, C, and a. 

172. Prob. IV. The three sides being given ; to find the 
angles. 

Draw one of the sides, and from one end of it, with an ex- 
tent equal to the second side, describe an arc. From the 
other end, with an extent equal to the third side, describe a 
second arc cutting the first ; and from the point of intersec- 
tion draw the two sides. (Euc. 22. 1.) 

Ex. 1. Given AB (Fig. 31.) 78, AC 70, and BO 64, to find 
the angles. 
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The angles will be A 42^ 22^, B 6(P 62^', mdCTGP 46i^ 

2. Given the three sides 58, 39, and 46 ; to find the angles. 

173. Any right lined figure whaterer, whose sides and an- 
eles are given, may be constructed, by laying down the sides 
from a scale of equal parts, and the angles from a line of 
chords. 

Ex. Given the sides AB (Fig. 36.)-20, BC-22, GD»-30, 
DE«12; and the angles B-102O, c-130^, D*108'>, to 
construct the fiffure. 

Draw the side AB=20, make the angle B— 102°, draw 
BC-22, make C-130o, draw CD-30, make D-108°, draw 
DE=»12, and connect E and A. 

The last line, EA, may be measured on the scale of equal 
parts ; and the angles E and A, by a line of chords. 
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DESCBIFTION AND USE OF GUNTER's SCALE. 

Art. 174. An expeditious method of solving the problems 
in trigonometry, and making other logarithmic calculations, 
in a mechanical way, has been contrived by Mr. Edmund 
Qunter. The logarithms of numbers, of sines, tan^nts, &c., ' 
are represented by lines. By means of these, multiplication, 
division, the rule of three, involution, evolution, &c., may be 
performed much more rapidly, than in the usual method by 
figures. 

The lofifarithmic lines are generally placed on one side only 
of the scale in coomion use. They are, 

A line of artificial Sines divided into Rhumbs, and 

marked, S. R. 

A line of artificial Tangents, do. T. R. 

A line of the logarithms of Numbers, Num. 

A line of artificial Sines, to every degree, SIN. 

A line of artificial Tang^ci*/*, ' do. TAN. 

A line of Versed Sines, V. S. 

To these are added a line of equcU parts, and a line of 
Meridional Parts, which are not logaritnmic. The latter is 
used in Navigation. 

The Line of Numbers, 

176. Portions of the line of Numbers, are intended to rep- 
resent the logarithms of the natural series of numbers 2, 3, 
4, 6, &fC. 

The logarithms of 10^ 100, 1000, &c., are 1, 2, 3, &c. 
(Art 3.) 

If^ then, the log. of 10 be represented by a line of 1 foot ; 
the log. of 100 will be repres'd by one of 2 feet ; 
the log. of 1000 by one of 3 feet; 

the len^hs of the severd lines being proportional to the cor- 
responding logarithms in the tables. Portions of a foot will 
repiresent the logarithms of numbers between 1 and 10 ; and 

13 
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portions of a line 2 feet long, the logarithms of numbers 
between 1 and 100. 

On Gunter's scale, the Ime of the logarithms of numbers 
begins at a brass pin on the left, and the divisions are num- 
bered 1, 2, 3, &e., to another pin near the middle. From this 
the numbers are repeated, 2, 3, 4, d^c, which may be read 
20, 30, 40, &c. The logarithms of numbers between 1 and 
10, are represented by portions of the first half of the line ; 
and the logarithms or numbers between 10 and 100, by por- 
tions greater than half the line, and less than the whole. 
^ 176. The logarithm of 1, which is 0, is denoted, not by 
any extent of line, but by a point under 1, at the commence- 
ment of the scale. The distances from this point to different 
parts of the line, represent other log^thms, of which the 
figures placed over the several divisions are the ncUurdU 
numbers. For tiie intervening logarithms, the intervals be- 
tween the fibres, are divided into tenths, and sometimes into 
smaller portions. On the right hand half of the scale^ as the 
divisions which are numbered are tens, the subdivisions are 
units. 

Ex. 1. To take from the scale the Ic^arithm of 3.6 ; set 
one foot of the compasses under 1 at the beginning of the 
scale, and extend the other to the 6th division after the first 
figure 3. 

2. For the logarithm of 47 ; extend from 1 at the begin- 
ning, to the 7th subdivision after the second figure 4.* 

177. It will be observed, that the divisions and subdivis- 
ions decrease^ from left to right ; as in the tables of logor 
rithms, the differences decrease. The difference between the 
logarithms of 10 and 100 is no greater, than the difference 
between the logarithms of 1 and 10. 

178. The line of numbers, as it has been here explained, 
furnishes the lorarithms of all numbers between 1 and 100. 

And if the indices of the Ic^arithms be neglected, the same 
scale may answer for all numbers whatever. For the deci- 
mal part of the logarithm of any number is the same, as that 
of the number multiplied or (uvided by 10, 100, Sec. (Art 
14.) In logarithmic calculations, the use of the indices is to 
determine the distance of the several figures of the natural 
numbers from the place of units. (Art. 11.) But in those 
cases in which the logarithmic line is commonly used, it will 

* If tbe compasses wilt not reach the distance required ; first open them so as 
to take oft kay( or any part of the distance, and then the remaining part 
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not generally be difficult to determine the local value of the 
filgares in the result. 

179. We may, therefore, consider the paint under 1 at the 
left hand, as representing the logarithm of 1, or 10, or 100; 
or yV, or j^^j &c., for the decinud part of the logarithm of 
each of these is 0. But if thefirst 1 is reckoned 10, all the 
succeeding numbers must also be increased in a tenfold ratio; 
80 as to r^, on the first half of the line, 20, 30, 40, Ac,, and 
oa the other half, 200, 300, &c. 

The whole extent of the logarithmic line, 
is from 1 to 100, or from 0.1 to 10, 

or from 10 to 1000, or from 0.01 to 1, 

or from 100 to 10000, ice. ^ or from 0.001 to 0.1, &c. 

Different values may, oa different occasions, be assi^ed to 
the several numbers and subdivisions marked on this line. 
But for anyone calculation, the value must reipain the same. 

Ex. Take from the scale 365. 

As this number is between 10 and 1000, let the 1 at the 
be^nning of the scale, be reckoned 10. Then, from this 
point to die second 3 is 300 ; to the 6th dividing sdroke is 60; 
and half way from this to the next stroke is 6. 

180. Multiplication, division, ^., are performed by the 
line of numbers, on the same prine^e, as by conmum loga- 
rithms. Thus, 

To multiply by this line, add the logarithms of the two 
factors ; (Art. 37.) that is, take off, with the compasses, that 
length of line which represents the logarithm oi otie of the 
fiictors, and apply this so as to extend forward frxnn the end 
of that which represents the logarithm of the other factor. 
The sum of the two will reach to the end of the line repre- 
senting the logarithm of the product. 

Ex. Multiply 9 into 8. The extent from 1 to 8, added to 
that from 1 to 9, will be equal to the extent from 1 to 72, the 
product 

181. To divide by the logarithmic line, subtract the loga- 
rithm of the divujor from that of the dividend ; (Art. 41.) that 
is, take off the logarithm of the divisor, and this extent set 
back from the end of the logarithm of the dividend, will reach 
to the l(^arithm of the quotient. 

Ex. Divide 42 by 7. The extent from 1 to 7, set back 
from 42, will reach to 6, the quotient 

182. InvohUian is performed in logarithms^ by multipljring 
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the logarithm of the quantity into the index of the power; 
(Art. 45.) that is, by repeaiirg the togarithms as many times 
as there are units in the index. To involve a quantity on 
the scale, then, take in the compasses the linear logarithm, 
and double i/, treble it, ^c, according to the index of the pro- 
posed power. 

' Ex. 1. Required the square of 9. Extend the compasses 
from 1 to 9. Thince this extent will reach to 81, the square. 

2. Required the cube of 4. The extent from 1 to 4 repeat- 
ed three times, will reach to 64 the cube of 4. 
. 183. On the other hand, to perform evoliUion on the scale ; 
take half, one third, ^c, of the logarithm of the quantity,, ac- 
cording to the index of the proposed root. 

Ex. 1. Required the squcte root of 49. Half the extent 
from 1 to 49, will reach from 1 to 7, the root. 

2. Required the cube root of 27. One third the distance 
from 1 to 27, will extend from 1 to 3, the root. 

184. The Rule of Three may be performed on the scale, 
in the same manner as in logarithms, by adding the two 
middle terms, and from the sum, subtracting the first term. 
(Art. 62.) But it is more convenient in practice to begin by 
subtracting the first term from one of the others. If four 
quantities are proportional, the quotient of the first divided 
by the second, is equal to the quotient of the third divided by 
the fourth. (Alg. 364.) 

Thus, if a : b: :c : d, then ^^^j "^^^=rf- {^S- 380.) 

But in logarithms, subtraction takes the place of division ; 
so that, 

log. a — log. 6=»log. c — log. d. Or, log. a — ^log. c=log. 6 — ^log. rf. 

Hence, 

185. On the scale, the difference between the first and 
second terms of a ^iroportion, is eovcU to the difference between 
the third and fourth. Or, the aifference between the first 
and third terms, is equal to the diiSference between the second 
and fourth. 

The difierence between the two terms is taken, by extend- 
ing tlie compasses from one to the other. If the second term 
be greater than the first ; the fourth must be greater than the 
thira ; if less, less. (Alg. 395.*) Therefore if the compasses 

* Euc. 14. 5. 
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eadend forward from left to righi^ that is, from a less number 
to a greater, from the first term to the second ; they must 
also extend forward from the third to the fouith« But if they 
extend backward^ from the first term to the second ; they 
jnust extend the same way, from the third to the fourth. 

Ex. 1. In the proportion 3 : 8 : : 12 : 32, the extent from 
3 to 8, will reach from 12 to 32 ; Or, the extent from 3 to 
12, will reach {torn 8 to 32. 

2. If 64 yards of cloth cost 48 dollars, what will 18 yards 
cost? 

54 : 48 : : 18 : 16 
The extent from 54 to 48, will reach baekwards from 18 
to 16. 

3. If 63 gallons of wine cost 81 dollars, what will 35 gal- 
lons cost? 

63 : 81 : : 35 : 45 
The extent from 63 to 81, will reach from 36 to 45. 

ITie Line of Sfines. 

186. The line on Gunter's scale marked SIN. is a line of 
logarithmic sines, made to correspond with the line of num- 
bers. The whole extent of the hne of numbers, (Art. 179.) 

is from 1 to 100, whose logs, are 0.00000 and 2.00000, 
or from 10 to 1000, whose logs, are 1.00000 and 3.00000, 
or from 100 to 10000, whose logs, are 2.00000 4.00000, 

the diference of the indices of the two extreme logarithms 
being in each case 2. 

Now the logarithmic sine of 0^ 34' 22'' 41'" is 8.00000 
And the sine of 90^ (Art. 95.) is 10.00000 

Here also the difierence of the indices is 2. If then the 
point directly beneath one extremity of the line of numbers, 
be marked for the sine of 0^ 34' 22" 41'"; and the point 
beneath the other extremity, for the sine of 90° ; the interval 
may furnish the intermediate sine ; the divisions on it being 
made to correspond with the decimal part of the logarithmic 
sines in the tables.* 



« To represent the sinea lu9 than 34* 22" 41"', the scale must be extended on 
the left indefinitely. For, as the sine of an arc approaches to 0, its logarithnii 
which is negativt^ incfsases without limh. (Art 15.) 
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The first dividing stroke in the line of Sines is generally 
at 0^ 40', a little farther to the right than the beginning ot 
the line of numbers. The next division is at 0^ SO' ; then 
begins the numbering of the degrees, 1, 2, 3, 4, 6cc., firom left 

to right. 

The Line of Tangents. 

187. The first 46 degrees on this line are numbered firom 
left to right, nearly in the same manner as on the line of 
Sines. 

The logarithmic tangent of (P W 2S»t 36'" is 8.00000 
And the tangent of le"", (Art. 96.) 10.00000 

The difference of the indices being 2, 45 degrees will 
reach to the end of the line. For those above 45^ the scale 
ought to be continued much farther to the right. But as this 
would be inconvenient, the numbering of the degrees, after 
reaching 45, is carried back from right to left. The same 
dividing stroke answers for an arc and its complement^ one 
above and the other below 45°. For, (Art. 93. Proper. 9.) 

tan : R : : R : cot. 

In logarithms, therefore, (Art 184.) 

tan — ^R->R — cot 

That is, the difference between the tansfent and radius, is 
equal to the difference between radius and the cotangent : in 
other words, one is as much greater than the tangent of 45^, 
as the other is ^e^^. In taking, then, the tangent of an arc 
greater than 45^, we are to suppose the distance between 45 
and the division marked with a 'given number of decrees, to 
be added to the whole line, in the same manner as if the line 
were continued out In working proportions, extending the 
compasses back, from a less number to a greater, must be 
considered the same as carrying themfortDord in other cases. 
See art 185. 

Trigonometrical Proportions ori the Scale. 

188. In working proportions in trigonometry by the scale; 
the extent from the first term to the middle term of the same 
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namej will readi from the oiher middle term to the fourth 
term. (Art 186.) 

In a trigonometrical proportion, two of the terms are the 
lengths of sides of the given triangle ; and the other two are 
tabular sines, tangents, &e. The former are to be taken 
from the line of numbers ; the latter, from the lines of loga- 
rithmic sines and tangents. If one of the terms is a secant^ 
the calculation cannot be made on the scale, which has com- 
m^ ily no line of secants. It must be kept in mind that 
radiue is equal to the sine of 90^, or to the tangent of 46^. 
(Art. 95.) Therefore, whenever radius is a term in the pro- 
portion, one foot of the compasses must be set on the end of 
the line of sines or of tangents. 

189. The following examples are taken from the propor- 
tions which have already been solved by numerical calcula* 
tion. 

Ex. 1. In Case I, of right angled triangles, (Art 134 ex. 1.) 

R : 45 : : sin 32<> 20' : 24 

Here the third term is a sine ; the first term radius is, there- 
fore, to be considered as the sine of 9(P. Then the extent 
from 9QP to 32^ 20' on the line of sines, will reach from 45 
to 24 on the line of numbers. As the compasses are set back 
from 90° to 32° 20' ; ihey must also be set back from 45. 
(Art 185.) 

2. In the same case, if the base be made radius, (page 60.) 

R : 38: :tan32°20' : 24 

Here, as the third term is a tangent^ihe first term radius is 
to be considered the tangent of 45°. Then the extent from 
45° to 32° 20^ on the line of tangents, will reach from 38 to 
24 on the line of numbers. 

3. If the perpendicular be made radius, (page 60.) 

R : 24: : tan 57° 40' : 38 

The extent from 46° to 57° 40' on the line of tangents, will 
reach from 24 to 38 on the line of numbers. For the tangent 
of 67° 40' on the scale, look for its camplemera 32° 20'. r Art. 
187.) In this example, although the compasses extend oadc 
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from 46^ to 67^ 4(y ; yet, as thb is from a less number to a 
greaier^ they must extend forward on the line of numbers. 
(Arts. 186,187.) 

4 In art. 136, 36 : R : : 26 : sin 49^ 

The extent from 35 to 26 will reach from 90° to 48°, 

6. In art 136, R : 48 : : tan 27^° : 24} 

The extent from 45° to 27}°, will reach from 48 to 24 j. 

6. In art 160, ex.1. Sin74°30' : 32 : : sin66°20' : 27f 

For other examples, see the several cases in Sections UL 
and IV. 

190. Though the solutions in trigonometry may be eiSfect- 
ed by the logarithmic scale, or by geometrical construction, 
as well as by arithmetical computation ; yet the latter method 
is by far the most accurate. The first is valuable principally 
for the expedition with which the calculations ore made by it. 
The second is of use, in presenting the form of the triangle 
to the eye. But the accuracy which attends arithmetical 
operations, is not to be esmecteo, in taking lines from a scale 
with a pair of compasses.* 

* Sm note G. 
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SECTION VIL* 



THE FIRST PRINCIPLES OF TRIGONOMETRICAL ANALTSIS. 

Art. 191. In the precedinj^ sections^ sines, tangents, and 
secants have been employed in calculating the sides and an- 
gles of triangles. But the use of these lines is not confined 
to this object. Important assistance is derived from them, in 
conducUnjBf many of the investigations in the higher branches 
of analysis, particularly in physical astnmomy. It does not 
belong to an elementary treatise of trigonometry, ta prosecute 
these inquiries to any considerable extent' But this is the 
proper place for preparing the formuUB, the applications of 
which are to be made elsewhere. 

Positive and Negative signs in TVigonometry. 

192. Before entering on a particular consideration of the 
algebraic expressions which are produced by combinations of 
the several trigonometrical lines, it will be necessary to attend 
to the positive and negative signs in the different quarters of 
the circle. The sines, tangents, d&c., in the tables, are calcu- 
lated for a sinde quadrant only. But these are mode to an- 
swer for the whole circle. For they are of the same length 
in each of the four quadrants. (Art. 90.) Some of them, how- 
ever, are positive ; while others are negative. In (Ugebraic 
processes, this distinction must not be neglected. 

193. For the purpose of tracing the changes of the si^s, 
.in different parts of the circle, let it be supposed that a straight 

line CT (Fig. 36.^ is fixed at one end C, while the other end 
is carried round, like a rod moving- on a pivot ; so that the 
point S shall describe the circle ABDH. If the two diame- 
ters AD and BH, be perpendiisalar to each other, they will 
divide the circle into quadrants. 

* Euler^s Analysis of Infinites, Button's Matheraaties, Laeroiz's Dtflsreatial 
Calculus, Mansfield's Essays, Legendre's, Laeroiz's, Playfeit's, CagnoU's, and 
Woodhouse^s Trigonometry. 

14 
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194. In ibe first quadrant AB, the sine, cosine, tfmgentf 
&€., are considered all positive. In the second quadrant 
BD, the sine P'S' continues positive ; because it is still on the 
upper side of the diameter AD, from which it is measured. 
But the cosine^ which is measured from BH, becomes negor 
tivej as soon as it changes from the right to the left of this 
line. (Alg. 607.) In the third quadrant the sine becomes 
negative, by changing from the upper side to the under side 
of DA. The cosine continues negative, being still on the left 
of BH. In the fourth quadrant^ the sine continues negative. 
But the cosine becomes positive, by passing to the right of 

196. The signs of the tangents and secanis may be deriv- 
ed from those ci the sines and cosines. The relations of 
these several lines to each other must be such, that a uniform 
method of calculation may extend through the different quad* 
rants. 

In the first quadrant, (Art. 93. Propor. 1.) 

R : cos : : tan : sin, that is, Tan— 

cos 

The sign of the quotient b determined from the signs of 
the divisor and dividend. (Alg. 123.) The radius is consid- 
ered as always positive. If then the sine and cosine be both 
positive or both negative, the tangent will be positive. But 
if one of these be positive, while the other is negative, the 
tangent will be negative. 

Now by the preceding article. 

In the 2d quadrant, the sine is positive, and the cosine 
negative. 

The tangent must therefore be negative. 

In the 3d quadrant, the sine and cosine are both negative. 

The tangent must therefore be positive. 

In the 4th quadrant, the sine is negative, and the cosine 
positive. 

The tangent must therefore be negative. 
196. By the 9th, 3d, and Gth proportions in Art 93. 

R« 

1. Tan : R : : R : cot, that is Cot-—. 
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Therefore, as radius is uniformly positive, the cotangent 
must have the same sign as the tangent. 

2. Cos : R : : R : sec, that is, Sec>- — . 

cos 

The secant^ therefore, must have the same sign as the 
cosine. 

3. Sin : R: :R : cosec,that is,Cosec»- . . 

' ' sm 

The cosecant^ therefore, must have the same sign as the 
sine. 

The versed sine^ as it is measured from A, in one direction 
only, is invariably positive. 

197. The tangent AT (Pig. 36.) increases, as the arc ex- 
tends from A towards B. See also Fig. 11. Near B the in- 
crease is very rapid ; and when the difference between the 
arc and 9(P, is less than any assignable quantity, the tangent 
is greater than any assignable quantity, and is said to be 
infinite. (Alg. 447.) If the arc is exa4:tly 90 degrees, it has, 
strictly speaking, no tangent. For a tangent is a line drawn 
perpendicular to the diameter which passes through one end 
of the arc, and extended till it meets a line proce^ing from 
the center through the other end. (Art. 84.) But if the arc is 
90 degrees, as AB, (Fig. 36.) the angle ACB is a right angle, 
and therefore AT is parallel to CB ; so that, if these lines be 
extended ever so far, they n^ver can meet. Still, as an arc 
infinitely near to 90° has a tangent infinitely great, it is fre- 
quently said, in concise terms, mat the tangent of 90° is infi- 
nite. 

In the second quadrant, the tangent is, at first, infinitely 
great, and gradually diminishes, till at D it is reduced to 
nothing. In the third quadrant, it increases again, becomes 
infinite near H, and is reduced to nothing at A. 

The cotangent is inversely as the tangent. It is therefore 
nothing at B and H, (Fig. 36.) and infinite near A and D. 

198. The secant increases with the tangent, through the 
first quadrant, and becomes infinite near B ; it then diminishes, 
in the second quadrant, till at D it is equal to the radius CD. 
In the third quadrant it increases again, becomes infinite near 
H, after which it diminishes, till it becomes equal to radius. 

The cosecant decreases, as the secant increases, and v. v. 
It is therefore equal to radius at B and H, and infinite near 
AandD. 
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199. The sine increases through the first quadrant, till at 
B (Fi^. 36.) it is equal to radius. See also Fig. 13. It then 
diminishes, and is reduced to nothing at D. In the third 
quadrant, it increases again, becomes equal to radius at H, 
and is reduced to nothing at A. 

The cosine decreases through the first quadrant, and is re- 
duced to nothing at B. In the second quadrant, it increases, 
till it becomes equal to radius at D. It then diminishes c^in, 
is reduced to nothing at H, and afterwards increases till it be- 
comes equal to radius at A. 

In all these cases, the arc is supposed to begin at A, and 
to extend round in the direction of BDH. 

200. The sine and cosine vary from nothing to radius, 
which they never exceed. The secant and cosecant are 
neyer less than radius, but may be greater than any given 
len^h. The tangefit and cotangent have every value from 
nothing to infinity. Each of these lines, afler reaching its 
greatest limit, begins to decrease; and as soon as it arrives at 
its least limit, begins to increase. Thus, the sine begins to 
decrease, after homing equal to radius, which is its greatest 
limit. But the secant begins to increase after becoming equal 
to radius, which is its least limit. 

201. The substance of several of the pi^ceding articles is 
comprised in the following tables. The first shows the signs 
of l£e trigonometrical lines, in each of the quadrants of the 
circle. The other gives the values of these lines, at the ex- 
tremity of each quadrant * 







duadrant 


1st 


2d 


3d 


4th 


Sine and cosecant 






+ 


+ 


— 


— 


Cosine and secant 






+ 




-^ 


+ 


Tangent and 


cotangent 




+ 


— 


+ 










(P 


90° 


180O 


270» 


360* 


Sine 









r 





r 





Cosine 






r 





r 





r 


Tangent 









a 





a 





Cotangent 






a 





a 


. 


a 


Secant 






r 


a 


r 


a 


r 


Cosecant 






oc 


r 


a 


r 


a 



Here r is put for radius, and a for infinite. 

202. By comparing these two tables, it will be seen, that 
each of the trigonometrical lines changes from positive to ne- 
gative, or ft'om negative to positive, in tliat part of the circle 
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in which the line is either nothing or infinUe. Thus, the tan- 
sent changes from positive to negative, in passing from the 
first quadrant to the second, through the place where it is in- 
finite. It becomes positive again, m passing from the second 
quadrant to the third, through the point in which it is nothing. 

203. There can be no more than 360 de^ees in aay circle. 
But a body may have a number of successive revolutions in 
the same circle ; as the earth moves round the sun, nearly in 
the same orbit, year after year. In astronomical calculations, 
it is frequently necessary to add together parts of difierent 
revolutions. The sum may be more than 360^. But a body 
which has made more than a complete revolution in a circle, 
is only brought back to a point which it had passed over be- 
fore. So the sine, tangent, d^c, of an arc greater than 360°, 
is the same as the sine, tangent, 6cc., of some arc less than 
360°. If an entire circumference, or a number of circum- 
ferences, be added to any arc, it will terminate in the same 
point as before. So that, if C be put for a whole circum- 
ference, or 360°, and x be any arc whatever ; 

sin ir=sin (0+a?)=sin (20+ir)— sin (30+ir), &c. 
tan ir=tan(0+ir)=tan(20+ir)=tan(3C+jr), &c. 

204. It is evident also, that, in a number of successive rev- 
olutions, in the same circle ; 

The first quadrant must coincide with the 5th, 9th, 13th, 17th, 
The second, with the 6th, 10th, 14th, 18th, <fcc. 

The third, with the 7th, Uth, 16th, 19th, <fcc. 

The fourth, with the 8th, 12th, 16th, 20th, &c. 

205. If an arc extending in a certain direction from a given 
point, be considered positive ; an arc extending from the same 
point, in an opposite direction, is to be considered negative, 
(Alg. 507.) Thus, if the arc extending from A to S, (Pig. 36.)-. 
be positive ; an arc extending fromr A to S'" will be negative. 
The latter will not terminate in the same quadrant as the 
other; and the signs of the tabular lines must be acccmimo- 
datcd to this circumstance. Thus, the sine of AS will te 
pwitlve, while that of AS'" will be n^ative. (Art. 194.) 
When a greater arc is subtracted from a less, if the latter be 
positive, 3ie remainder must be negative. (Alg. 58, 9.) 

TRIGONOMETRICAL FORMULiE. 

206. Prom the view which has here been taken of the 
changes in the trigonometrical lines, it will be easy to see, in 
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what parts of the circle each of them increases or decreases. 
But this does not determine their exact values, except at the 
extremities of the several quadrants. In the analytical in- 
vestigations which are carried on by means of these lines, it 
is necessary to calculate the changes produced in them, by a 
ffiven inerease or diminution of. the arcs to which they be- 
long. In this there would be no difficulty, if the sines, tan- 
gents, &c., were proportioned to their arcs. But this is far 
nrom being the case. If an arc is doubled, its sine is noi ex- 
actly doubled. Neither is its tangent or secant. We have 
to inquire, then, in what manner the sine, tangent, &c., of one 
arc may be obtained, from those of other arcs already known. 
The problem on which almost the whole of this branch of 
analysis depends, consists in deriving, from the sines and co- 
sines of two given arcs, expressions for the sine and cosine 
of their sum and difference. For, by addition and subtrac- 
tion, a few arcs may be so combined and varied, as to pro- 
duce others of almost every dimension. And the expressions 
for the tangents and secants may be deduced from those of 
the sines and cosines.. 



Expressions for the sine and cosine of the sum and dif- 
ference of arcs. 

207. Let a«" AH, the greater of the given arcs, 
And6«HL-HD, the less. (Fig. 37.) 

Then a+ft==AH+HL=AL, the sum of the two arcs, 
And a — b = AH — ^HD= AD, their difference. 

Draw the chord DL, and the radius CH, which may be 
represented by R. As DH is, by construction, equal to HL ; 
DO. is equal to QL, and therefore DL is perpendicular to 
CH. (Euc. 3. 3.) r)raw DO, HN, ftP, and LM, each perpen- 
dicular to AC ; and DS and Q.B parallel to AC. 

From the definitions of the sine and cosine, (Arts. 82, 9.) 
it is evident, that 



The sine ^ 



' of AH, that is, sin a=HN, 
of HL, sin J«(1L, 

of AL, sin (a+i)-«LM, 

^ of AD, sin (o— 6)-D0, 
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The cosine < 



' of AH, that is, cos a-»CN, 
of HL, cos 6=00, 



of AL, cos(a+6)=CM, 
of AD, cos(a— 6)=C0. 

The triangle GHN is otmously similar to CdP ; and it is 
also similar to BLCl, because the sides of the one are perpen- 
dicular to those of the other, each to each. We have, then, 

1. CH : Ca : : HN : OP, that is, R : cos& : : sina : a?, 

2. CH : aL : : ON : BL, R : sini : : cosa : BL, 

3. CH : OQ : : ON : OP, R : cos6 : : cosa : OP, 

4. OH : OL : : HN : OB, R : sin& : : sin a : OB. 

Converting each of these proportions into an equation ; 

sin a cos &* ^ ^-. cos a cos 4 

1. OP- R — ^' ^ R~ 

^ __ sinftcosa . ^_ sin a sin 6 

2. BL- ^g — 4 OB- j^ — 

Then adding the first and second, 

Q.P-I-BL-- ^^^^^^+^^QOg<» 
R 

Sabtracting the second from the first, 
Q^p pT_ sinacoe6 — sin 6 cos <r 



Sabtracting tte fourth firom the third, 

rrf% f\r% cosacosft — sinasiuft 
Or — lollS* =r 

Adding the third and fourth, 
pp^^P_ cos a cos ft+sin a sin ft 



• In thaw formula^ the sign of muldplicatioi) 10 omitted ; m a coe 6 being pot 
fa an aXco«6, that 1^ the product of the nw of a into the ooeine of 6. 
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Bat it will be seen, from the figure, that 

QP+BL-BM+BL-LM-sin (a+b) 
QP_BL«aP— aS-DO-sin (a— 6) 
CP— QB-CP— PM«CM«co8 (a+b) 
CP+ aB -CP+ SD -CO-COS (a— 6) 

206. If then, for the first member of each of the four equar 
tions above, we substitute its value, we shall have, 

. . , , ,. sin a cos 6+sin i cos a 

L sm(a+6)— = 

xv 

-- . , .. sin a COS b — sin 6 cos a 
IL sm(a — ft)— zn 

.__ . . tx cos a cos 6 — sin a sin & 
in. C08(a+ft)— p • 

.,-. ^ ,, cosacosft+sinasinft 
lY. cos (a— 6)— p 

Or, multiplying both sides by R, 

R sin Ta+ftl^sin a cosft+sin ft cos a 
R sin {a — ft)— sin a cos ft — sin ft cos a 
R cos Ta+ft)— cos a cos ft — sin a sin ft 
R cos (a^--ft)=»cos a cos ft +sin a sin ft 

That is, the product of radius and the sine of the sum of 
two arcs, is equal to the product of the sine of the first arc 
into the cosine of the second + the product of the sine of the 
second into the cosine of the first. 

The product of radius and the sine of the difference of two 
arcs, is equal to the product of the sine of the first arc into 
the cosine of the second — the product of the sine of the 
second into the cosine of the first. 

The product of radius and the cosine of the sum of two 
arcs, is equal to the product of the cosines of the arcs — the 
product of their sines. 

The product of radius and the cosine of the difference of 
two arcs, is equal to the product of the cosines of the arcs + 
the product of their sines. 

These four equations may be considered as fundamental 
propositions, in what is called the Arithmetic of Sines emd 
Cosines, or Trigonometrical Analysis. 
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Expressions for the sine and cosine of a double arc 

209. When the sine and cosine of any arc are given, it is 
easy to derive from the equations in the preceding article, ex- 
pressions for the sine and cosine of doiwle that arc. As the 
two arcs a and b may be of any dimensions, they may l)e 
supposed to be equal. Substituting, then, a for its equal ft, 
the first and the third of the four preceding equations will 
become, 

R sin Ta+a)— sin a cos a+sin a cos a 
R cos (a+a}»cos a cos a — sin a sin a 

That is, writing sin' a for the square of the sine of a, and 
cos* d for the square of the cosine of a, 

L R sin 2a— 2sin a cos a 
n. Rcos2a— cos'a — sin' a. 



Expressions for the sine and cosine of half a given arc 

210. The arc in the preceding equations, not being neces- 
sarily limited to any particular value, may be halfa^ as well 
as a. Substituting then \a for a, we have, 

R sin a»2isin ^ cos \a 
Rcosa«cos' ^ — sin* ^ 

Putting the sum of the squares of the sine and cosine equal 
to the square of radius, (Ait. 94.) and inverting the members 
of the last equation, 

cos" ia+sin« |a— R" 
cos'la — sin'ia—Rcosa 

If we subtract one of these from ih^ other, the terms con- 
taining COS' ^a will disajmear ; and if we add them, the 
terms containing sin*^ wul disappear : therefore^ 

2sin<ia^R>— R cos a 
2cossia— R<+Rcosa 

15 
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Dividing by 2, and extracting the root of both sidesi 

L sin ia-=ViR* — iRxcos a 
IL cos ia-* viR* -HR xcosa 

Expressions for the sines and cosines of multiple arcs. 

211. In the same manner, as expressions for the sine and 
cosine of a double arc, are derived from the equations in art 
208 ; expressions for the sines and cosines of other multiple 
arcs may be obtained, by substituting successively 2a, So, &c.| 
for 6, or for 6 and a both. Thus, 

( R sin 3a=R sin (a+2aWsin a cos 2a+sin 2a cos a 
L < R sin 4a»R sin ?a+3a}»=sin a cos Sa-Hsin 3a cos a 
( R sin 5a=R sin (a-(-4a)»sin a cos 4a+sin 4a cos a 
&c. 

( R cos 3a»-R cos (a+2a\^<S0/& a cos 2a— flin a sin 2a 

II. < R c6s 4a=R cos ?a+3a)»cos a cos 3a — sin a sin 3a 

( R cos 6aa«R cos (a-f4aWcos a cos 4a — sin a sin 4a 

Expressions for the products of sines and cosines. 

212. Eiroressionsforthe products of sines and cosines may 
be obtainec^ by adding and subtracting the four equations in 
art. 208, viz. 

R sin (a+b)^sm a cos ft-fsin 6 cos a 
R sin (a— 6Wsin a cos 6— sin ft cos a 
R cos (a+b)^cos a cos 6 — sin a sin 6 
R cos (a--&)»cos a cos b+Bin a sin 6 

Adding the first and second, 
R sin (a+fr)+R sin (a — 6)— 2 sin a cos 6 

Subtracting the second firom the first, 
R sin {a+by-R sin (a— 6)-«2 sin 6 cos a 

Addiiljg the third and fourth, . 
R cos (a — 6)+R cos (a+&)— 2 cos a cos ft 

Subtracting the third from the fourth, 
R oos(a-*)— R cos (a-+*)— 2 sin a sin 6 
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InTerting the members of each of these equations^ and 
dividing by 2, we have, 

I. sin a cos b^^R sin (a +6^+iR sin (a — b) 

n. sin b cos a=iR sin fa+i) — iR sin (a — 6) 

ni. cosacos6=-iRcos(a— 6)+iRcos(a+6j 

IV. sin a sin i^^R cos (a — 6)— JR cos {a+b) 

213. If & be taken equal to a, then a+i»-8a, and a — 6— 0, 
die sine of which is 0, (Art. 201.) ; and the term in which 
this is a/ac/or, is reduced to 0. (Alg. 112.) But the cosine of 
is equal to radius^ so that Rxcos 0«-R*. Reducing, then, 
the preceding equations, 

The first becomes sin a cos a^-^R sin 2a 
The third, cos>a— ^R>+iRco8 2a 

The fourth, sin<a»-iR' — iR cos 2a 

214. If « be the sum^ and d the difference of two arcs, 
|(«+d) will be equal to the greater, and i{s — d) to the less. 
(Art. 163.) Substituting then, in the four equations in art. 212, 

* for a +6, i(*+rf) for a 

d for€i---6, i(«— rf) for 6, we have, 

L sin i{s+d) cos ^(9-^)»iR (sin «+sin d) 



n. sin i(s — d) cos i\s+d)^\R (sin s — sin d 

in. cosir*+djcosi(5— d^«-iR(cosrf+cos *^ 

IV. sin i(*+d) sin i(« — d)»iR(coseI— cos^} 

Or, making Ra-1, 

I. sin (a +6) +sin (a — 61— 2 sin a cos 6 

n. sin (a +b) — sin (a — &1»2 sin 6 cos a 

ni. cos (a — bS +C08 (a +6) —2 cos a COB ft 

IV. cos (a — ft) — cos (a+ft)=»2 sin a sin ft 

216. If radius be taken eqqal to 1, the two first equations 
in art 208, are, 

sin (a +ft)»sin a cos ft +sin ft cos a 
sin (a— ft)»sin a cos ft — sin ft cos a 

Multiplying these into each other, 

sin (a+ftjxsin (a— ft)— sin«a cos«ft-HBin*ft cos«a 
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Bat by art 94, if radios k 1, 

cos« 6=1 — sin* 6, and cos* a=«l — sin* a 

Substituting, then, for cos* b and cos* a, their values, mul- 
tiplying the f£:tors, and reducing the terms, we have, 

sin (a+6)xsin (a — 6)s:sin* a — sin* b 

Or, because the difference of the squares of two quantities 
is equal to the product of their stun and difbrence, (Alg. 
236.) • 

sin(a+*)xsin(a — 6)= (sin a+sin 6)x(sin a — sin 6) 

That is, the product of the sine of the sum of two arcs, into 
the sine of their difference, is equal to the product of the sum 
of their sines, into the difference of their sines. 

Expressions for the tangents of arcs. 

816. Expressions for the tangents of arcs may be derived 

from those already obtained for the sines and cosines. By 

art. 93, proportion 1st, 

R : tan : : cos : sin 

_, . R cos , tan sin .^ Rxsin 

That is, — — r-, and -=5-*= > and tan— , 

^ tan sm R cos cos 

mu * / . r\ K, sin (0+6) 

Thus, tan (a+6) = / , ' / . 

^ ' cos (a+6) 

I^ for sin {a+b) and cos (a+b) we substitute their values, 
as given in Art 208, we shall have, 

/ . »x R (sin a cos i+sin & cos a) 

tan (a+i)** — ^ ^ — -. .— j- . 

^ ' cos a cos b — sm a sm 6 

217. Here, the value of the tangent of the sum of two arcs 
is expressed, in terms of the sines and cosines of the arcs. To 
exchange these for terms of the tangents^ let the numerator 
and denominator of the second member of the equation be 
both divided by cos a cos b. This will not alter the value of 
the fraction. (Alg. 140.) 

Tlie numerator J divided by cos a cos 6, is 

R (sin a cos &+sin 6 cos a) ^ /sin a , sin i\ _ 

— i ^— Ri H V I— tana+tanft 

cos a cos ft Vcos a cos 6/ 
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And the detwrninaioTy divided by cos a cos ft, is 
cos a cos 6 — sin a sin & ^ sin a sin 6 ^ tana tan 6 
cos a cos 6 cos a cos fr R R 

mu r -. / . IX tana+tanft 

Therefore, tan (a+6)— -^ — =- 

^ '^ tan a tan 6 

Ri 

The denominator of the fraction may be cleared of the 
divisor R«, by multiplying both the* numerator and denomi- 
nator into R'. And if we proceed in a similar manner to 
find the tangent of a — 6, we shall have, 

218. Lt«n^a+ft)-;:(^°+*^°P 

' R« — ^tan a tan 6 

TT ♦ / 1.x RM^*na— tanft) 

11. tan (a--6)— =-4- — =-' 

^ ^ R'+tanatan& 

If the arcs a and b are equals then substituting \a,ay2af 
3a, &C., as in Art. 210, 211. 

* „ . , , R« (2tania) 
tan«-tan(ia+ja)-g^-^^ 

tan2a.tan(a+aH5;i?l^ 
^ ' R« — ^tan* a 

. o * / .o N RVtana+tan2a) . 
tan 3a— tan (a+2a)— ^/ ., — -— — ^ &c. 
^ ' R" — tan a tan 2a' 

219. If we divide the first of the equations in Art 214, by 
the second ; we shall have, after rejecting ^R' firom the nu* 
merator and denominator, (Alg. 140.) 

sin i (*+rf) COB i {s — d) sin *+sin d 
sin ^{s — d)cosi(* + rf)™8in* — sin d 

But the first member of this equation, (Alg. 166.) is equal to 

^i^ c^^.janj^+g f (Axt.216.) 

co8i(*+d) sm J(* — d) R tani(« — d) ^ ^ 

Therefore, 

sin *+sin d tan^(j+d) 

8in# — sincf tan \ {9 — d) 
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220. According to the notation in Art. 2i4| s stands for ibe 
sum of two arcs, and d for tlieir difference. But it is evident 
that arcs may be taken, whose sum shall be equal to any arc 
a, and whose difference shall be equal to any arc ft, provided 
that a be gT^a/er than 6. Substituting, then, in the preceding 
equation a for ^, and 6 for c(, 

sin a+sin & tan | («+b) ^^ 
mi a — sin 6 ""tan \ (a — 6)' ' 
sin a+sin 6 : sin a — sin b : : tan* J(a+6) ; tan J (a — 6.) 

That is, 7%c sum of the sines of two arcs or angles, is to 
the difference of those sines ; fis the tangent of htdf the sum 
of the arcs or angles, to the tangent of half their difference. 

By Art. 143, the sides of triangles are as the sines of their 
opposite angles. It follows, therefore, from the preceding 
proposition, (Alg. 389J that the sum of any two sides of a 
triangle, is to their difference ; as the tangent of half the sum 
of the opposite angles, to the tangent of half their difference. 

This is the second theorem applied to the solution of ob- 
lique angled triangles, which was geometrically demonstrated 
in Art. 144. 

Expressions for the cotangents maybe obtained by putting 

cot— ^(Art.93.). 

«*. -. , . IV K,« R« — tan a tan ft. ^^^^ 

Thus, cot (o+ft)«, — /-TTv""— i^ n — i[— (Art. 218.) 

' ^ ^^tan (a+ft) tan a+tan ft ^ ' 

Substituting --—for tan a, and — -^ for tan 6, 



cot a cot 6 

R« ^-X- 

cota CO 
cot(a+ft) g^ ^.- 



cot a cot ft 



Multiplying both the numerator and denominator by cot a 
cot ft, dividing by R>, and proceeding in the same mannefi 
for cot (a — ft) we have, 



T . / . . V cot a cot ft — ^R« 

L cot (a+ftV- — ,- — 

^ ^ cotft+cot« 
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TT w Lx cotacot6+R« 

n. cot (a— ft>- — -rr 1 — 

^ ' cot b — cot a 

220. b. By comparing the eacpressionsr for the sines, and 
cosines, with those for the tangents and cotangents, a great 
variety of formulsB may be obtained. Thus, the tangent of 
the sum or the difference of two arcs, may be expressed in 
terms of the cotangent 

Pattmg radius »1, we have (Arts. 93, 220.) 

T * / . rx 1 <50t 6+cot a 

L tan (a+6)— — — r-— ^— — i— "Tt — r 
^ ' cot(a+ft) cotacoti--l 

n. tan ro— 6W ^ ^ ^^^ b'-cot a 
^ 'cot (a — 6)""cot a cot 6+1 

By Art. 208, 

sin (a+&) sin a cos 6+sin 6 cos a • 
sin (a — b) sin a cos b — sin ft coe a 

Dividing the last member of the equation, in the firsi i4ace 
by cos a cos 6, as in Art. 217, and then by sin a sin 6, we 
have 

sin {a+b) tan a+tan b cot ft+cot a 
sin (a — b) tan a — ^tan b cot b — cot a 

In a similar manner, dividing the expressions for the co- 
sines, in the first place by sin 6 cos a, ana then by sin a cos 6, 
we obtain 

cos {a+b) cot &— tan a_cot ^i — ^tan 6 
cos (a— ft) cotft+tan a"~cot a+tan ft 

Dividing the numerator and denominator of the expression 
ibr the tas^nt of a, (Art 218.) by tan ^ we have 

tar. a 



cot^o — tania 



These formulas may be multiplied almost indefinitely, by 
combining the expressions for the sines, tangents, &c. The 
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following are put d 
cise of the student. 



following are put down without demonstrations^ for the exer- 

of the studen 



l.-^os a 

tan 4a— cot |a— 2 cot a. tanla«i — -. 

^ ^ " sm a 

sin a * . , 1 — cos a 
tan ^iamrn—- 

1 — tan «ja 
' r+tan *ia 



MUA f W 


l+cosa 


8ina« 


2tan^ 
l+tan»ia 




cot^o— tan^ 


cos C|a 


"cot ia+tan ia 


•nn Am 


1 



cos a- 



sm a — 



8ina- 



cot |a+tan |a 
1 



cot la— cot a cot a+tan Ja 



Expression for the area of a trianglci in terms of the sides. 

221. Let the sides of the triangle ABC (Fig. 23.) be ex- 
pressed by a, bj and c, the perpendicular CD by p, the seg* 
ment AD by dj and the area by 8. 

Then a«-6«+c«— 2ai, (Euc. 13. 2.) 

Transposing and dividing by 2c ; 

c^-^'+^;r^\ Therefore d>J^^+^r^^>'. (Alg. 223.) 

By Euc. 47, 1, p«-6t_rf»-6«— 2^1±^=^ 

Reducing the fraction, (Alg. 160.) and extracting the root 
ofbothsidais 
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V46«c«_(6»+c« 
P ^2c *' 

This gives the length of the perpendicular, in terms of the 
sides of the triofie^le. But the area is equal to the product of 
the base into half the perpendicular height (Alg. 618.) that 
i8> - 

Here we have an expression for the area, in terms of the 
sides. But this may be reduced to a form much better 
adapted to arithmetical computation. . It will be seen, that 
the quantities 46V, and (6*+c' — a')' are both squares ; and 
that the whole expression under the radical sim is die differ- 
ence of these squares. But the difference of two squares is 
equal to the product of the sum and difference of their roots. 
(Alg. 236.) Therefore^ 46V— (6»+<J^— a«)» may be resolved 
mto the two factors, 

( 26c+(6»+d^— a«) which is equal to (6+c)«— a« 
} 26o— (6«+c«— a«) which is equal to a'^b—cf 

Each of these also, as will be seen in the expressions on 
the right, is the difference of two squares ; and may, on the 
same principle, be resolved into factors, so that, 

C (j+c)»— a«-(6+c+a)x(6+c— a) 
I a»— (6— c)»-(a+6— c)x(a— 6+c) 

Substitutinfi^, then, these four factors, in the place of the 
quantity which has been resolved into them, we have, 

S- i V(6+c+a) x(6+c— a) X (a+6— c) x (a— 6+c 

* Hie ezpieMion for the perpendicnlar it the same, when one of the anglee in 
o6fiiM» as in Fig. 24. Let AD -d. 

Then a»-6»+c*+2crf. (Euc. 12, 2.) And d-II*!lJ^* 
Therefore, i*Jj=±=^^^^i^l+^^Mg.219.) 

Ana p^ i-= as above. 

16 
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Here it will be observedi that all the three sides, a, 6| ond 
^ are in each of these fiictors. 

Let h^i^a+b+c) half the sum of the sides. Then 



S-VAx(A— a) X(A^-A) X(A— c) 

222. For finding the area of a triangle, then, when the 
three sides are given, we have this general rule ; 

JFVom half the sum of the sides, subtract ecuJt side several- 
ly; multiply together the half sum and the three remainders; 
and extract the square root of the product. 
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SECTION TIIL 



COMPUTATION OF THE CANON. 



Art. 223. The trigonometrical canon is a set of tables 
containing the sines, cosines, tangents, &c., to every degree 
and minute of the quadrant In the computation of these 
^les, it is common to find, in the first place, the sine and 
cosine of one minute; and then, by successive additions and 
multiplication^, the sines, cosines, &c., of the larger arcs. 
For this purpose, it will be proper to b^in with m arc, 
whose sign or cosine is a known portion of me radius. The 
cosine of 60° is equal-to half radius. (Art. 96. Oor.) A formula 
has been given, (Art. 210,) bv which, when the cosine of an 
arc is known, die cosine of halfihBX arc may be obtained. 

By successive bisections of 60°, we have the arcs; 



30O 


0° 28' 7" siy" 


160 


14 3 46 


7° SV 


r 1 62 30 


3046' 


3 30 66 16 


P 62' 30" 


1 46 28 7 


00 66' 16" 


0' 52" 44'" 3* 



30 
By formula D, art 210, 



008 |a— V^R'+^Rxcoa a 
if the radius be 1, and if a>-60°y &«30°, c>-16°y &c. ; then 



cos ft— cos ^— V^+i X i —0.8660264 
cos c-cos ^b^Vi+icos 6-0.9669268 
cos <i— cos iG-mVi+icoB c— 0.9914449 
008 6-CO8 i({-Vi+|Goi3-0.9978689 
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Proceeding in this manner, by repeated extractions of the 
square root, we shall find the cosine of 

(P 0' 62" Ufff 3"" 46'"" to be 0.99999996732 



And the sine (Art. 94.)»Vl— cos>»0.00026666346 

This, however, does not give the sine of one minute exacU 
ly. The arc is a little less than a minute. But the ratio of 
very small arcs to each other, is so nearly equal to the ratio 
of their sines, that one may be taken for the other, without 
sensible error. Now the circumference of a circle is divided 
into 21600 parts, for the arc of 1' ; and into 24676, for the 
arc of 0° 0' 62" 44"' 3"" 46""' 

Therefore, 
21600 : 24676 : : 0.00025666346 : 0.0002908882, 
whichisthesineof Iminute very nearly.* 



And the cosine «Vl — sin« —0.9999999677. 

224. Having computed the sine and cosine of onei minute, 
we may proceed, in a contrary order, to find the sines and 
cosines of larger arcs. 

Making radius —I, and adding the two first equations in 
art. 208, we have 

sin (a+6)+sin (a — 6)— 2 sin a cos ft 

Adding the third and fourth, 

cos (a+6)+cos (a — h) « 2 cos a cos ft 

Transposing sin (a — ft) and cos (a — ft) 

I. sin (a+ft)--2 sin a cos ft — sin (a — ft) 
n. cos (a+ft) =2 cos a cos ft — cos (a — ft) 

If we put ft=-l', and a-=l', 2', 3', &c. successively, we shall 
have expressions for the sines and cosines of a series of arcs 
increasing regularly by one minute. Thus, 

* Sm note H. 
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an (l'+10-2 fidn I'xcos 1'— sin 0-0.0006817764, 
sin (2'+l')-2 sin 2'xco8 1'— sin 1^-0.0008726645, 
8in(3'+l')=-2 sin 3'xcos 1'— sin 2'- 0.001 1636526, 

cos (l'+l')-2 COB I'xcofl I'— cos -0.9999998308, 
cos (2'+l')-2 cos 2'xcos 1'— cos 1'- 0.9999996192, 
cos (3'+l')-2 cos 3'xco8 1'— cos 2^-0.9999993230, 

The constant multiplier here, cos 1' is 0.9999999677, which 
is equal to 1—0.0000000423. 

226. Calculating, in this nuinner, the sines and cosines 
from 1 minute up to 30 degrees, we shall have also the sines 
aifd cosines from 60^ to 90^. For the sines of arcs between 
QP and 30^, are the conne^of arcs between 6(P and 90^. And 
the cosines of arcs between 0^ and 30°, are the sijies of arcs 
between 60° and 90°. (Art 104.) 

226. For the interval between 30^ and 60°, the sines and 
cosines may be obtained by subtraction merely. As twice 
the sine of 30° is equal to radius TArt. 96,) by making a— 
30°, the equation marked I, in Article 224, will become 

sin (30°+6)-cos 6— sm (30°— 6.) 

And putting ft— 1', 2', 3^ &c., successively, 
sin (30° l')-cos 1'— sin (29<> 69') 
(30° 2')-cos 2'— sin (29° 68') 
(30° 3')-cos 3'— sin (29° 67') 
&c. &c. 

If the sines be calculated from 30° to 60°, the cosines will 
also be obtained. For the sines of arcs between 30° and 46°, 
are the cosines of arcs between 46° and 60°. And the sines 
of arcs between 46° and 60°, are the cosines of arcs between 
30° and 45°.* (Art 96.) 

227. By the methods which have here been explained, the 
natural sines and cosines are found. 

The logarithms of these, 10 being in each instance added 
to the index, will be the artificial sines and cosines by which 
trigonometrical calculations are commonly made. (ArtsI 
102, 3.) 

228. The tangents^ coiangentSy secants, and cosecants^ are 
easily derived from the sines and cosines. By Art. 93, 

• Set Bota I. 
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R : COS : : tan : sin cos' : R : : R : see 

R : sin : : cot : cos sin : R : : R : cosec 

Therefore, 

The tangent— 5'-^^ The secant-— 
^ cos • cos 

The cotangent- — ^ — The cosecant—-;— 
^ sin sm 

Or if the computations are made by logarUhms^ 

The tangent— 10+sin — cos, The secant— 20 — cos, 
The cotangent— 10+cos — sin, The cosecant— 20— sin. 
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SECTION IX. 



PARTICULAR SOLUTIONS OF TRIANOLESL* 

Art. 231. Ant triangle whatever may be solved, bv the 
theorems in Sections III. lY. But there are other metnods, 
by which, in certain circumstances, the calculations are ren- 
dered more expeditious, or more accurate results are obtained. 

The differences in the sines of angles near 90^, and in the 
cosines of angles near 0^, are so snmll as to leave an uncer- 
tainty of several seconds in the result The solutions should 
be varied, so as to avoid finding a very small angle by its co- 
sine, or one near 90^ by its sine. 

The differences in the logarithmic tangents and cotangents 
are least at 46°, and increase towards each extremity of the 
quadrant. In no part of it, however, are they verv small. In 
me tables which are carried to 7 places of decimals, the least 
difference for one second is 42. Any angle may be found 
within one second, by its tangent, if tables are used which 
are calculated to seconds. 

But the differences in the logarithmic sines and tangents, 
within a few minutes of the b^inning of the quadrant, and 
in cosines and tangents within a few minutes of 9(P, thoug^h 
they are very large, are too uneqtuU to allow of an exact de- 
termination of their corresponding angles, by taking propor- 
tional parts of the differences. Very small andes may be 
accurately found, from thei^ sines and tangents, by the rules 
given in a note at the end.t 

232. The following formulsB may be applied to right an- 
gled triangles, to obtain accurate results, by finding the sine 
or tangent of half eca arc, instead of the whole. 

In me triangle ABC (Fig. 20, PI. IL) making AC radius, 

AC : AB : : 1 : Cos A. 

By conversion, (Alg. 369, 5.) 

AC : AC— AB : : 1 : 1— Cos A. 

I'l, Woodbonie'i^ and Cagnolft Trigonometry. t See note K. 
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Therefore, 

^^J^=- i_cos A-2 sm» iA. (Art. 2f0.) 

Or, 

o- , A ,/AO— AB\ 
Sin JA-V(^^^) 

Again, from the first proportion, adding and subtracting 
terms, (Alg. 389, 7.) 

AO+AB : AC— AB : : 1+cos A : 1— cos A. 
Therefore, 

233. Sometimes, instead of having two parts of a right an- 
gled triangle given, in addition to the right angle ; we have 
only one of the parts, and the sum or difference of two others. 
In such cases, solutions may be obtamed by the following 
proportions : 

By the preceding formul®, and Arts. 140, 141, 

1 Tan« U-^^^^^ 

1. lan iA--^^^g 

2. BC«-(AO—AB) (AO+AB) 

Multiplying these together, and extracting the root, we 
have, 

TaniAxBC-AO— AB 

Therefore, 

L Tan JA : 1 : : AC— AB : BC 

That is, the tangentof half of one of the acute angles, is to 
1, as the difference between the h3rpothenuse and the side at 
the angle, to the other side. 

If, instead of multiplying, we divOe the first equation abovB 
by the second, we have 

TanjA 1 

BO "AO + AB 
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Therefore, 

n. 1 : tan iA : : AC+AB : BO 

Again, in the triangle ABC, Fig. 20, 

AB : BC : 1 : : tan A 

Therefore, 

AB+BC : AB— BC : : 1+tan A : 1— tan A 

Or, 

AB+BC : AB— BC : : 1 : ]~^^ f 

1+tan A 

By art 218, one of the arcs being A, and the other 45^, the 
tangent of which is equal to radius, we have, 

Therefore, 
in. 1 : tan (46°— A) : : AB+BC : AB— BC- 

That is, unity is to the tangent of the difference between 
45^ and one of the acute angles: as the sum of the perpen- 
dicular sides is to their difference. 

Ex. 1. In a ri^ht angled triangle, if the difference of the 
hypothenuse ana base De 64 feet, and the angle at the base 
33f^, what is the length of the perpendicular? 

2. If the sum of the hypothenuse and base be 186,3 and 
the angle at the base 37^, what is the perpendicular ? 

Ans. 620. 

3. Given the sum of the b^se and perpendicular 128.4, and 
the angle at the base 41 1^^, to find the sides. 

1 : tan (45°— 41t°) : : 128.4 : 8.4, 
the difference of the base and perpendicular. Half the dif- 
ference added to, and subtracted from, the half sum, gives 
the base 6S.4, and the perpendicular 60. 

4. Given the sum of the hypothenuse and perpendicular 
83, and the angle at the perpendicular 40°, to find the base. 

6. Given the difference of the hypothenuse and perpendic- 
nlor 16.6, and the angle at the perpendicular 37^°, to find 
the base. 

6. Given the difference of the base and perpendicular 36, 
and the angle at the perpendicular 27^°, to find the sides. 
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234. The following solutions may be applied to the third 
and fourth cases of Mique angled triangles ; in one of which, 
two sides and the included angle are given, and in the other, 
the three sides. See pages 87 and 88. 

Case III. 

In astronomical calculations, it is frequently the case, that 
two sides of a triangle are given by their hgarUhms. By 
the following proposition, the necessity of fincung the corres- 
ponding natural numbers is avoided. 

Theorem A. In any plane triangle^ of the two sides which 
include a given angle, the less is to the greater; as radius 
to the tangent of -an angle greater than 45^ : 

And radius is to the tangent of the excess of this angle 
above 45^ ; as the tangent of heXf the sum of the opposite 
angles to the tangent of half their difference. 

In the triangle ABC, (Pig. 39.) let the sides AC and AB, 
and the an^le A, be given. Through A draw DH perpen* 
dicular to AC. Make AD and AF each equal to AC, and 
AH equal to AB. And let HG be perpendicular to a line 
drawn from C through F. 

Then AC : AB : : R : tan ACH. 
And R : tan (ACH— 46^) : : tan i ( ACB+B) : tan ^ ( ACB— B) 

Demonstration. 

In the right angled triangle ACD, as the acute angles are 
subtended by the equal sides AC and AD, each is 46^. For 
the same reason, the acute angles in the triangle CAP are 
each 46*^. Therefore, the angle DCF is a right angle, the 
angles GFH and GHP are each 45°, and the line GH is 
equal to GP and parallel to DC. 

In the triangle ACH, if AC be radius, AH, which is equal 
to AB, will be the tangent of ACH. Therefore, 

AC : AB : : R : tan ACH. 

In the triangle CGH, if CG be radius, GH, which is equal 
to FG, will be the tangent of HCG. Therefore, 

R : tan (ACH— 46°) : : CG : FG 
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Andj as OH and DC are parallel, (Euc. 2. 6.) 

CG : FG : : DH : PH. 

Bat DH is, by construction, equal to the sumy and FH to 
the difference or AC and AB. And by theorem H, (Art. 144.] 
the sum of the sides is to their difference ; as the tangent or 
half the sum of the opposite angles, to the tangent of half 
their difference. Therefore, 

R : tan (ACH— 45°) : : tan i(ACB+B) : tan 4(ACB-B) 

Ex. In the triangle ABC, (Fig. 30.) given the angle A— 
26<^ 14', the side AC»>39, and the side AB-63. 

AC 39 1.6910646 R 10. 

AB 63 1.7242759 Tan 8° 39' 9" 9.1823381 

R 10 Tan i(B+C) 76° 53' 10>6326181 

Tan 63° 39' 9" 10.1332113 Tan i(B-C)33° 8' 50 " 9.8149588 

The same result is obtained here, as by theorem H, p. 75. 

To find the required side in this third case, by the theo- 
rems in section lY, it is necessary to find, in the first place, 
an ajigle opposite one of the ffiven sides. But the required 
side may be obtained, in a cQflerent way, by the following 
proposition. 

Theorem B. JH a plane triangle^ twice the product of 
any two sides; is to the difference between the sttm of the 
squares of those sides, and the square of the third side, as 
radius to the cosine of the angle ineluaed between the two 



In the triangle ABC, (Fig. 23.) whoee sides are a, b, and c, 
26c : b*+c' — a* : : R : cos A 

For in the right angled triangle ACD, ft : cl : : R : cos A 
Multiplying by 2c, 26c : 2dc : : R : cos A 

But, by Euclid 13. 2, 2rfc=6«+c« —a' 

Therefore, 26c : 6«+c« ^-^^ : : R : cos A. 

The demonstration is the same, when the angle A is obtuse, 
as in the triangle ABC, (Fig. 24.) except that a> is greater 
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than b^+c* ; (Euc. 12. 2.) so that the cosine of A is negative. 
See art. 194. 

From this theorem are derived expressions, both for the 
sides of a triangle, and for the cosines of the angles. Con- 
verting the last proportion into an equation, and proceeding 
in the same manner with the other sides and angles, we have 
the following expressions : 



For the angles. 

a»+c*—b* 



GosB»Rx 



For the sides. 
y/i, . • 26c cos A\ 

V'+^'—B—) 



Cos C— Rx 



2ac 



2ab 



6-=V| 






R 

2accos B 



2ab cos Cx 



R 



These formulse are useful, in many trigonometrical inves- 
tigations ; but are not well adapted to logarithmic computa- 
tion. 

Case IV. 

When the three sides of a triangle are given, the angles 
may be found, by either of the following theorems ; in which 
a, by and c, are the sides^ A, B, and C, the opposite angleS| 
and A=-half the sum of the sides. 

2"R 

Sin A- -g^ Vh (A— a) (A-*) (A— c) 

2R 

Sin B— VA (A— o) (A— 6) (A— c) 

^, ^ 2R -= — -T- — 
Sm C«-tVA {h 



Theorem C. 



;) (A— 6) (A-c) 



The quantities under the radical sign are the same in all 
the equations. 



R : b 



In the triangle ACD, (Fig. 23.) 

sin A : p. Therefore, sin Axb^^Rxp. 



3^^^_V4i»cMft*+c«-a«)» ^^ 221, p. 121.) 



2c 
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Thifl, by the reductions in page 122, becomes 



v2Ax2(A 



;)X2(A— fe)x2(A-^) 
2c 



Substituting this value of p^ and leducing, 
2R 



i)(A— ft)(A— c) 



133 



The arithmetical calculations may be made, by adding the 
logarithms of the factors under the radical sign, dividing the 
sum by 2, and to the quotient, adding the logarithms of radius 
and 2, and the arithmetical complements of the logarithms 
of b and c. (Arts. 39, 47, 69.) 

Ex. Given a— 134, i— 108, and c*80, to iGind A, B, and C. 



For the angle A. 

h 161 log. 2.2068269 

h—a 27 lo«. 1.4313638 

h-^ 63 log. 1.7242769 

ik-« 81 log . 1.9064860 

2)7.2709606 

• 3.6364763 

aX2 log. 10.3010300 

13.9365053 
6 109 t.e. 7.9666762 
c 80 a.c. a0969100 

Sin A. 9.9999916 

A«890 38'3r 



For the angle B. 



13.9366063 
7.8728952 
8.0969100 



a 134 a. a 

80 1.0. 

SinB. 9.9063106 

B-630 42'9' 



For the angle C. 

13.9366053 
a 134 a. c. 7.8728962 
d lOS a.e. 7.9666762 

Sin C. 9:7769767 

O-36«39'20" 



Thbobsm D. 



SinU-RV^=^fci) 



be 
' ac 

\){h-b) 



Sin iC-RV 



(A 



ab 



B7 Art 210, 2 Sin »iA-R»— Rxcoe A. 
Substituting for cos A, its value, as given in page 13^ 

2Sin»iA-R»— R»X- ^ 



2be 



• TUttedMiagwithiiioftlMarMofllMtriMii^ (Ait.22L) 
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But R-R'x?^. And-R«x ^'-^lr'-R - x^-t:-^' 
2bc 2bc 2bc 



Therefore, 2Sin4A«R»x 



26c 



But 26c+a«— 6«— c«-a«— (6— c)»-(a+i— c)(a— 6+c) 
(Alg. 235.) 
Patting then A— ^ (a+6+c), reducing, and extracting ; 



SiaiA-Rvfc^i^) 



Ex. Given a, i, and c, as before, to find A and B. 



For the angle A. 

A-* 88 1.7242759 

^— e 81 1.9064850 

b 108 «. c. 7.96667«2 

e ■ 80 a. c. 8.0969100 



2)19.6962471 
9.8481236 



StnlA 
A-89<'S8'3r 



Theorem E. 



Cos iA-RV 



For the angle B. 

A--a 27 1.4313639 

h—c 81 1.9064850 

a . 134 a. c 7.6728962 

c 80 a. c. 8.0969100 

2)19.3096640 
SiQ IB 9.6648270 

B-53»42'!r 
-RV^fc^) 



be 



CosiB-RV^fc*) 



oc 



Cos iC-RV 



-Rv^J^Tl) 



oft 



By Art. 210, 2Cos4A-R»+Rxco8 A- 
Substituting and reducing, as in the demonstration of the 
last theoresi, 

2C08.iA-R.x?^+£l=?!.R.x(*±^Ji^=±) 
' 26c 26c 

Putting A— I (a+b+c)^ reducing and extracting, 

A(A-a) 



Cos iA-RV 



6c 



Ex. Oiren the sides 134, 108, 80; to find B and C. 
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For the angle B. 

4 161 2.2069259 
4-4 &3 1.7242759 
a 134 a. c 7.8728952 
c 80 B. c. 8.0969100 

2)19.9009070 
OMiB 9.9504635 

B-i6SP42'9* 



For the angle C 

h 161 2.2068259 
h^ 81 1.9QM860 
« 134 a. c. 7.8729952 
5 108 a.c. 7.9665782 



C08|C 



2)19.9547823 
9.9773911 



C-36«39'20" 



Theorem F. 



The tangent is equal to the product of radius and the sine, 
divided by the cosine. (Art. 216.) By the last two theorems, 
then, 

"* COS ia be be 

That is, tan iA^KV^^^^ 
h (h — a) 



Ex. Given the sides as before, to find A and C. 



For the angle A. 

4—* 53 1.7242759 

4-e 81 1.9084850 

4~a 27 a. c a5686362 
4 161 a.c, 7.7931741 



TtolA 



2)19.9946712 
9.9972856 



A- 89^ 38* 31" 



For the angle C. 

4— a 27 1.4313638 

4—6 53 1.7242759 

4— e 81 a. c. 8.0915150 
4 161 a. c 7.7931741 

2)19.0403288 
Tan 10 ^5201644 

C-360 39*20" 



The three last theorems give the angle required, without 
ambiguity. For the hcUf of any angle must be less than 9(P. 

Of these different methods of solution, each has its advan- 
tages in particular cases. It is expedient to find on angle, 
sometimes by its sine, sometimes by its cosine, and some- 
times by its tangent. 

By the first of the four preceding theorems, marked C, D, 
E, and F, the calculation is made for the sine of the whole 
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angle ; by the others, for the sine^ cosine, or tangent, of half 
the angle. For finding an angle near 90^, each of the three 
last theorems is preferable to the first. In the example above, 
A would have been uncertain to several seconds, by theorem 
C, if the other two angles had not been determined also. 

But for a very small angle, (he first method has an advan* 
tage over the others. The third, by which the calculation is 
made for the cosine of half the required angle, is in this case 
the most defective of the four. The second will not answer 
well for an angle which is almost 180^. For the half of ihxn 
is almost 90^ ; and near 90°, the differences of the sines are 
very smalL 
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NOTES. 



NoTB A. Page 1. 

The name Logarithm is from xiyi, ratio^ and iL^t^kut^ 
number. Considering the ratio of a to 1 as a simple ratio^ 
that of a' to 1 is a duplicate ratio, of a^ to 1 a triplicate 
ratio, &c. (Alg. 354.) Here the exponents or logarithms 2, 
3, 4, &c., show how many times the simple ratio is repeated 
*as a factor^ to form the compound ratio. Thus, the ratio of 
100 to 1, is the square of the ratio of 10 to 1 ; the ratio of 
1000 to 1, is the cube of the ratio of 10 to 1, (fcc. On this 
account, logarithms are called the measures of ratios ; that 
is, of the ratios which different numbers bear to unity. See 
the Introduction to Button's Tables, and Mercator's Loga- 
rithmo-Technia, in Maseres' Scriptores Logarithmici. 

Note B. p. 4. 

If 1 be added to —.09691, it becomes 1— .09691, which is 
equal to -t-.90309. The decimal is hae rendered positive, 
by subtracting the figures fi^om 1. But it is made 1 too great. 
This is compensated, by adding — 1 to the vvtegral part of 
the logarithm. So that —2 —.09691= — 3+.90309. 

In me same manner, the decimal part of any logarithm 
which is wholly negative, may be rendered positive, by sub- 
tracting it from 1, and adding — 1 to the index. The sub- 
traction is most easily performed, by taking the right hand 
significant figure from 10, and each of the other figures from 
9. jfArt. 66.) 

On the^ omer hand, if the index of a logarithm be negative, 
while the* decimal part is positive ; the whole may be render- 
ed negative, by subtracting the decimal part from 1, and 
taking — 1 from the index. 

18 
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Note C. p. 7. 

It is common to define l(^;aiithms to be a series of num- 
bers in arithmetical progression, corresponding with anodier 
series in geometrical progression. This is calculated to per- 
plex the learner, when, upon opening the tables, he finds that 
the natural numbers, as they stand there, instead of being in 
ffeometricalj are in arithmetical progression i and that the 
h^^arithms are not in arithmetical progression. 

It is true, that a geometrical series may be obtained, by 
taking out, here and there, a few of the natural number^ ; 
and that the logarithms of these will form an arithmetical 
series. But the definition is not applicable to the whole of 
the numbers and logarithms, as they stand in the tables. 

The supposition mat p^ositive and negative numbers have 
the same series of logarithms, (p. 7.) is attended with some 
theoretical difficulties. But these do not affect the practical 
rules for calculating by logarithms. 

Note D. p. 43. 
To revert a series, of the form 

that is, to find the value of n, in terms of Sj assume a series, 
with indeterminate co-efficients, (Alg. 490. b.) 

Let »«A*+Bar«+Car3^Dar*+Ear'-f, (fcc. 

Finding the powers of this value of n, by multiplying the 
series into itself, and arranging the several terms according 
to the powers of a? ; we have 

+ B'\' +2AD^* +'**• 

n»- A»*»+3A»Bar« +3A«C ) , . 

+3AB» \ " +' **'• 

n«— A««« +4A»ftr»+, &c. 

n*- A»«'+, &c. 
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l^ubstituting these values, for n and its poirers, in the first 
series above, we have 



'aAx+aB),+aC ) + oD") 
+6A« \ " +26AB ) «»+ 26AC 



«— < 



+ cA»\ + 6BM«<+26AD 



+ 3cA»B 

+ rfA«J 



+ 26BC 



+3cA»C 
+3cAB» 
+4rfA»B 
+ eA» 



«* 



Transposing x, and making the co-effid^ts of the several 
powers of X each equal to 0, we have 

oA— 1-0, 

oB+6A»-0, 

oC+26AB-|-cA»— 0, 

aD+2 AAC+6B» -l-3cA»B-frfA«-0, 

aE+26BC+26AD+3cA»C+3cAB»+4rfA»B+«A'-0. ' 

And reducing the equations, 

A^l 
a 

C 



D- 



14 J4 _21aft«c+3a«c«+6a«6rf— a»tf 



These are the values of the ccvefflcients A, B, C, &c., in 

the assumed series 

Applyine these results ^ the logarithmic series ; (Art 66. 
p. 43.) - 
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in which 
a- 1, 6«— J, c-i, d- — i, c«}, 
we have, in the inverted series, 
n— A4r+ar«+C:r»+Dj?*+Eir*+, &c. 

1 



A-i-l 


"-2.34 


B 6-i 




0-26.-^-2^ 


^-a3A5 


Therefore, 


„.,+*•+* + '' + 


^ f Air 


** '+2+2.3+2.3.4+ 


2.3.4.6 ''*^- 


NoteE, 


p. 50. 



According to the scheme lately introduced into fWice, of 
dividing; the denominations of weights, measures, &c., into 
tenths, hundredths, &c., the fourth part of a circle is divided 
into 100 degrees, a degree into 100 minutes, a minute into 
100 seconds, &c. The whole circle contains 400 of these 
degrees ; a plane triangle 200. If a right angle be taken 
for the measuring unit; degrees, minutes, and seconds, may 
be written as decimal fractions. Thus, 36° 5' 49'' is 0.360649. 

C 10°-9o 1 
According to the French division < IQO' »54' > English. 

1 1000"-324" ) 

Note F, p. 82. 

If the perpendicular be drawn from the angle opposite the 
longest side, it will alwajrs fall within the triangle ; because 
the other two angles must, of course, be acute. But if one 
of the angles at the base be obttise^ the perpendicular will fall 
without tlic triangle, as CP, (Fig. 38.) 

In this case, the side on which the perpendicular falls, is 
to the sum of the other two ; as the difference of the latter, 
to the sum of the segments made by the perpendicular. 
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The demonstration is die same, as in the other case, ex- 
cept that AH«BP+PA, instead of BP— PA. 

Thus, in the circle BDHL, (Fig. 38.) of which G is the 
center, 

ABxAH«-» ALxAD ; therefore AB : AD : : AL : : AH. 

But AD«CD+CA-CB+CA 
And AL-CL— CA-CB— CA 
And AH=HP+PA«BP+PA. 

Therefore, 
AB : CB+CA : : OB— CA : BP+PA 

When the three sides are given, it may be known whether 
one of the angles is obtuse. For any angle of a triangle is 
obtuse or acute, according as the square of the side subtend- 
ing the angle is greater, or less, than the sum of the squares 
of the sides containing the angle. (Euc. 12, 13. 2.) 

Note G. p. 104. 

Gunter's Sliding Rule, is constructed upon the same prin- 
ciple as his scale, with the addition of a slider, which is so 
contrived as to answer the purpose of a pair of compasses, in 
working proportions, multiplying, dividing, &;c. I'he lines 
on the fixed part are the same as on the scale. The slider 
contains two lines of numbers, a line of logarithmic sines, and 
a line of logarithmic tangents. 

To mvltiply by this, bring 1 on the slider, against one of 
the factors on the fixed part ; and against the other factor on 
the slider, will be the product on the fixed part. To divide, 
bring the divisor on the slider, against the dividend on die 
fixed part ; and against 1 on the slider, will be the quotient 
on the fixed part. To work a proportion, bring the first term 
on the slider, against one of the middle terms on the fixed 
part ; and against the other middle term on the slider, will be 
the fourth term on the fixed part. Or the first term may be 
taken on the fixed part ; and then the fourth term will be 
found on the slider. 

Another instrument firequently used in trigonometrical con- 
structions, is 
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or L. 


Cho. 


orC. 


Sin. 


or S. 


Ton. 


orT. 


Tan. 


or T. 


Sec. 


orS- 


Pol. 


or P. 
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THE SECTOR. 

This consists of two equal scales movable about a point as 
a center. The lines which are drawn on it are of two kinds; 
some being parallel to the sides of the instrument, and others 
diver^ng from the central point, like the radii of a circle. 
The latter are called the double lines, as each is repeated 
upon the two scales. The single lines are of the same 
nature, and have the same use, as those which are put upon 
the common scale*; as the lines of equal parts, of chords, of 
latitude, d&c, on one face ; and the logarithmic lines of num- 
bers, of sines, and of tangents, on the other. 

nnie double lines are 

A line of Lines, or equal parts, marked 

A line of Chords^ 

A line of natural Sines, 

A line of natural Tangents to 46°, 

A line of tangents (ibove 46°, 

A line of natural Secants, 

A line of Polygons, 

The double lines of chords, of sines, and of tangents to 
46°, are all of the same radius ; beginning at the central 
point, and terminating near the other extremity of each scale ; 
the (jhords at 60°, the sines at 90°, and the tangents at 45°. 
(See Art. 96.) The line of lines is also of the same length, 
containing ten equal parts which are numbered, and which 
are again subdivided. The radius of the lines of secants, 
and of tangents above 45°, is about one fourth of the length 
of the other lines. From the end of the radius, which for 
the secants is at 0, and for the tangents at 45°, these lines 
extend to between 70° and 80°. The line of polygons is 
numbered 4, 6, 6, d&c, from the extremity of each sode, to- 
wards the center. 

The simple principle on which the utility of these several 
pairs of lines depends is this, that the sides of similar trian- 
gles are proportional (Euc. 4. 6.) So that sines, tangents, 
&c., are furnished to any radius, within the extent of die 
opening of the two scales. Let AC and AC (Fig. 40.) be 
any pair of lines on the sector, and AB and AB' equal portions 
of these lines. As AC and AC are equal, the triangle ACC 
is isosceles, and similar to ABB'. Therefore, 

AB : AC : : BB' : CC. 
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Distances measured from the center on either scale, as AB 
and AC, are called lateral distances. And the distances be- 
tween corresponding points of the two scales, as BB' and 
CC, are ccdled transverse distances. 

Let AC and CC be radii of two circles. Then, if AB be 
the chord, sine, tangent, or secant, of any number of degrees 
in one; BB' will te the chord, sine, tangent, or secant, of 
the same number of degrees in the other. (Art. 119.) Thus, 
to find the chord of 30^, to a radius of four inches, open the 
sector so as to make the transverse distance from 60 to 60, on 
the lines of chords, four inches ; and the distance firom 30 to 
30, on the same lines, will be the chord required. To find 
the sine of 28^, make the distance from 90 to 90, on the lines 
of sines, equal to radius ; and the distance from 28 to 28 will 
be the sine. To find the tangent of 37^, make the distance 
firom 46 to 45, on the lines of tangents, equal to radius ; and 
the distance firom 37 to 37 will be the tangent. In finding 
secants^ the distance firom to must be made radius. (Art. 
2O10 

To lay down an angle of 34°, describe a circle, of any con- 
venient radius, open l£e sector, so that the distance from 60 
' to 60 on the lines of chords shall be equal to this radius, and 
to the circle apply a chord equal to the distance firom 34 to 
34. (Art. 161.) For an angle above 60°, the chord of AoZ/'the. 
numoer of degrees may bs taken, and applied twice on the 
arc, as in Art. 161. 

The line of polygons contains the chords of arcs of a circle 
which is divided into equal portions. Thus, the distances 
from the center of the sector to 4, 5, 6, and 7, are the chords 
of ^, }, I, and 4 of a circle. The disttoce 6 is the raditis. 
(Art. 95.) This line is used to make a regular polygon, or to 
mscribe one in a given circle. Thus, to make a pentagon 
with the transverse distance from 6 to 6 for radius, describe 
a circle, and the distance firom 5 to 5 will be the length of 
one of the sides of a pentagon inscribed in that circle. 

The line of lines is used to divide a line into equal or pro- 
portional parts, to find fourth proportionals, &c. Thus, to 
divide a line into 7 equal parts, malce the length of the given 
line the transverse distance from 7 to 7, and the distance from 
1 to 1 will be one of the parts. To find | of a line, make the 
transverse distance firom 5 to 5 equal to the given line ; and 
the distance firom 3 to 3 will be f of it. 

In working the proportions in trigonometry on the sector. 
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the lengths of the sides of triangles are taken from the line 
of lines, and the degrees and minutes from the lines of sines, 
tangents, or secants. Thus, in Art 135, ex. 1, 

36 : R : : 26 : sin 48<'. 

To find the fourth term of this proportion by the sector, 
make the lateral distance 35 on the line of lines, a transverse 
distance from 90 to 90 on the lines of sines ; then the lateral 
distance 26 on the line of lines, will be the transverse distance 
from 48 to 48 on the lines of sines. 

For a more particular account of the construction and uses 
of the Sector, see Stone's edition of Bion on Mathematical 
Instruments, Button's Dictionary, and Robertson's Treatise 
on Mathematical Instruments. 



Note H. p. 124. 

• 
The error in supposing that arcs less than 1 minute are 
proportional to their sines, cannot affect the first ten places 
of decimals. Let AB and AB' (Fig. 41.) each equal 1 min- 
ute. The tangents of these arcs BT and B'T are equal, as 
are also the smes BS and B'S. The arc BAB' is greater 
than BS + B'S, but less than BT+B'T. Therefore BA is 
greater than BS, but less than BT : that is, the difference be^ 
tween the sine and the arc is less than the difference between 
the wine and the tangent. 

Now the sine of 1 minute is 0.000290888216 
And the tangent of 1 minute is 0.000290888204 

The difference is 0.0000000000012 

-The difference between the sine and the arc of 1 minute 
is less than this ; and the error in supposing that the sines 
of 1', and of O' 52" 44'" 3"" 45'"" are proportional to their 
arcs, as in Art 223, is still less. 

Note I. p. 126. 

There are various ways in which sines and cosines may be 
more expeditiously calculated, than by the method which is 
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given here. But as we are already supplied with accurate 
trigonometrical tables, the computation of the canon is, to 
the great body of our students, a subject of speculation, rather 
than of practical utiUty. Those who wish to enter into a 
minute examination of it, will of course consult the treatises 
in which it is particularly considered. 

There^ are also numerous formulae of veriJiccUion^ which 
are used to detect the errors with which any part of the cal- 
culation is liable to be affected. For these, see Lo^dre's 
and Woodhouse's Trigonometry, Lacroix's Differential Cal- 
culus, and particularly Euier's Analysis of Infinites. 



Note K, p- 127. 

The following rules for finding the sine or tangent of a 
very small arc, and, on the other hand, for finding the arc 
from its sine or tangent, are taken firom Dr. Maskelyne's In- 
troduction to Taylor's Lc^arithms. 

To find the logarithmic sine q/* a very small arc. 

From the sum of the constant quantity 4.6865749, and the 
logarithm of the given afc reduced to seconds and deci- 
mals, subtract one third of the arithmetical complement of 
the logarithmic cosine. 

To find the logarithmic tangent of a very small arc 

To the sum of the constant quantity 4.6856749, and the 
logarithm of the given ^arc reduced to seconds and deci- 
mals, add two thirds of the arithmetical complement of the 
logarithmic cosine. 

To find a small arc from its logarithmic sine. 

To the sum of the constant quantity 6.3144261, and the 
given l(^;arithmic sine, add one third of the arithmetical 
complement of the logarithmic cosine. The remainder di- 
minished by 10, will be the l(^;arithm of the number of sec- 
onds in the arc. 

19 
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To find a nnall arc from Us togariihmic tangent. 

From the sum of the constant quantity 5.3144251, and the 
given logarithmic tangent, subtract two thirds of the arith- 
metical complement ofthe logarithmic cosine. The remain- 
der, diminished by 10, will te the logarithm of the number 
of seconds in the arc 

For the demonstration of these ruleS| see Woodhouse's 
Trigonometry, p. 1R<) 
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or 



NATURAL SINES AND TANGENTS; 



TO EVBRT TEN mNUTliB OF ▲ DEGREB. 



If the given angle is less than 45^, look for the title of 
the column, at the top of the page ; and for the degrees and 
minutes, on the left. But if the angle is between 45^ and 
9(P, look for the title of the column, at the bettom; and for 
the degrees and minutes, on the right. 
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dIm. 


Sine. 


Tangent. 


Cotangent 


Cosine. 


D.M. 


0° 0' 


0.0000000 


0.0000000 


Infinite. 


1.0000000 


90» 0' 


10 


0029089 


0029089 


343.77371 


0.9999968 


60 


20 


0058177 


0058178 


171.88640 


9999831 


40 


30 


0087265 


0087269 


114.68866 


9999619 


30 


40 


0116363 


0116361 


86.939791 


9999323 


20 


0°60' 


0146439 


0146464 


68.760087 


9998942 


89" 10* 


10 0' 


0.0174524 


0.0174561 


67.289962 


0.9998477 


89° 0' 


10 


0203608 


0203650 


49.103881 


9997927 


60 


20 


0232690 


0232763 


42.964077 


9997292 


40 


30 


0261769 


0261859 


38.188459 


9996573 


'30 


40 


0290847 


0290970 


34.367771 


9995770 


20 


P60' 


0319922 


0320086 


31.241677 


9994881 


88° 10' 


2°0' 


0.0348996 


0.0349208 


28.636263 


0.9993908 


880 0' 


10 


0378066 


0378336 


26.431600 


9992851 


60 


20 


0407131 


0407469 


24.541758 


9991709 


40 


30 


0436194 


0436609 


22.903766 


9990482 


30 


40 


0465263 


0465767 


21.470401 


9989171 


20 


2° 60' 


0494308 


0494913 


20.205553 


9987776 


87° 10* 


30 0' 


0.0523360 


0.0624078 


19.081137 


0.9986296 


870 0' 


10 


0552406 


0553261 


18.074977 


9984731 


60 


20 


0581448 


0582434 


17.169337 


9983082 


40 


30 


0610486 


0611626 


16.349855 


9981348 


30 


40 


0639617 


0640829 


16.604784 


9979530 


20 


3° 50' 


0668544 


0670043 


14.924417 


9977627 


86° 10' 


40 0' 


0.0697666 


0.0699268 


14.300666 


0.9976641 


86° 0' 


10 


0726580 


0728605 


13.726738 


9973569 


60 


20 


0756589 


0757755 


13.196883 


9971413 


. 40 


30 


0784691 


0787017 


12.706206 


9969173 


30 


40 


0813587 


0816293 


12.250506 


9966849 


20 


40 SO* 


0842676 


0S455S3 


11.826167 


9964440 


86«10' 


6°. 0' 


0.0871657 


0.0874887 


11.430052 


0.9961947 


850 0' 


10 


0900532 


0904206 


11.059431 


9959370 


60 


20 


0929499 


0933540 


10.711913 


9956708 


40 


30 


0958458 


0962890 


10.385397 


9953962 


30 


40 


0987408 


0992257 


10.078031 


9951132 


20 


5° 50' 


1016361 


1021641 


9.7881732 


9948217 


84" 10' 


D. M. 


Cosine. 


Cotangent. 


Tangent 


Sine. 


D.M. 
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D.M. 


Sine. 


Tangent. 


Cotangent. 


Cosine. 


D.BL 


6° (y 


0.1046285 


0.1064042 


9.5143646 


0.9946219 


840 Q, 


10 


1074210 


1080462 


9.2563035 


9942136 


60 


20 


1103126 


1109899 


9.0098261 


9938969 


40 


30 


1132032 


1139366 


8.7768874 


9936719 


30 


40 


1160929 


1168832 


8.6666468 


9932384 


20 


6^60' 


1189816 


1198329 


8.3449668 


9928065 


830 10' 


70 0' 


0.1218693 


0.1227846 


8.1443464 


0.9926462 


830 0' 


10 


1247660 


1257384 


7.9530224 


9921874 


60 


20 


1276416 


1286943 


7.7703606 


9918204 


40 


30 


1306262 


1316526 


7.6957641 


9914449 


30 


40 


1334096 


1346129 


7.4287064 


9910610 


20 


7«60' 


1362919 


1376767 


7.2687266 


9906687 


SSPW 


8° 0' 


0.1391731 


0.1404086 


7.1163697 


0.9902681 


820 0' 


10 


1420631 


1435084 


6.9682336 


9898690 


60 


20 


1449319 


1464784 


6.8269437 


9894416 


40 


30 


1478094 


1494610 


6.6911662 


9890169 


30 


40 


1606857 


1624262 


6.5605638 


9886817 


20 


80 60' 


1636607 


1664040 


6.4348428 


9881392 


810 10/ 


90 0' 


0.1664346 


0.1683844 


6.3137616 


0.9876883 


8I0 0' 


10 


1693069 


1613677 


6.1970279 


9872291 


60 


20 


1621779 


1643637 


6.0844381 


9867615 


40 


30 


1650476 


1673426 


6.9767644 


9862856 


30 


40 


1679169 


1703344 


5.8708042 


9868013 


20 


90 60' 


1707828 


1733292 


6.7693688 


9863087 


8O01O' 


10° 0' 


0.1736482 


0.1763270 


6.6712818 


0.9848078 


8O0 0* 


10 


1765121 


1793279 


6.5763786 


9842985 


60 


20 


1793746 


1823319 


5.4845062 


9837808 


40 


30 


1822355 


1863390 


6.3965172 


9832549 


30 


40 


1850949 


1883495 


6.3092793 


9827206 


20 


10° 50' 


1879528 


1913632 


5.2266647 


9821781 


790 10' 


11° 0' 


0.1908090 


0.1943803 


6.1446540 


0.9816272 


790 0' 


10 


1936636 


1974008 


5.0668352 


9810680 


60 


20 


1965166 


2004248 


4.9894027 


9805005 


40 


30 


1993679 


2034523 


4.9151670 


9799247 


30 


40 


2022176 


2064834 


4.8430045 


9793406 


20 


110 50' 


2060665 


2095181 


4.7728568 


9787483 


780 10' 


D.M. 


Cosine. 


Cotangent. 


Tangent. 


Sine. 


D.M. 
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D.M. 


Sine. 


Tangent 


Cotangent 


Cosine. 


D.M. 


12° C 


0.2079117 


0.2126566 


4.7046301 


0.9781476 


78° C 


10 


2107561 


2155988 


4.6382457 


9776387 


60 


20 


2135088 


2186448 


4.5736287 


9769215 


40 


30 


2164396 


2216947 


4.6107085 


9762960 


30 


40 


2192786 


2247485 


4.4494181 


9766623 


20 


12^ 60' 


2221168 


2278063 


4.38%940 


9760203 


77010/ 


130 (y 


0.2249511 


0.2308682 


4.3314769 


0.9743701 


770 Of 


10 


2277844 


2339342 


4.2747066 


9737116 


60 


20 


2306159 


2370044 


4.2193318 


9730449 


40 


30 


2334464 


2400788 


4.1652998 


9723699 


30 


40 


2362729 


2431575 


4.1126614 


9716867 


20 


130 60' 


2390984 


2462405 


4.0610700 


9709963 


76° 10* 


140 C 


0.2419219 


0.2493280 


4.0107809 


0.9702967 


760 0' 


10 


2447433 


2524200 


3.9616518 


9695879 


60 


20 


2475627 


2555165 


3.9136420 


9688719 


40 


30 


2503800 


2586176 


3.8667131 


9681476 


30 


40 


2531952 


2617234 


3.8208281 


9674152 


20 


140 eo* 


2660082 


2648339 


3.7769519 


9666746 


760 10/ 


I60 0' 


0.2588190 


0.2679492 


3.7320508 


0.9669268 


760 0' 


10 


2616277 


2710694 


3.6890927 


9651689 


60 


20 


2644342 


2741945 


3.6470467 


9644037 


40 


30 


2672384 


2773245 


3.6058836 


9636305 


30 


40 


2700403 


2804597 


3.5655749 


9628490 


20 


160 60' 


2728400 


2835999 


3.5260938 


9620594 


74010* 


16° 0' 


0.2766374 


0.2867454 


3.4874144 


0.9612617 


740 0' 


10 


2784324 


2898961 


3.4495120 


9604568 


60 


20 


2812251 


2930521 


3.4123626 


9596418 


40 


30 


2840153 


2962135 


3.3759434 


9588197 


30 


• 40 


2868032 


2993803 


3.3402326 


9579895 


20 


weo' 


2895887 


3026627 


3.3062091 


9571512 


730 10' 


17» 0' 


0.2923717 


0.3057307 


3.2708526 


0.9563048 


730 0' 


10 


2951522 


3089143 


3.2371438 


9564502 


50 


20 


2979303 


3121036 


3.2040638 


9545876 


40 


30 


3007058 


3152988 


31715948 


9537170 


30 


40 


3034788 


3184998 


3.1397194 


9528382 


20 


170 60' 


3062492 


3217067 


3.1084210 


9519514 


72O10' 


D.M. 


Cosine. 


Cotangent. 


Tangent 


Sine. 


D.M. 
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D.M. 


Sine. 


Tangent. 


Cotangent 


Cosine. 


D.M. 


18° O* 


0.3090170 


0.3249197 


3.0776836 


0.9610565 


72° 0* 


10 


3117822 


3281387 


3.0474916 


9501536 


60 


20 


3146448 


3313639 


3.0178301 


9492426 


40 


30 


3173047 


3345963 


2.9886860 


9483237 


30 


40 


3200619 


3378330 


2.9600422 


9473966 


20 


18=50' 


3228164 


3410771 


2.9318886 


9464616 


71° 10* 


19° 0' 


0.3266682 


0.3443276 


2.9042109 


0.9455186 


71° 0* 


10 


3283172 


3476846 


2.8769970 


9446676 


60 


20 


3310634 


3608483 


2.8602349 


9436086 


40 


30 


3338069 


3541186 


2.8239129 


9426416 


30 


40 


3366476 


3573956 


2.7980198 


9416666 


20 


190 60' 


3392862 


3606795 


2.7726448 


9406836 


70° 10' 


20° 0' 


0.3420201 


0.3639702 


2.7474774 


0.9396926 


70° 0' 


10 


3447621 


3672680 


2.7228076 


9386938 


60 


20 


3474812 


3706728 


2.6986264 


9376869 


40 


30 


3502074 


3738847 


2.6746216 


9366722 


30 


40 


3629306 


3772038 


2.6610867 


9366496 


20 


20^60' 


3666508 


3806302 


2.6279121 


9346189 


69° 10' 


210 C 


0.3683679 


0.3838640 


2.6060891 


0.9336804 


69° C 


10 


3610821 


3872063 


2.6826094 


9326340 


60 


20 


3637932 


3905641 


2.5604649 


9314797 


40 


30 


3666012 


3939106 


2.6386479 


9304176 


30 


40 


3692061 


3972746 


2.6171607 


9293476 


20 


210 ec 


3719079 


4006466 


2.4960661 


9282696 


68° 10' 


22° C 


0.3746066 


0.4040262 


2.4760869 


0.9271839 


68° 0' 


10 


3773021 


4074139 


2.4646061 


9260902 


50 


20 


3799944 


4108097 


2.4342172 


9249888 


40 


30 


3826834 


4142136 


2.4142136 


9238796 


30 


40 


3863693 


4176257 


2.3944889 


9227624 


20 


22^60' 


3880518 


4210460 


2.3750372 


9216376 


67«10' 


230 C 


0.3907311 


0.4244748 


2.3558624 


0.9206049 


67° C 


10 


3934071 


4279121 


2.3369287 


9193644 


60 


20 


3960798 


4313579 


2.3182606 


9182161 


40 


30 


3987491 


4348124 


2.2998426 


9170601 


30 


40 


4014160 


4382766 


2J3816693 


9158963 


20 


230 60' 


4040775 


4417477 


2.2637367 


9147247 


66° 10' 


D. M. 


Cosne. 


Cotangent. 


Tangent. 


Sine. 


D.M. 
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D.M. 


Sine. 


Tangent. 


Cotangent. 


Cosine. 


D.M. 


240 (y 


0.4067366 


0.4452287 


2.2460368 


0.9135455 


66° 0* 


10 


4093923 


4487187 


2.2285676 


9123584 


60 


20 


4120445 


4522179 


2.2113234 


9111637 


40 


30 


4146932 


4557263 


2.1942997 


9099613 


30 


40 


4173385 


4593439 


2.1774920 


9087511 


20 


24^50' 


4199801 


4627710 


2.1608958 


9076333 


65° 10* 


26° 0' 


0.4226183 


0.4663077 


2.1445069 


0.9063078165° 0* 


10 


4252528 


469S539 


2.1283213 


9050746 


50 


20 


4278838 


4734098 


2.1123348 


9038338 


40 


30 


4305111 


4769755 


2.0965436 


9025853 


30 


40 


4331348 


4806512 


2.0809438 


9013292 


20 


23" 50' 


4357548 


4841368 


2.0666318 


9000664 


64° 10* 


260 0' 


0.4383711 


0.4877326 


2.0603038 


0.8987940 


64° 0* 


10 


4409838 


4913386 


2.0352565 


8975151 


60 


20 


4435927 


4949549 


2.0203862 


8962286 


40 


30 


4461978 


4985816 


2.0056897 


8949344 


30 


40 


4487992 


6022189 


1.9911637 


8936326 


20 


26O60' 


4513967 


6068668 


1.9768050 


8923234 


63° 10' 


27° 0' 


0.4539905 


0.6096264 


l.%26105 


0.8910065 


63° 0* 


. 10 


4565804 


5131950 


1.9485772 


8896822 


60 


20 


4591665 


5168755 


1.9347020 


8883503 


40 


30 


4617486 


6206671 


1.9209821 


8870108 


30 


40 


4643269 


6242698 


1.9074147 


8856639 


20 


270 60' 


4669012 


6279839 


1.8939971 


8843095 


62° 10' 


28° 0' 


0.4694716 


0.6317094 


1.8807265 


0.8829476 


62° 0' 


10 


4720380 


6354465 


1.8676003 


8815782 


60 


20 


4746004 


5391952 


1.8646159 


8802014 


40 


30 


4771688 


6429557 


1.8417709 


8788171 


30 


40 


4797131 


6467281 


1.8290628 


8774254 


20 


28° 60' 


4822634 


6506125 


1.8164892 


8760263 


61° IC 


29° 0' 


0.4848096 


0.6643091 


1.8040478 


0.8746197 


61° C 


10 


4873617 


6581179 


1.7917362 


8732068 


60 


20 


4898897 


6619391 


1.7795524 


8717844 


40 


30 


4924236 


6667728 


1.7674940 


8703667 


30 


40 


4949632 


6696191 


1.7666690 


86891% 


20 


29° 60' 


4974787 


6734783 


1.7437463 


8674762 


60° IC 


D. M. 


Cosine. 


Cotangent 


Ttmgent 


Sine. 


D.M. 
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D.BL 


Sine. 


Tangent. 


Cotangent. 


Cosine. 


D. M. 


30° (V 


0.6000000 


0.6773503 


1.7320608 


0.8660254 


60° 0' 


10 


502!?170 


5812353 


1.7204736 


8645673 


50 


20 


6050298 


6851335 


1.7090116 


8631019 


40 


30 


6075384 


5890450 


1.6976631 


8616292 


30 


40 


6100426 


5929699 


1.6864261 


8601491 


20 


30=50' 


6126426 


5969084 


1.6762988 


858!J619 


690 10' 


310 0' 


0.5160381 


0.6008606 


1.6642795 


0.8571673 


590 0' 


10 


6175293 


6048266 


1.6633663 


8556655 


50 


20 


6200161 


6088067 


1.6425576 


8541564 


40 


30 


6224986 


6128008 


1.6318517 


8526402 


30 


40 


6249766 


6168092 


1.6212469 


8511167 


20 


31° 50' 


5274602 


6208320 


1.6107417 


8495860 


580 10/ 


32° 0' 


0.6299193 


0.6248694 


1.6003345 


0.8480481 


680 0' 


10 


6323839 


6289214 


1.6900238 


8465030 


50 


20 


6348440 


'6329S83 


1.5798079 


8449508 


40 


30 


6372996 


6370703 


16696856 


8433914 


30 


40 


6397507 


6411673 


1.5596562 


8418249 


20 


320 60' 


6421971 


6452797 


1.5497155 


8402513 


570 10' 


330 0' 


0.6446390 


0.6494076 


1.5398650 


0.8386706 


570 0' 


10 


6470763 


6535511 


1.5301023 


8370827 


50 


20 


6495090 


6577103 


1.5204261 


8354878 


40 


30 


6519370 


6618856 


1.5108362 


8338858 


30 


40 


6543603 


6660769 


1.6013282 


8322768 


20 


33° 60' 


6567790 


6702845 


1.4919039 


8306607 


560 10' 


340 0' 


0.6591929 


0.6745085 


1.4825610 


0.8290376 


560 0' 


10 


6616021 


6787492 


1.4732983 


8274074 


60 


20 


5640066 


6830066 


1.4641147 


8257703 


40 


30 


6664062 


6872810 


1.4550090 


8241262 


30 


40 


5688011 


6916725 


1.4459801 


8224751 


20 


340 60' 


6711912 


6958813 


1.4370268 


8208170 


550 10' 


350 C 


0.6735764 


0.7002075 


1.4281480 


0.8191520 


550 c 


10 


6759668 


7045515 


1.4193427 


8174801 


50 


20 


6783323 


7089133 


1.4106098 


8158013 


40 


30 


6807030 


7132931 


1.4019483 


8141155 


30 


40 


5830687 


7176911 


1.3933671 


8124229 


20 


35050' 


6864294 


7221075 


1.3848353 


8107234 


640 10' 


D. M. 


Cosine. 


Cotangent. 


Tangent. 


Sine. 


D.M. 






a 


} 
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'D.M. 


Sine. 


Tangent. 


Cotangent. 


Cosine. 


D.M. 


360 0' 


0.6877853 


0.7265426 


1.3763819 


0.8090170 


640 Of 


10 


5901361 


7309963 


1.3679969 


8073038 


50 


20 


5924819 


7354691 


1.3596764 


8036837 


40 


30 


6948228 


739%11 


1.3514224 


8038569 


30 


40 


6971586 


7444724 


1.3432331 


8021232 


20 


36^60' 


5994893 


7490033 


1.3351075 


8003827 


530 IC 


37° 0' 


0.6018160 


0.7835541 


1.3270448 


0.7986366 


530 C 


10 


6041366 


•7581248 


1.3190441 


7968816 


60 


20 


6064511 


7627157 


1.3111046 


7951208 


40 


30 


6087614 


7673270 


1.3032254 


7933533 


30 


40 


6110666 


7719589 


1.2954057 


7915792 


20 


370 60* 


6133666 


7766118 


1.2876447 


7897983 


52° 10' 


38° 0' 


0.6166615 


0.7812856 


1.2799416 


0.7880108 


620 0' 


10 


6179611 


7859808 


1.2722957 


7862165 


60 


20 


6202365 


7906975 


1.26470^2 


7844157 


40 


30 


6225146 


7964369 


1.2571723 


7826082 


30 


40 


6247885 


8001963 


1.2496933 


7807940 


20 


38°60' 


6270671 


8049790 


1.2422685 


7789733 


51<» 10' 


390 C 


0.6293204 


0.8097840 


1.2348972 


0.7771460 


61° C 


10 


6315784 


8146118 


1.2275786 


7763121 


50 


20 


6338310 


8194625 


1.2203121 


7734716 


40 


30 


6360782 


8243364 


1.2130970 


7716246 


30 


40 


6383201 


8292337 


1.2059327 


7697710 


20 


390 60' 


6405566 


8341547 


1.1988184 


7679110 


SOPW 


40° 0' 


0.6427876 


0.8390996 


1.1917536 


0.7660444 


SOP 0> 


10 


6460132 


8440688 


1.1847376 


7641714 


50 


20 


6472334 


8490624 


1.1777698 


7622919 


40 


30 


6494480 


8540807 


1.1708496 


7604060 


30 


40 


6516572 


8591240 


1.1639763 


7585136 


20 


400 60' 


6538609 


8641926 


1.1571495 


7566148 


490 IC 


41« C 


0.6660590 


0.8692867 


1.1503684 


0.7647096 


490 C 


10 


6582616 


8744067 


11436326 


7527980 


SO 


20 


6604386 


8795628 


1.1369414 


7508800 


40 


30 


6626200 


8847253 


1.1302944 


7489557 


30 


40 


6647959 


8899244 


1.1236909 


7470251 


20 


4P60' 


6669661 


8961606 


1.1171305 


7460881 


480 IC 


DM. 


Cosine. 


Cotangent. 


Tangent 


Sine. 


D.IL 
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D. M. 1 Sine. 


Tangent. 


CotangenL 


Cosine. 


D.M. 


4ap (KiOeegisoe 


0.9004040 


1.1106125 


0.7431448 


48° 0' 


10 


6712S95 


9056851 


1.1041365 


7411953 


50 


20 


6734427 


9109940 


1.0977020 


7392394 


40 


30 


6755902 


9163312 


1.0913086 


7372773 


30 


40 


6777320 


9216969 


1.0849554 


7353090 


20 


42=>60' 


6798681 


9270914 


1.0786423 


7333345 


470 10' 


430 Ot 


0.6819984 


0.9325151 


1.0723687 


0.7313537 


47° 0' 


10 


6841229 


9379683 


1.0661341 


7293668 


50 


20 


6862416 


9434513 


1.059938] 


7273736 


40 


30 


6883546 


9489646 


1.0537801 


7253744 


30 


40 


6904617 


9645083 


1.0476598 


7233690 


20 


43° 50' 


6925630 


9600829 


1.0415767 


7213574 


46° 10' 


440 0' 


0.6946584 


0.9666888 


1.0355303 


0.7193398 


46° 0' 


10 


6967479 


9713262 


1.0295203 


7173161 


50 


20 


6988315 


9769956 


1.0235461 


7152863 


40 


30 


7009093 


9826973 


1.0176074 


7132504 


30 


40 


7029811 


9884316 


1.0117038 


7112086 


20 


440 60' 


7050469 


9941991 


1.0058348 


7091607 


45° 10' 


46" ■ 0' 


0.7071068 


1.0000000 


1.0000000 


0.7071068 


45° 0' 


D. BL 


Cosine. 


Cotangent. 


Tangent 


Sine. 


D.M. 



The Secants and Cosecants^ which ore not inserted in this 
table, may be easily supplied. If 1 be divided by the cosine 
of an arc, the quotient will be the secant of that arc. (Art. 
228.) And if 1 be divided by the sine, the quotient will be 
the cosecant. 
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Thb following short Treatise contains little more than an 
application of the principles of Geometryi to the numerical 
calculation of the superficial and solid contents of such 
figures as are treated of in the Elements of Euclid. As the 
plan proposed for the work of which this number is a part, 
does not admit of introducing rules and propositions which 
are not demonstrated ; the particular consideration of the 
areas of the Ck)nic. Sections and other curves, with the con- 
tents of solids produced by their revolution, is reserved for 
succeeding parts of the course. The student would be V**^'^ 
profited by ajqdying arithmetical calculation, in a mechani- 
cal way, to figures of which he has not yet learned even the 
definitions. But as this niimber may fall into the hands of 
some who will not read those which are to follow, the prin- 
cipal rules for conic areas and solids, and for the gauging of 
casks, are given without demonstrations, in the appendix. 
Those who wish to take a complete view of Mensuration, iu 
all its parts^ are referred to the valuable treatise of Dr. Button 
on the subject. 
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SECTION I. 



ABEAS OF FIGUBES BOUNDED BY RIGHT LINES. 

Art. 1. The following definitions, which are nearly the 
same as in Euclid, are inserted here for the convenience of 
reference. 

1. Fovrsided figures have diflferent names, according to 
the relative position and length of the sides. A paraUeh- 
gram has its opposite sides equal and parallel ; as ABCD. 
(Fig. 2.) A rectangle, or riffht parattehgramj has its oi^posite 
sides equal, and all its angles right angles ; as AC. (Fig. 1.) 
A square has all its jides^ equal, and all its angles right 
angles; as ABGH. 
equal, and its ang' 

froM2 has its opposite ^ , ^ * * 

ABCD. (Fig. 2.) A trapezoid has only two of its sides par- 
allel ; as ABCD. (Fig. 4.) Any other four sided figure is 
called a trapezium. 

II. A figure which has more than four sides is called a 
polygon. A regular polygon has all its sides equal, and all 
Its angles equal. 

III. The height of a triangle is the length of a perpen- 
dicular, drawn from one of the angles to the opposite side ; 
as CP. (Fig. 5.) The height of a/our sided figure is the per- 
pendicular distance between two of its parallel sides ; as CP. 

(Rg;40, 

iV. The area or superficial contents of a figure is the 
space contained within the line or lines by which the figure 
is bounded. 

2. In calculating areos, some particular portion of surface 
is fixed upon, as the measuring unit, with which the given 
figure is to be compared. This is commonly a square ; as 
a square inch, a square foo^ a square rod, &c. For this rea- 
son, determining die quantity of surface in a fi^ire is called 
squaring it, or finding its quadrature ; that is, finding a 
square or number of squares to which it is equal. 

22 
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2 MBNSmUTION OF PLANE SURFACBl 

3. The superficial unit has geneTally the same name, as 
the linear unit which forms the side of the square. 

The side of a square inch is a linear inch ; 
of a square foot, a linear foot ; 
of a square rod, a linear rod, d&c. 

There are some superficial measures, however, which have 
no corresponc^ng denominations of length. The acre^ for 
instance, is not a square which has a line of the same name 
for its side. 

The following tables contain the linear measures in com- 
mon use, with their corresponding square measures. 

Linear Measures. Square Measures. 

12 inches «>1 foot 144 inches —1 foot 

3 feet «-l yard. 9 feet *-l yard. 

6 feet »-l fathom. 36 feet «-l fathom. 

16^ feet =-1 rod. 272^ feet -*1 rod. 

6| yards "-1 rod. 30| yards i^l rod. 

4 rods «•! chain. 16 rods »1 chain. 
40 rods al furlong. 1600 rods *»1 furlong. 



rods »1 mile. 102400 rods »1 mile. 

An €u^e contains 160 square rods, or 10 square chains. 
By reducing the denominations of square measure, it will 
be seen that 

1 aq. mile=640 acrM=slO240O rodB=27S78400 i59et=4014489600 inchea. 
1 acre=10 chauia=160 rod9=43660 feet=6272640 inchea. 

The fundamental problem in the mensuration of superfi- 
cies is the very simple one of determining the area of ti right 
parallelogram. The contents of other figures, particularly 
those which are rectilinear, may be obtain^ by finding par- 
allelograms which are equiil to them, according to the princi- 
ples laid down in Euclid. 

PROBLEM I. 

To find the area of a tarallelogbam, square, rhombus^ or 
rhomboid. 

4. Multiply the length by the perpendicular 

HEIGHT OR breadth. 

It is evident that the number of square inches in the par- 
allelogram AC (Fig. 1.) is equal to the number of linear 
inches in the length AB, repeated as many times as there are 
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inches in the breadth BC. For a more particular iUastratkm 
of this see Alg. 511—514. 

The oblique parallelogram or rhomboid ABCD, (Fig. 2.) 
is equal to the right partdlelogram GHCD. (Euc. 36. 1.) The 
area, therefore, is equal to the length AB multiplied into the 
perpendicular height HC. And the rhombus ABCD, (Fig. 3.) 
IS equal to the parallelogram ABGH. As the sides of a 
sauare are all equal, its area is found, by multiplying one of 
ike sides into itself. 

Ex. 1. How many square feet are there in a floor 23| feet 
long, and 18 feet broad ? Ans. 23ixl8-»423. 

2. What are the contents of a piece of fipround which is 66 
feet square? Ans. 4366 sq. feet » 16 sq. rods. 

3. How many square feet are there in the four sides of a 
room which is 22 feet long, 17 feet broad, and 11 feet high? 

Ans. 858. 

Art. 6. If the sides and angles of a parallelogram are 
given, the perpendicular height may be easily found by trig- 
onometry. Thus, CH (Fig. 2.) is the perpendicular of a right 
angled triangle, of which BC is the hypothenuse. Then, 
(Trig. 134.) 

R : BO : : sin B : CH. 

The area is obtained by multipljring CH thus found, into 
the length AB. 

Or, to reduce the two operations to one, 

As radius, 

To the sine of any angle of a parallelogram ; 

So is the product of the sides including that angle, 

To the area of the parallelogram. 

For the area- ABxCH, (Fig. 2.) But CH- ?2?^?^. 

Therefore, 

^, ABxBCxsinB ^ ^ . „ *« ^^ .i^ 
The area^ g . Or, R : sm B : : ABxBC : the area. 

Ex. If the side AB be 68 rods, BC 42 rods, and the angle 
B 63^, what is the area of the parallelogram ? 
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As radius 10.00000 

To the sine of B 63P 9.94988 

{ So is the product of AB 68 1.76343 

I Into EC (Trig. 39.) 42 1.62325 

To the area 2170.5 sq. rods 3.33656 

2. If the side of a rhombus is 67 feet, and one of the angles 
730, what is the area ? Ans. 4292.7 feet. 

6. When the dimensions are given in feet and inches, the 
multiplication may be conveniently performed by the arith- 
metical rule of Duodecimals; in which each inferior denom- 
ination is one twelfth of the next higher. Considering a foot 
as the measuring unitj a prime is the twelfth part of a foot ; 
a second, the twelfth part of a prime, &c. It is to be observ- 
ed, that, in measures of lengthy inches are primes ; but in 
superficial measure they are seconds. In both, a prime is j\ 
of a foot. But j\ of a square foot is a parallelograhi, a foot 
long and an inch broad. The twelfth part of Uiis is a square 
inch, which is ^^7 of a square foot 

Ex. 1. What IS the surface of a board 9 feet 6 inches, by 
2 feet 7 inches. 

9 Bf 
2 7 



18 10 
5 6 11 

24 3 11^ ^ or 24 feet 47 inches. 

2. How many feet of glass are there in a window 4 feet 11 
inches high, and 3 feet 6 inches broad ? 

Ans. 16 F. 9' 7'^ or 16 feet 115 inches. 

7. If the area and one side of a parallelogram be given, the 
other side may be found by dividing the area by the given 
side. And if the area of a square be given, the side may be 
found by extracting the square root of the area. This is 
merely reversing the rule in art 4. See Alg. 520, 621. 

Ex. 1. What is the breadth of a piece of cloth which is 36 
yds. long, and which contains 63 square yds. 

Ans. 1| yds. 
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2. What is the side of a square piece of land containing 
289 square rods ? 

3. How many yards of carpeting li yard wide, will cover 
a floor 30 feet long and 22^ broad 7 

Ans. 30x22i feet=10xri=76 yds. And 75-^li=-60. 

4. What is the side of a square which is equal to a paral- 
lelogram 936 feet long and 104 broad? 

6. How many panes of 8 by 10 glass are there, in a win- 
dow 6 feet high, and 2 feet 8 indies broad 7 

PBOBLEM II. 

To find the area of a tkiangle. 

8. Rule L Multiply one side by half the pebpen- 
BicuLAB FBOM THE OPPOSITE ANGLE. Or, multiply half the 
side by the perpendicular. Or, multiply the whole side by 
the perpendicular, and take half the product 

The area of the triangle ABC, (Fig. 5.) is equal to \ 
PCxAB, because a paraHelogram of the same base, and height 
is equal to PCxAB, (Art. 4.) and by But. 41, 1, the triangle 
is half the parallelogram. 

Ex. 1. If AB (Fiff. 5.) be 65 feet, and PO 31.2, what is the 
area of the triangle ? Ans. 1014 square feet 

2. What is the surface of a triangular board, whose base is 
3 feet 2 inches, and perpendicular height 2 feet 9 inches? 
Ans. 4F. 4' 3", or 4 feet 51 inches. 

9. If two sides of a triangle and the included angle, are 
given, the perpendicular on one of these sides may be easily 
found by rectangular trigonometry. And the area may be 
calculated in the same manner as the area of a parallelogram 
in art. 5. In the triangle ABC, (Fig. 2.) 

R : BO : : sin B : OH 
And because the triangle is half the parallelogram of the 
same base and height, 
As radius, 

To the sine of any angle of a triangle ; 
So is the product of the sides incluoing that angle. 
To twice the area of the triangle. (Art 5.) 
Ex: If AC (Fig. 5.) be 39 feet, AB 65 feet, and the angle 
at A 53^ 7' 48", what is the area of the triangle ? 

Ans. 1014 square &et 



Digitized by VjOOQ IC 



g IIBN801ULTION OF PLANB MJRV ACBk 

9. b. If one side and the angles are given ; then 

As the product of radius and the sme of the angle opposite 
the given side. 

To the product of the sines of the two other angles ; 
So is the f^uare of the given side, 
To twice the area of the triangle. 

If PC (Fig. 6.) be perpendicular to AB. 

R : sin B : : BC : CP 

sin ACB : sin A : : AB : BG 

Therefore, (Alg. 390, 382.) 

R xsin ACB : sin A x sm B : : AB x BG : CP x BG : : 

2B' : ABxCP»-twice the area of the triangle. 

Ex. If one side of a triangle be 67 feet, and the angles at 
the ends of this side 50^ and 60^, what is the area? 

Ans. 1147 sq. t&et. 

10. If the sides only of a triangle are ^ven, an angle may 
be found, by oblique trigonometry, Case I v , and then the per- 
pendicular and the area may be calculated. But the area 
may be more directly obtained, by the following method. 

Rule II. When the three sides are given, /rom half their 
sum subtract each side severally ^ multiply together the half 
sum and the three remainders^ and extract the square root 
of the product. 

If the sides of the triangle are a, ft, and c, and if A«=half 
their sum, then 

The area^y/ hx{h—a)x(h—b)x{h—c) 

For the demonstration of this rule, see Trigonometry, Art 
221. 

If the calculation be made by logarithms, add the loga- 
rithms of the sev^al factors, and hm their sum will be ue 
logarithm of the area. (Trig. 39, 47.) 

Ex. 1. In the triangle ABC, (Fig. 5.) given the sides a 62 
feet, b 39, and c 65 ; to find the side of a square which has 
the same area as the triangle. 

i(a+6+c)-A-78 A— 6«39 

A— a=26 A--<:r=13 



Then the ai6a-v 78x26 x39xl3-:1014 square feet 
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By logarithms. 




The half sum «»78 


1.89209 


First remamder «26 


1.41497 


Second do. -39 


1.69106 


Third do. —13 


1.11394 



2)6.01206 
The area required —1014 2)3.00603 

Side of the square =31.843 (Trig. 47.) 1.60301 

2. If the sides of a triangle are 134, 108, and 80 rods, what 
is the area? Ans. 4319. 

3. What is the area of a triangle whose sides are 371, 264, 
and 226 feet? 

11. In an equilateral triangle, one of whose sides is a, the 
expression for the area becomes 

VAx(A— a)x(A— a)x(A— a) 
But as A— |a, and h — a=|a — a— ^o, the area is 

Vfaxiaxiaxia- V^V** - i«" V 3 (Alg. 271.) 
That is, the area of an equilateral triangle is equal to \ the 
sqiiare of one of its sides, multiplied into the square root of 
3, which is 1.732. 

Ex. 1. What is the area of a triangle whose sides are each 
34 feet? Ans. 600^ feet. 

2. If the sides of a triangular field are each 100 rods, how 
many acres does it contain ? 

PBOBLSM III. 

To find the area of a trapezoid. 
21. Mttltiplt half the sum of the parallel sides 

INTO their perpendicular DISTANCE. 

The area of the trapezoid A BCD, TFig. 4.) is equal to half 
the sum of the sides AB and CD, multiplied into the perpen- 
dicular distance PC or AH. For the whole figure is made 
up of the two triangles ABC and ADC ; the area of the first 
of which is equal to the product of half the base AB into the 
perpendicular PC, (Art 8.) and the area of the other is equal 
to the product of half the base DC into the perpendicular AH 
or PC. 
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Ex.. If AB (Fig. 4.) be 46 feet, BC 31, DC 38, and the 

angle B 70^, wnat is the area of the trapezoid? 

R : BC : : sin B : PC-29.13. And 42x29.13-1223*. 

2. What are the contents of a field which has two parallel 
sides 66, and 38 rods, distant from each other 27 rods 1 

PROBLEM IV. 

To find the area of a trapezium, or of an irregular 

POLYGON. 

13. Divide the whole figure into triangles, bt 
drawing diagonals, and find the sum of the areas 

OF THESE TRIANGLES. (Alg. 619.) 

If the perpendiculars in two triangles fall upon the same 
diagonal^ the area of the trapezium rormed of the two trian- 
gles, is equal to hn^^ ♦' ^ r act of the diagonal into the sum 

of the perpendic i..u:s. 

Thus the area of the trapeidum ABCH, (Fig. 6.) is 

iBHxAL+iBHxCM«iBHx(AL+CM.) 

Ex. In the irr^ular polygon ABCDH, (Fig. 6.) 

iBH=a36 rAL«»5.3 

CH=32' ^^^ *® perpendiculars I CM— 9.3 

The area-18xl4.6+16x7.3«379.6. 

14. If the diagonals of a trapezium are given, the area mav 
be found, nearly in the same manner as the area of a paral- 
lelogram in Art 5, and the area of a triangle in Art. 9. 

In the trapezium ABCD, (Fig. 8.) the sines of the four an- 
gles at N, the point of intersection of the diagonals, are all 
equal. For the two acute angles are supplemerUs of the 
odier two, and therefore have the same sine. (Trig. 90.) 
Putting, then, sin N for the sine of each of these angles, the 
areas of the four triandes of which the trapezium is compos- 
ed, are given by the fSlowing proportions ; (Art. 9.) 



R : sin N : : < 



fBNxAN : 2 area ABN 
BNxCN : 2 area BCN 
DNxCN : 2 area CDN 
DNxAN : 2 area ADN 
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And by addition, (Alg. 388, Cor. !.•) 

R : sin N : : BNxAN+BNxCN+DNxCN+DNxAN : 2 
area ABCD. 

The 3d term-(AN+CN)x(BN+DN)-AOxBD, by the 
figure. 

Therefore, R : fin N : : ACxBD : 2 area ABCD. That is, 

As Radius, 

To the sine of the angle at the intersection of the 

diagonals of a trapezium; 
So is the product of the diagonals, 
To twice the area of the trapezium. 

It is cTident that this rule is applicable to a parallelogram, 
as well as to a trapezium. 

If the dia^nals intersect at right angles, the sine of N is 
equal to radius ; (Trig. 95.) and therefore the product of the 
diagonals is equal to twice the area. (Alg. 396.t) 

Ex. 1. If the two diagonals of a trapezium are 37 and 62, 
and if they intersect at an angle of 64^, what is the area of 
the trapezium 7 Ans. 928. 

2. If the diagonals are 85 and 93, and the angle of inter- 
section 74^, what is the area of the trapezium? 

14. b. When a trapezium can be inscribed in a circle, the 
area may be found by either of the following rules. 

I. Multiply together any two adjacent sides, and also the 
two other sides ; then multiply half the s\ifn of these products 
by the sine of the angle included by either of the pairs of 
sides multiplied together. 

Or, 

n. F^om half the sum ofaU the sides, subtract each side 
severatty, multiply together the four remainders, and extract 
the square root of the product. 

If the sides are a, b, c, and d ; and if A—half their sum ; 



The area- V (A— a) X (A— *) X (*— c) X (A— rf) 

• Euclid 2,6. Ckv. fEaclidR6. 

S3 
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If the trapezium A6CD, (Fig. 33.) can be inscribed in a 
circle, the sum of the opposite angles BAD and BCD is 180P 

g3uc. 22. 3.) Therefore, the sine of BAD is equal to that of 
CD or P'CD. 

If 9»the sine of either of these angles, radius being 1, and if 

AB=a, BC«6, CD=c. AD-d; 

The triangle BAD«>ia(2x^, And BCD- Jicx* / (Art 9.) 

Therefore, 

1. The area of ABGD'^i{ad+bc)X9. 

To obtain the value of 5, in terms of the sides of the tra- 
pezium, draw DP and DP' perpendicular to BA and BC. 

Then, Had. : ^ : : AD : DP : : CD : DP'. 

Also, AP»-AD«— DP», and CF«-CD«— DF«. 

So that \ ^^ -ADxs^ds j^^ j AP ^V^^^^dVUs^ 
i DP'— CDx*-<» ( CP'— Vc« -HJ» ««— c Vl-*« 

u,,* k« fi,^ fi«™ S BP -AB— AP -a— rfVl— *« 
But by the figure j Bp.^BO+CP-ft+c vl=5i 

And BP«+DP«-15B«-BP'«+DF« 

That b a«— 2ad VI— *«-M*-=6«+26cVl— «»+c« 

Reducing the equation, we have 

aSbmI i_I i-- and 

\ {2ad+2bcy '" 



V(2arf+26c)«— (6» +c»— a «—<<«)« 
*■* 2ad+2bc 

Substituting for s in the first rule, the value here found, W6 
have the area of the trapezium, equal to 

}V(2arf+26c)»— (6»+c»— a»— rf»)« 

The expression under the radical si^ is the difl^rance of 
two squares^ and may be jesolved, as in Trig. 221, into tba 
factors 

(6+c« — a— rf«) X (a+rf« —6 — o«) 

and these again into 

{a+b+c—d){b+c+d—a){a+b+d—c){a+d+c—b) 

If then A— half the sum of the sides of the trapezium, 
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n. The ared^V{h—a)x{h—b)x{h—c)x{h'--d) 

If one of the sides, as d, ia supposed to be diminiBhcd, till 
it is reduced to nothing ; the figure becomes a triangle, and 
the expression for the area is the same as in art. 10. See 
Button's Mensuration. 

PROBLEM V. 

To find the area of a regular polygon. 

15. Multiply one of its sides into balf its per- 
pendicular DISTANCE from THE CENTER, AND THIS PRO- 
DUCT INTO THE NUMBER OF SIDES. 

A regular polygon contains as many equal triangfles as the 
figure has sides. Thus, the hexagon ABDFGBT (Fifif. 7.) 
contains six triangles, each equal to ABC. The area o!* one 
of them is equal to the product of the side AB, into half the 
perpendicular CP. (Art. 8.) The area of the whole, therefore, 
IS equal to this product multiplied into the number of sides. 

Ex. 1. What is the area of a regular octagon^ in which the 
length of a side is 60, and the perpendicular froip the center 
72.426? Ans. 17382. 

2. What is the area of a regular decagon whose sides are 
46 each, and the perpendicular 70.7867 ? 

16. If only the length and number of sides of a regular 
polygon be given, the perpendicular from the center may be 
easily found by trigonometry. The periphery of the circle 
in which the polygon is inscribed, is divided into as many 
equal parts as the polygon has sides, (Euc. 16. 4. Schol.) 
The arc, of which one of the sides is a chord, is therefore 
known ; and of course, the angle at tlie center subtended by 
this arc. 

Let AB (Fig. 7.) be one side of a regular polygon inscribed 
in the circle ABDG. The perpendicular CP bisects the line 
AR and the angle ACB. (Euc. 3. 3.^ Therefore, BCP is the 
same part of 360^, which BP is of the perimeter of the poly- 
gon. Then, in the right angled triangle BCP, if BP be 
radius, (Trig. 122.) 

R : BP : : cot BCP : CP. That is, 
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As Radius, 

To half of one of the sides of the polygon ; 
So is the cotangent of the opposite angle, 
To the perpencucalar from the center. 

Ex. 1. If the side of a regular hexagon (Fig. 7.) be 38 
inches, what is the area? 

The angle BCP-yV of 36(P-30o Then, 

R : 19 : : cot 30^ : 32.909- CP, the perpendicular. 

And the area«19x32.909x6— 3751.6 

2. What is the area of a regular decagon whose sides are 
each 62 feet? Ans. 29676. 

17. From the proportion m the preceding article, a table 
of perpendiculars and areas may be easily formed, for a series 
of polygons, of which each side is a unit. Putting R=l, 
(Trig. 100.) and n— the number of sides, the proportion be- 
comes 

360 
1 : i : : cot -j^-^ : the perpendicular 

OCfl 

So that, the perp.^i cot -^ 

And the area is equal to half the product of the perpen- 
dicular into the number of sides. \Ait 16.) 

Thus, in the trigon, or equilateral triangle, the perpendie- 

ular-icot?!^^icot 60^- 0.2886752. 
o 

And the area-0.4B80127. 

360^ 
In the tetragon, or square, the perpendicular —^ cot -^— 

— ^ cot 45^—0.6. And the area— 1. 

In this manner, the following table is formed, in which the 
side of each polygon is supposed to be a um't 
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MtniM. 


Mdaa. 


Angln. 


PerpendienJara. 


Arms. 


Trigon, 


3 


60° 


0.2886752 


0.4330127 


Tetragon, 


4 


46° 


0.6000000 


1.0000000 


Pentagon, 


6 


36° 


0.6881910 


1.7204774 


Hexagon, 


6 


30° 


0.8660264 


2.6980762 


Heptt^n, 


7 


35f 


1.0382601 


3.6339124 


Octagon, 


8 


20^ 


1.2071069 


4.8284271 


Nonagon, 


9 


1.3737385 


6.1818242 


Decagon, 


10 


18° 


1.6388418 


7.6942088 


Uadecagon, 


11 


16tV 


1.7028439 


9.3656399 


Dodecagon, 


12 


16° 


1.8660252 


11.1961524 



By this table may be calculated H^e area of any other reg- 
ular polygon j of the same number of sides with one of these. 
For the areas of similar polygons are as the squares of their 
homologous sides. (Buc. 20, 6.) 

To mid, then, the area of a regular polygon, multiply the 
square of one of its sides by the area of a similar polygon 
of which the side is a unit. 

Ex. 1. What is the area of a regular decagon whose sides 
are each 102 rods ? Ans. 80060.6 rods. 

2. What is the area of a regular dodecagon whose sides 
are each 87 feet? 
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SECTION !!• 



THE aUADRATTTRE OP THE CIRCLE AND ITS PARTS. 

Art. 18. Definition I. A circle is a plane bounded by a 
line which is equally distant in all its parts from a point 
witliin called the center. The bounding line is called the 
circumference or periphery. An arc is any portion of the 
circumference. A semi-circle is half, and a quadrant one 
fourth, of a circle. ^ 

n. A Diameter of a circle is a straight line drawn throng 
the center, and terminated both ways by the circumference. 
A Radius is a straight line extending from the center to the 
circumference. A Chord is a straight line which joins the 
two extremities of an arc. 

III. A Circular Sector is a space contained between an arc 
and the two radii drawn from the extremities of the arc. It 
may be less than a semi^drcle, as ACBO, (Fig. 9.) or greater^ 
as ACBD. 

lY. A Circular Segment is the space contained between an 
arc and its chord, as ABO or ABD. (Fig. 9.) The chord is 
sometimes called the base of the seraient. The height of a 
segment is fbe perpendictUar from the middle of the base to 
the arc, as PO. (Fiff. 9.) 

y. A Circular ^one is the space between two parallel 
chords, as AGHB. (Fig. 15.) It is called the middle zone, 
when the two chords are equal. 

VI. A Circular Ring is the space between the peripheries 
of two concentric circles, as AA', BB'. (Fig. 13.) 

VIL A Lune or Crescent is the space between two circu- 
lar arcs which intersect each other, as ACBD. (Fig. 14.) 

19. The Squaring of the Circle is a problem which has 
exercised the mgenuity of distinguished mathematicians for 

• Wallifl't Alffebra, Legendre's Georoetry, Book it, and Note it. Huttoo't 
Mentaration, Horseley's Trigonometry, Book i, Sec. 3; IntroductioA to Ruler's 
Analyaia of Infinites. London Pbil. Trans. Vol. ti, No. 76^ lzt«, p. 476^ uuxit p. 
217,* aod Huiton'a abhdgmeat of do. VoL ii, p. 647. 
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many centuries. The result of their efforts has been only 
an approximation to the value of die area. This can be 
carried to a degree of exactness far beyond what is necessary 
for practical purposes. 

20. If the circumference of a circle of given diameter were 
known, its area could be easily found. For the area is equal 
to the product of half the circumference into half the diam- 
eter. (Sup. Euc. 6, 1.*) But the circumference of a circle 
has never been exactly determined. The method of approx- 
imating to it is by inscribing and circumscribing polygons^ or 
by some process of calculatibn which is, in principle, the same. 
The perimeters of the polygons can be easily and exactly de- 
termined. That which is circumscribed is greater ^ and that 
which is inscribed is less, than the periphery of the circle ; 
and by increasing the number of sides, the difference of the 
two polygons may be made less than any given quantity. 
(Sup. Euc. 4, 1.) 

21. The side of a hexagon inscribed in a circle, as AB, 
(Pig. 7.^ is the chord of an arc of 6CP, and therefore equal to 
the radius. (Trig. 95.) The chord of half this arc, as BO, 
is the side of a polygon of 12 equal sides. By repeatedly 
bisecting the arc, and finding the chord, we may obtain the 
side of a polygon of an immense number of sides. Or we may 
calculate the sine, which will be half the chord of double the 
arc, (Trig. 82, cor.) ; and the tangent, which will be half the 
side of a similar cireumscribed polygon. Thus the sine AP, 
(Fig. 7,) is half of AB, a side of the inscribed hexagon ; and 
the tangent NO is half of NT, a side of the circumscribed 
hexagon. The difference between the sine and the arc AO is 
less than the difference between the sine and the tangent. In 
the section on the computation of the canon, (Trig. 223.) by 
12 successive bisections, beginning with 60 degrees, an arc is 
obtained which is the jxhj of the whole circumference. 

The coffineof this, if radius te l,is found to be .99999996732 
Thesifieia • .00025566340 

And the tangent— 55L (Trig. 228.) -.00025566347 

The di£ between the sine and tangent is only .00000000001 
And the difference between the sine and the arc is still less. 

* Iq this manner, the Supplemtnt to Plaijfair^a Euclid is referred to in this 
work. 
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Taking then .000255663466 for the length of the aic, nral- 
tiplying by 24576, and retaining 8 places of decimals, we 
have 6.28318531 for the whole circumference, the radius be- 
ing 1. Half of this, 

3.14169266 
is the circumference of a circle whose radius is 4, and diam- 
eter l. 

22. If this be multiplied by 7, the product is 21.99+ or 22 
nearly. So that, 

Diam : Circum : : 7 : 22, nearly. 

If 3.14159265 be multiplied by 113, the product is 
354.9999+, or 355, very nearly. So that, 

Diam : Circum : : 113 : 365, very nearly. 

The first of these ratios was demonstrated by Archimedes. 

There are various methods, principally by infinite series 
and fluxions, by which the labor of carrying on the approxima- 
tion to the periphery of a circle may be very much abridged. 
The calculation has been extended to nearly 150 places of 
decimals.* But four or five places are sufficient for most 
practical purposes. 

After determining the ratio between the diameter and the 
circumference of a circle, the following problems are easily 
solved. 

PROBLEM. 

Tojind the circumference of a circle from its diameter. 

23. Multiply the diameter by 3.14159.t 

Or, 

Multiply the diameter hy 22 and divide the product by 7. 
Or, multiply the diameter by 356, and divide the product by 
113. (Art. 22.) ♦ 

Ex. 1. If the diameter of the earth be 7930 miles, what is 
the circumference ? Ans. 249128 miles. 

2. How many miles does the earth move, in revolving 
round the sun ; supposing the orbit to be a circle whose di- 
ameter is 190 million miles? Ans. 596,902,100. 

• See note A. t In many yaaeB, 3.1416 will be snfficientlf ttccunte. 
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3» What is the cireumfarence of a eitele whose cBameler is 
769843 rods? 

PROBtEM n. 

To find the DiiiMETEB of a circle from its circumference. 

24. DiTIDE THE CIRCUMFEaKKCS^T. 3.14169. 

Or, 

Multiply the circumference by 7, and divide the product by 
22. Or, multiply the eirciunferenGe by 113, andr divide the 
product by 356. (Art. 22.) 

Ex. 1. If the circumference of the sun be 2,800|000 oules, 
what is his diamMr ? Ans. 891,267. ) g\. ^ 

2. What is thenwimeter of a tree which is 5i feet round ? m •S9<J Q 

25. As multiplication is mor6 easily performed than divis- 
ion, there will be an advantage in exchanging the divi$or 
3.14159 fi»r a multiplier vrhkh will give the same fesvlt. In 
the proportion 

3.14169 : 1 : : CSrcum : Diam. 

to find the fourth term, we may dvnde the seeond by tha 
first, and multiply the qootient ifito the third. Now, 1 -► 
3.14159-^0.31831. If, then, the circumfiBTonoe of a cifcle be 
multiplied by .31831, the product will be the diameter."* 

Ex. 1. If the eircumferenoe of the moon be 6860 miles, 
what is her diameter ? Ans. 2180. 

2. If the whole extent of the orbit of Saturn be 6660 mil- 
Hon miles, how far is he from the sun ? 

3. If the periphery of a wheel be 4 feet 7 incbes^ what is 
Its diameter 7 

PBOBLEtt III. 

To find Ae length of an Avuoofa circle. 

26. As 360°, to the number of degrees in the arc ; 
Sots the drcuntferenceof the drdcy totheUngth of the arc. 

The circumference .of a circle being divided into 360<=^, 
(Trig. 73.) it is evident that the length of an are of any less 
number of degrees must be a proportional part of the whole. 

* See noli B. 
24 
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Ex. What is the lengthl>f an ace of 16^ in a circle ti^jiose 

radius is 50 feet? \ 

The circumference of the circle is 314.169 feet. (Art. 23.) - 
Then 360 : W : : 314.169 : 13.96 feet. 

2. If we are 95 millions of miles from the sun, and if the 
earth revolves round it in 365 j- days, how fis^ are we carried 
in 24 hours? Ans. 1 million 634 thousand miles. 

27. The length of an arc may also be found, by multiply- 
ing the diameter into the number of degrees in the arc, and 
this product into .0087266, which iS|the length of one degree, 
in a circle whose diameter is 1. For 3.14159 + 360=0.0087266. 

^ And in difFeren,t circles, the circumference^md of course the 

l^^lml^ degrees, are as the diameters. (Sup. EucJVl.) 

Ex. 1. What is the length of an arc oflO^ 15^ in a circle 
whose radius is 68 rods ? Ans. 12.165 rods. 

2. If the circumference of the earth be 24913 miles, what 
is the length of a d^ee at the equator ? 

28. The length of an arc is frequently required, when the 
number of degrees is not given. But if the radios of the 
circle, and either the chord or the height of the arc, be 
known ; the number of degrees may be easily found. 

Let AB (Fig. 9.) be the chord, and PO the height, of the 
arc AOB. Ab the angles at P are right angles, and AP is 
equal to BP; (Art. 18. Def 4.) AO is equal to BO. (Euc. 4, 
1.) Then, 

BP is the «ne, and CP the cosirte^ ) ^ri^j/'^u^ «,^ inu 
OP the versed sine, and BO the chord, \ of M/^t^e arc AOB. 

And in the right angled triangle GBP, 

r-n • p . . ^ BP * fi"^ BCP or BO 
015 . W'-^cP : cosBCPorBO 

Ex. 1. If the radius CO (Fig. 9.)»26, and the chord AB 
-"43.3 ; what is the length of the arc AOB ? 

CB : R : : BP : sin BOP or BO— 60«> very nearly. 

The circumference of the circle «»3.14169x60« 167.06. 

And36V> : 60^ : : 157.08 : 26.18- OB. Therefore, AOB- 62.3& 

2. What is the length of an arc whose chord is 216^, in a 
circle whose radius is 126 ? Ans. 261.8. 
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89. If only the chord onfd the height of an arc be given, 
the radius of the circle may be found, and then the length 
of the arc. 

If BA (Fig. 9.) be the chord, and PO the height of the arc 
AOB, then (Euc. 35. 3.) 

DP-^^. And DO-OP+DP-OP+Jj^. 

That is, the diameter is equal to the height of the arc, + 
the square of half the chord divided by the height. 

The diameter beuig found, the length (^ the arc may be 
eakulaled by the two preceding articles. 

Ex. 1. If the chord of an arc be 173.2, and the height 60, 
what is the length of the arc ? 

The diameter —50+ -^ —200. The arc contains 120°, 

(Art. 28.) and its length is 209.44. (Art 26.) 

2. What is the length of an arc whose chord is 120, and 
height 45? Ans. 160.8.* 

PROBLEM IV. 

Tajind the area of a circle. 

30. Multiply the square of the diameter bv the 
decimals •7854* 

Or, 

Multiply half the diameter ikto half the (:;ir« 
cumference. Or, multiply the whole diameter into the 
whole circumference, and take I of the product 

The area of a circle is equal to the product of half the 
diameter into half the circumference ; (Sup. Euc. 5, 1.) or 
which is the same thing, | the product of the diameter and 
circumference. If the diameter be 1, the circumference is 
3.14159 ; (Art. 23.) one fourth of which is 0.7864 nearly. 
Bat the areas of different circles are t^each other, as the 
squares of their diameters. (Sup. Euc. Vl.)t The area of 
any circle, therefore, is equal to the product of the square of 

• SMiMrt»a tEaeIid3.1Z 
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its diameter into 0.7864, which is the area of a circle whose 
diameter is 1. 

Ex. 1. What is the area of a circle whose diameter is 623 
feet? Ans. 304636 square feet. 

2. How many acres are there in a circular island whose 
diameter is 124 rods ? Ans. 75 acres, and 76 rods. 

3. If the diameter of a'circle be 113, and the circumference 
355, what is the area? Ans. 10029. 

4. How many square yards are there in a circle whose 
diameter is 7 feet ? 

31. If the drcufrtferenee of a circle be given, fhe area may 
be obtained, by first finding the diameter ; or, without finding 
the diameter, by multiplying the square of the circumference 
by .07958. 

For, if the circumference of a circle be 1, the diameter » 
1+3.14169—0.31831 ; and J the product of this into the cir- 
cumference is .07968 the area. But the areas of difiSsrent 
circles, being as the squares of their diameters, are also as the 
squares of their drcumferenees. (Sup. Euc. 8, 1.) 

Ex. 1. If the circumference of a circle be 136 feet, what 
is the area ? Ans. 1472 feet. 

2. What is the surface of a circular fish-pond, which is 10 
rods in circumference? 

32. If the area of a circle be givettj the diameter may be 
found, by dividing the area by .7854, and extracting the 
square root of the quotient. 

This is reversing the rule in art. 30. 

Ex. 1. What is the diameter of a circle whose area is 
380.1336 feet? 

Ans. 380.1336 + .7864-484. Andv484«22. 

. 2. What is the diameter of a circle whose area is 19.636? 

33. The area of a circle, is to the area of the circumscribed 
square ; as .7854 to 1 ; and to that of the inscribed square 
as .7854 to f 

%^ Let ABDF (Fig JO.) be the inscribed square and LMNO, 
w the circumscribed ipiare, of the circle ABDF. The area of 

the circle is equal to AD* X. 7854. (Art. 30.) But the area of 

the circumscribed square (Art 4.) is equal to ON'>«AD*. 
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AaaA Hie smaller square is half of tbe larger one. For the 
latter contains 8 equal triangles, (tf which the former contains 
only 4. 

Ex. What is the area of a square inscribed in a circle 
whose area is 169? Ans. .7864 : i : : 169 : 101.22. 

PROBLEM v. 

To find the area of a sbctor of a ebrde. 
34. Multiply the radius into half the length or 

THE ARC. Or, 

As 360, to the number op degrees in the arc ; 

So IS the area of the circle, to the area of .the 
-sector. 

It is evident, that the area of the sector has the same ratio 
to the area of the circle, which the length of tbe arc has to 
the length of die whole circumference; or which the number 
o{ degrees in the arc has to the number of degrees in the cir- 
cumftrenoeu 

Ex. 1. If the arc AOB (Fig. 9.) be 120^, aud the diamette 
of the circle 226 ; what is the area of the sector AOBC 1 

The area of the whole circle is 40116. (Art. 30.) 
And 360^ : 12(P : : 40116 : 13371}, the area of the sector. 

2. What is the area of a quadrant whose radius is 621 1 

3. What is the area of a semi-circle whose diameter is 328? 

4. What is the area of a sector which is less than a semi- 
circle, if the radius be 16, and the chord of its arc 12? 

Half the chord is the sine of 23^ 34}^ nearly. (Art. 28.) 
The whole arc, then, is 47° 9^ 
The area of the curcle is 706.86 
And 360° : 47^9*' :: 706.86 : 92.6 the area of the sector 
6. If the arc ADB (Fig. 9.) be 240 degrees, and the radius 
of the circle 113, what is the area of the sector ADBO ? 

PROBLEM TI. 

To find the area of a segment of a eirde. 
36. Find the area op the sector which has the 

SAME arc, and also THE AREA OF THE TRIANGLE FORMED 
BY THE CHORD OF THE SEGMENT AND THE RADII OF THE 
SECTOR. 
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Then, ip the sfioMSNT be lbbs. tuan a sbmi-ciaci^k, 

SUBTRACT THE AREA OF THE TRIAllQLfi F&QH THE A&£UL 
OF THE SECTOR. BuT, IF THE SEGMENT BE GREATK& 
THAN A SEMI-CIRCLE, ADD THE AREA OF THE TRIANGLE TO 
THE AREA OF THE SECTOR. 

If the triangle ABC, (Fig. 9.) be taken from the sector 
AOBC, it is evident the djfference will be the segment AOBP, 
less than a semi-circle. And if the same triangle be* added 
to the sector ADBC, the sum will be the segment ADBP, 
greater than a semi-circle. 

The area of the triangle (Art. 8.) is equal to the product of 
half the chord AB into OP, which is the difference between 
the radius and t^O the height of the s^ment. Or CP is the 
cosine of half the arc BOA.. If this cosme, and the chord of 
the segment are not given, they may be found from the arc 
and the radius. 

Ex. 1. If the arc AOB (Fig. 9.) be 12GP, and the radius 
of the circle be 113 feet, what is the area of the segment 
AOBP? 

In the right angled triangle BOP, , ^ 

R : BO : : sin BOO : BP— 97.86, half the chwd. (Art 28.) 

The cosine PP=«iCO (Trig. 96, Cor.) —56.6 

The area of the sector AOBO (Art. 34.) « 13371.67 

The area of the triangle ABO—BPxPO « 6628.97 

The area of the segment, therefore, — 7842.7 

2. If the base of a segment, less than a semi-circle, be 10 
feet, and the radius of the circle 12 feet, what is the area of 
the segment ? 

The arc of the segment contains 49f degrees. (Art. 28. 
The area of the sector =61.89 (Art. 34' 

The area of the triangle « 64.54 

And the area of the segment *>" 7.35 square feet. 

3. What is the area of a circular segment, whose height is 
19.2 and base 70? Ans. 947.86. 
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4. What is the area of the se^ent ADBP, (Pig. 9.) if the 
base AB be 196.7, and the height PD 169.6? 

Ans. 32272.» 

36. The ar^a of any figure which is bounded parily by 
arcs of circles, and partly by right lines, may be calculaieo, 
by finding the areas of the segments under the arcs, and then 
the area of the rectilinear space between the chords of the 
arcs ayd the other right lines. 

Thus, the Gothic arch ACE, (Fig. 11.) contains the two 
segments ACH, BCD, and the plane triangle ABC. 

Ex. If AB (Fie. 11.) be 110, each of the lines AC and BO 
100, and the height of each of the s^;ments ACH, BCD 
10.436 ; what is the area of the whole figure ? 

The areas of the two segments axe 1404 

. ^ The area of the triangle ABC is 4693.4 

%\^Jkjid the whole figure is 6997.4 



\ 



PROBLEM TIX. 

Th find the area of a circular zone. 
37. From. THE area or the who^e circle, subtract 

THE TWO SEGMENTS ON THE SIDE3 OF THE ZONE. 

. If from the T^hole circle (Fig. 12l) there be taken the two 
s^ments ABC and DPH, there will remain the zone ACDH. 

Or, the area of the zone may be found, by subtracting the 
segment ABC from thcf segment HBD : Or, by adding the 
two small segments GAH and VDC„ to the tr^^ezoid ACDH. 
See art 36. 

The latter method is rather the moat expeditious in prac- 
tice, as the two segments at the end of the zone are equal. 

Ex. 1. What is the area of the zone ACDH, (Fig. 12.) if 
AC is 7.75, DH 6.93, and the diamater of the circle 8 ? 

p • ' ■ '■ ' ■ 

• For tlM method of finding th^preu of segmeiits by • MUt ssd note D. 



Digitized by LjOOQ IC 



24 MKM8URATIOM Of THE CmCLB. 

The area of tfie whole circle is 50.26 

of the segment ABC 17.32 
of the s^ment DFH 9.82 

of the zone ACDH 23.12 

2. What is the area of a zone, one side of which is 23.26| 
and the other side 20.8, in a circle whose diameter is 24? 

Ans. 20& 

38. If the diameter of the circle is not giyeui it may be 
found from the sides and the breadth of the zone. 

Let the center of the circle be at O. (Fi^ 12.) Draw ON 
perpendicular to AH, NM perpendicular to LR, and HP per- 
pendicular to AL. Then, 

AN-iAH, (Euc. 3. 3.) MN-1(LA+RH) 

LM-iLR, (Euc. 2. 6.) PA-LA— RH. 

The triangles APH and OMN are similar, because the 
sides of one are perpendicular to those of the o&er, each to 
each« Therefore, 

PH : PA : : MN : MO • 

MO being found, we have ML — ^MO— OL.j|P * 

And the radius CO- VOL'+CL*. (Euc. 43t^!) 

Ex. If the breadth of the zone ACDH (Fie. ^.) be 64, 
and die sides 6.8 and 6 ; what is the radius of Sie circle ? 

• PA-3.4— 3-0.4 And, MN-i(3.4+3)-3.2. 

Then, 6.4 : 0.4 : : 3.2 : 0.2-MO. And, 3.2--0.2-3-OL 

And the radius CO -V3» +(3.4) •-4.634. 

PROBtEM VIII. 

Thjind the area of a lune or creeoent. 

39. Find the dippbrbncs of the two sKGMEifTa 

WHICH ARE BETWEEN THE ARCS OF THE CRESCENT AND 
ITS CHORD. 

If the segment ABC, (Fig. 14.) be takm from the 
ABD ; there will remain the lune or crescent ACBD. 

Ex. If the chord AB be 88, the height CH 20, and the 
height DH 40 ; what is the area of the crescent ACBD? 
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"Hie aiea of the segment ABD is 2698 

of the segment ABC 1220 

of the crescent ACBD 1478 



PROBLEM IX. 

To find the area of a ring, included between the peripheries 
of two concentric circles* 

40. Find the difference of the areas of the two 

CIRCLES. 

Or, 

Multiply the product of the sum and didkresce of thA two 
diameters by .7854. 

The area of the ring (Fig. 13.) is evidently equal to the 
diflerence between the areas of the two circles AB and A'B^ 

But the area of each circle is equal to the square of its 
diameter multiplied into .7854. (Art. 30.) And the difference 
of these squares is equal to the product of the sum and differ- 
ence of the diameters. TAlg. 235.) Therefore the area of the 
ring is equal to the proauct of the sum and difference of the * 
two diameters multiplied by .7854. 

Ex. 1. If AB (Fig. 13.) be 221. and A'B' 106, what is the 
area of the ring? 

Ans. (^Px.7864)--<l06"«x.7864)-29636. 

2. If the diameters of Saturn's larger ring be 205,000 and 
190,000 miles, how many square miles are there on one side 
of the ring? 

Ans. 395000xl6000x.7854-4,663^96,000. 

promiscuous examples of areas. 

Ex. 1. What is the expense of paving a street 20 rods long, 
and 2 rods wide, at 6 cents for a square foot? 

Ans. 644) dollars. 

25 
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2. If an equilateral triangle contains as many square feet 
as there are inches in one of its sides ; what is the area of 
the triangle? 

Let ar»the number of square feet in the area. 

X 

Then ^ » the number of linear feet in one of the sides. 

I/O 

And, (Art. 11.) x-j(^y XV3-^XV3. 

Reducing the equation, a?= — ^ "-332.55 the area. 

3. What is the side of a square whose area is equal to that 
of a circle 452 feet in diameter ? 

Ans. V(452) «x.7854=400.574. (Art. 30 and 7.) 

4. What is the diameter of a circle which is equal to a 
square whose side is 36 feet ? 

Ans. V(36) »-i-0.7854-40.6217. (Art 4. and 32.) 

6. What is the area of a square inscribed in a circle whose 
diameter is 132 feet? 

Ans. 8712 square feet (Art 33.) 

6. How much carpeting, a yard wide, will be necessary to 
cover the floor of a room which is a regular octagon, the 
sides being 8 feet each? Ans. 34| yard^. 

7. If the diagonal of a square be 16 feet, what is the area? 

Ans. 128 feet (Art. 14.) 

8. If a carriage wheel four feet in diameter revolve 300 
times, in going round a circular green ; what is the area of 
the green? 

Ans. 4154| sq. rods, or 25 acres, 3 qrs. and 34| rods. 

9. What will be the expense of papering the sides of a 
room, at 10 cents a square yard ; if the room be 21 feet long, 
18 feet broad, and 12 feet high ; and if there be deducted 3 
windows, each 5 feet by 3, two doors 8 feet by 4^, and one 
fire-place 6 feet by 4^? Ans. 8 dollars 80 cents. 

10. If a circular pond of water 10 rods in diameter be sur- 
rounded by a gravelled walk 8^ feet wide ; what is the area 
of the walk 'J Ans. 16i sq. rods. (Art 40.) 
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11. If CD (Pig. 17.) the base of the isosceles triangle 
YCD, be 60 feet, and the area 1200 feet ; and if there be cut 
off, by the line LG parallel to CD, the triangle VLG, whose 
area is 432 feet ; what are the sides of the latter triangle ? 

Ans. 30, 30, and 36 feet 

12. What is the area of an equilateral triangle inscribed in 
a circle whose diameter is 52 feet 1 

Ans. 878.16 sq. feet. 

13. If a circular piece of land is enclosed by a fence, in 
which 10 rails make a rod in length ; and if the field con- 
tains as many square rods, as there are rails in the fence ; 
what is the value of the land at 120 dollars an acre ? 

Ans. 942.48 dollars. 

14. If the area of the equilateral triangle ABD (Fig. 9.) be 
219.5375 feet ; what is the area of the circle OBDA, in which 
the triangle is inscribed 1 

The sides of the triangle are each 22.6167. (Art 11.) 
And the area of the circle is 530.93. 

15. If 6 ciMicentric circles are so drawn, that the space be- 
tween the least or 1st, and the 2d is 21.2058, 

between the 2d and 3d 35.343, 

between the 3d and 4th 49.4802, 

between the 4th and 5th 63.6174, 

between the 5th and 6th 77.7546 ; 

what are the several diameters, supposing the longest to be 

equal to 6 times the shortest? 

Ans. 3, 6, 9, 12, 15, and 18. 

16. If the area between two concentric circles be 1202.64 
square inches, and the diameter of the lesser circle be 19 
inches, what is the diameter of the other? 

17. What is the area of a circular segment, whose height 
16 9, and base 24? 
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SOLIDS BOUNDED BY PLANE SURFACES. 

Art. 41. Definition I. A ^rism is a solid bounded hj 
plane figures or faces, two of which are parallel; similar, and 
equal ; and the others are parallelograms. 

II. The parallel planes are sometimes called the bases or 
ends ; and the other figures, the sides of the prism. The 
latter taken together constitute the lateral surface. 

III. A prism is ri^ht or obUqtie, according as. the sides are 
perpendicular or oblique to the bases. 

lY. The height of a prism is the perpendicular distance 
between the planes of the bases. In a right prism, therefore, 
the height is equal to the length of one o? the sides. 

T. A Parallelopiped is a prism whose bases are parallelo- 
grams. 

YI. A Chibe is a solid bounded by six equal squares. It is 
a right prism whose sides and bases are all equal. 

vll. A Pyramid is a solid bounded by a plane figure call- 
ed the base, and several triangular planes, proceeding from 
the sides of the base, and all terminating in a single point. 
These triangles taken together constitute the lcUer(u surface. 

YIII. A pyramid is regular, if its base is a regular polygon, 
and if a line from the center of the base to the vertex of the 
pyramid is perpendicular to the base. This line is called 
the axis of the pyramid. 

IX. The height of a pyramid is the perpendicular distance 
from the summit to the plane of the base. In a regular pyt' 
amid, it is the length of the axis, 

X. The slant-height of a regular pyramid, is the distance 
from the summit to the middle of one of the sides of the base. 

XL A frustum or trunic of a pyramid is a portion of the 
solid next the base, cut oflT by a plane parallel to the base. 
The height of the frustum is the perpendicular distance of 
the two parallel planes. The slant-heig/U of a frustum of a 
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regular p3rfamid, is the distance from the middle of one of 
the sides of the base, to the middle of the corresponding side 
in the plane above. It is a hne passing on the surface of the 
frustum, throuflrh the middle d* one of its ^es. 

XII. A Wedge is a solid of five sides, viz. a rectangular 
base, two rhomboddal sides meeting in an. edge, and two tri- 
angular ends ; as ABHG. (Fig. 20.) The base is ABCD, the 
sicks are ABHG and DCHG, meeting in tbe edge GH, and 
the ends are BCH and ADG* The height of the wedge is a 
perpendieular*drawn firom any point in the edge, to the plane 
of me base, as GP. 

XIII. A Prismoid is a soUd whose ends or bases are par- 
allel, but not similar, and whose sides are quadrilateral. It 
diifers from a prism or a frustum of a pyramid, in having its 
ends dissimilar. It is a rectangular prismoid, when its ends 
are right parallelograms. 

XIV. A linear side or edge of a solid is the line of inter- 
section of two of the i^flcies which form the surface. 

42. The common measuring unit of solids is a cube^ whose 
sides are squares of the same name. The sides of a eubic 
inch are square inches; of a cubic foot, square feet, d&c. 
Finding the capacity, solidity j* or solid contents of a body, is 
finding the number of cubic measures, of some given denomi« 
nation contained in the body. 





In solid measure. 


1728 


cubic inches « 


il cubic foot, 


27 


cubic feet « 


b1 cubic yard, 


4492; 


cubic feet 


=1 cubic rod. 


32768000 


cubic rods ■= 


-1 cubic mile, 


282 


cubic inches » 


"1 ale gallon, 


231 


cubic inches » 


»1 wine gallon, 
-1 bushel. 


2160.42 


cubic inches « 


1 


cubic foot of 


' pure water weighs 1000 




avoirdupois 


ounces, or 62^ pounds. 




♦ Se« note E. 
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PROBLEM I. 

I 

To find the boliditt of a prism. 

43. Multiply the area of the babe bt the height. 

This is a^neral rule, applicable to parollelopipeds whether 
right or oblique, cubes, triangular prisms, &c. 

As surfcuies are measured, by comparing them with a right 
^parallelogram (Art. 3.); so solids are measured, by compar- 
ing them with a right parallelepiped. 

If ABCD (Fig. 1.) be the base of a right parallelopiped, as 
a stick of timber standing erect, it is eviaent that the number 
of cubic feet contained m one foot of the height^ is equal to 
the number of square feet in the area of the base. And if 
the solid be of any other height, instead of one foot, the con- 
tents must have (he same ratio. For parallelepipeds of the 
same base are to each other as their heights. fSup. Euc. 9. 3.) 
The solidity of a right parallelopiped, therefore, is equal to 
the product of its lengthy breaUik, arid thickness. See Alg. 
523. 

And an oblique parallelopiped being equal to a right one 
of the same base and altitude, (Sup. Euc. 7. 3.) is equal to the 
airea of the base multiplied into the perpendicular hei&^ht. 
This is true also of prisms, whatever be the form of their 
bases. (Sup. Euc. 2. Cor. to 8, 3.) 

44. As the sides of a cube are all equal, the solidity is found 
by cubing one of its edges. On the other hand, if the solid 
contents be given^ the length of the edges may be found, by 
extracting the cube root. 

45. When solid measure is cast by Duodecimals, it is to be 
observed that inches are not primes of feet, but thirds. If 
the unit is a cubic foot, a solid which is an inch ihick and a 
foot square is a prime ; a parallelopiped a foot long, an inch 
broad, and an inch thick is a second, or the tweliUi part of a 
prime ; and a cubic inch is a third, or a twelfth part of a 
second. A linear inch is y^^ of a foot a square inch y ^^ of a 
foot, and a cubic inch yy^^y of a foot 

Ex. 1. What are the solid contents of a stick of timber 
which is 31 feet long, 1 foot 3 inches broad, and 9 inches 
thick? Ans. 29 feet 9", or 29 feet 108 inches. 
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2. What is the soliditjr of a wall which is 22 feet long, 12 
feet high, and 2 feet 6 inches thick ? 

Ans. 660 cubic feet. 

3. What is the capacity of a cubical vessel which is 2 feet« 

3 inches deep ? 

Ans. 11 F. 4' 8'' 3'", or 11 feet 675 inches. 

4. If the base of a prism be 108 square inches, and the 
height 36 feet, what are the solid contents? 

Ans. 27 cubic feet 

6. If die height of a square prism be 2} feet, and each side 
of the base 10^ feet what is the solidity ? 

The area of the base »-10lXlO|»106{ sq. feet. 
And the solid contents»106{x2^-«240j cubic feet. 

6. If the heiffht of a prism be 23 feet, and its base a regu- 
lar pentagon, wnose perimeter is 18 feet, what is the solidity? 

Ans. 612.84 cubic feet. 

46. The number oiffaUons or bushels which a vessel will 
contain may be found, oy calculating the capcu^ity in inches, 
and then dividing by the number of inches in 1 gallon or 
bushel. 

The weight of water in a vessel of given dimensions is 
easily calcmated ; as it is found by experiment, that a cubic 
foot of pure water weighs 1000 ounces avoirdupois. For the 
weight in ounces, then, multiply the cubie feet by 1000 ; or 
for the weight in pounds, multiply by 62}. 

Ex. 1. How manv ale gallons are there in a cistern which 
is 11 feet 9 inches deep, and whose base is 4 feet 2 inches 
square? 

The cistern contains 362500 cubic inches ; 

And 362500 1- 282-1250. 

2. Row many wine gallons will fill a ditch 3 feet 11 inches 
wide, 3 feet deep, and 462 feet long ? Ans. 4060a 

3. What weight of watei can be put into a cubical vessel 

4 feet deep? Ans. 4000 lbs. 
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PROBLEM II. 

Tojind the lateral surface of a right prism. 

47. Multiply the length into the perimeter of 

THE BASE. 

Each of the sides of the prism is a right parallelogram, 
whose area is the product of its len^h and oreadth. But the 
breadth is one side of the base ; and therefore, the sum of the 
breadths is equal to the perimeter of the base. 

Ex. 1. If the base of a right prism be a regular hexagon 
whose sides are each 2 feet 3 inches, and if the height be 16 
feet, what is the lateral surface 1 Ans. 216 square feet 

If the areas of the two ends be added to the lateral surfiice, 
the sum will be the whole surface of the prism. And the 
superficies of any solid bounded by planes, is evidently equal 
to the areas of all its sides. 

Ex. 2. If the base of a prism be an equilateral triande 
whose perimeter is 6 feet, and if the height be 17 fiset, what 
is the surface ? 

The area of the triangle is 1.732. (Art. 11.) 
And the whole surface is 106.464. 

PROBLEM III. 

Tojind the solidity of a pyramid. 

48. Multiply the area dp the base into \ of the 

HEIGHT. 

The solidity of a prism is equal to the product of the area 
of the base into the neigfat T Art. 43.) And a pyramid is | of 
a prism of the same base ana altitude, f Sup. Euc. 16, 3. Cor. 
1.) Therefore the sohdity of a pyramid whether right or ob- 
lique, is equal to the product of the base into ^ of the perpen- 
dicular height. 

Ex. 1. What is the solidity of a triangular pyramid, whose 
height is 60, and each side of whose base is 4 ? 

The area of the base is 6.928 
V And the solidity is 138.66. 

2. Let ABC (Pig. 16.) be one side of an oblique pyramid 
whose base is 6 feet square ; let BC be 20 feet, and make an 
angle of 70 degrees with the plane of the base ; and let CP 
be perpendicular to this plane. What is the solidity of the 
pyramid? 
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In fbe Tight ani^led triangle BCP, fTrig. 134.) 

R : BC : : sin B : : PC=18.r9. 

And the solidity of the pyramid is 226.48 feet 

3. What is the solidity of a pyramid whote perpendicular 
height is 72, and the sides of whose base are 67, 54, and 40? 

Ans. 25920. 

PROBLEM IV. 

To find the lateral surface of a regular pyramid. 

49. Multiply half the «last*hsi0bt into the' per- 
imeter OF the base. 

Let the triangle ABC (Fis^. 18.) be one of the sides of a 
regular pyramid. As the sides AC and BC are equal, the 
angles A and B are equal. Thel«efore a line drawn from the 
vertex C to the middle of AB 19 perpendicular to AB. The 
area of the triangle is equal to the product of half this per- 
pendicular into AB. (Art. 8.) The perimeter of the base is 
the sum of its sides, each of which is equal to AR And the 
areas of all the equal triangles which constitute the lateral 
surface of the pyramid, are together equal to the product of 
the perimeter into half the slant-height CP. 

The slant-height is the hypotenuse of a ricfht angled tri- 
angle, whose legs are the axis of the pyramia, and the dish 
tance from the center of the base to the middle of one of the 
sides. See Def. 10. 

Ex. 1. What is the lateral surface of a regular hexagonal 
pyramid, whose axis is 80 feet, and the sides of whoas base 
are each 8 feet? 

The square of the distance from the center of the base to 
one of the sides. (Art. 16.) —48^ ^ 

The slant-height (Euc 47- 1.) -v48H-(20)^-21.16. 

And the lateral surface-21.16x4x6-607.84 sq. feet* . 

2. What is the whole smfeoe of a regular triangular pyra- 
mid whose axis is 8, and the sides of whose base are each 
20.78? 

The lateral surface is 312 

The area of the base is 187 

And the whole sar&ce is 499 

26 
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3* What is the lateral sox&oe of a regolai pyramid whose 
axis is 12 feet, and whose base is 18 feet square ? 

Ans. 640 square feet. 

The lateral surface of an oblique pyramid may be found, 
by taking tiie sum of the areas of the unequal triangles which 
form Its sides. 

PROBI/EM ¥. 

To find the solidity of a frustum of a pyramid, 
60. Ado together the areas of the two ends, and 

THE BCIUARB root OF THE PRODUCT OF THESE AREAS; AKD 
MULTIPLY THE SUM BY | OF THE PERPENDICULAR HEIGHT 
OF THE SOLID. 

Let CDGL (Fig. 17.) be a vertical section, through the 
middle of a frustum of a right pyramid CDT whose b^ is a 
square. 

Let CD-o, LG-'ft, RN-&. 

By similar triangles, LG : CD : : RV : NV- 

Subtracting the antecedents, (Alg. 389.) 

LQ : CD— LG : : RV : NV— RV-RN. 

mu r nir RNxLG hb 
Therefore RV-g^-;^--j-j 

The square^ of CD is the base of the pyramid CDV ; 

And the square of LG is the base of the small pjrramid LGV. 

Therefore, the solidity of th« larger pyramid (Art 48.) is 

^«Xi(RN+RV)-.a« Xi (*+i=:4>-^=36 

And the 8oIidit7 of the smaller pynmid is equal to . 

_ hb hb' 

LG«xiRV-ft«X 3^_^-3^_3^ - 

If the smaller pyramid be taken from the larger, thero will 
remain the frustum CDLG, whose solidity is equal to 

*£^^**^T=r""**^("'+^+*'^ (Alg. 466.) 
Or, because Va»6*— oft, (Alg. 269.) 
iAx(a«+6«+Va«i») 
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Here A, fhe height of the frustum, is multiplied into a* and 

b*y the areas of die two ends, and into Va^b* the square 
root of the products of these areas. 

In this demonstration, the pyramid is supposed to he 
square. But the rule is equally applicable to a pyramid of 
any other form. * For the solid contents of pyramids are 
equal, when they have equal heights and bases, whatever be 
the^^r^ of their bases. (Sup. Euc. 14. 3.) And the sections 
parallel to the bases, and at equal distances, are equal to one 
another. (Sup. Euc. 12. 3. Cor. 2.)* 

Ex. 1. If one end of the frustum of a pyramid be 9 feet 
square, the other end 6 feet square, and the height 36 feet, 
what is the solidity 7 

The areas of the two ends are 81 and 36. 
The square root of their product is 64. 
And the solidity of the frustumi-(81-|-36+64)xl2«-a052. 

2. If the height of a frustum of a pyramid be 24, and the 
areas of the two ends 441 and 121 ; what is the solidity? 

Ans. 6344. 

3. If the heijB;ht of a frustum of a hexagonal pyramid be 
48, each side of one end 26, and each side of the other end 
16 ; what is the solidity ? Ans. 66034. 

PROBLEM VI. 

To find the lateral surface (^a friktum ^a regular 
pyramid. 

61. Multiply half the slant-height bt the sum 
OF the perimeters of the two ends. 

Each side of a frustum of a regular pyramid is a irapezoidy 
as ABCD. (Fig. 19.) The slant-height HP, (Def 11.) thouffh 
it is oblique to the base of the solid, is perpendicular to the 
line AB. The area of the trapezoid is equal to ihe product 
of half this perpendicular into the sum of the parallel sides 
AB and DC. (Art. 12.) TTherefore the area of all the equal 
trapezoids which form the lateral surface of the frustum, is 

• 860 note r. 



Digitized by LjOOQ IC 



36 

equal to the product of half theslaut-httigfat into the sum of 
the perimeters of the enda. , 

Ex. If the slantrheight of a frustum of a regular octagonal 
pyramid be 42 feet, the sides of one end 5 feet each, and the 
sides of the other end 3 feet each; what is the lateral surface? 

Ans. 1344 square feet 

52. If the slant-height be not given, it may be obtained 
from the perpendicular height, and the dimensions of tfie two 
ends. Let GD (Fig. 17.) he the slant-height of the frustum 
CDGL, RN or uP the perpendicular height, ND and RG the 
radii of the circles inscribed in the perimeters of the two ends. 
Then, PD is the difference of the two radii : 

And the 8lant4ifiight OD^V(GP>-fPD>> 

Ex. If the perpendicular height of a frustum of a regular 
hexagonal pyramid be 24, the sides of one end 13 each, and 
the sides of the other end 8 each ; whai is the whole surface? 

V(BC^— BP^)-CP, (Fig. 7.) that is, V( l3^— 6:6"«) ^11.268 

AndV~8»— 4« « 6.928 

The differ^iee of the two radii is, therdbre, 4.33 

The slMit-height= V(247+4T33^)-= 24.3875 
The lateral surface is 1536.4 

And the whole surface, 2141.75 

53. The height of the whole pyramid may be calculated 
from the dimensions of the frustum. Let VN (Fk^. 17.) be 
the height of the pyramid, RN or GP the height oit the frus- 
tum, ND and RG the radii of the circles inscribed in the per- 
imeters of the ends of the frustum. 

Then, in the similar triangles GPD and YND, 

DP : GP : : DN : VN. 

The height of the frustum subtracted from VN, gives VR 
the height of the small pyramid VLG. The solidity and 
lateral surface of the frustum may then be found, by sub- 
tracting from the whole pyramid, the part which is above the 
cutting plane. This method may serve to verify the calcu- 
lations which are made by the rules in arts. 50 and 51. 



# 
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« 
Ex. If one end of the frustum CDOL (Fig. 17.) be 90 feet 
flquare, the other end 60 feet squAie, and the height RN 36 
feet ; what is the height of the whole pyramid VCD : and 
what are the soUdity and lateral surfiice of the frustum ? 

DP-DN—GR-46— 30-16. And, GP-RN-36. 

Then, 16 : 36 : : 46 : 108« VN, the height of the whole 
pyramid. 

And, 108— 36— 72— VR, the height of the part VLG. 

The solidity of the large pyramid is 291600 (Art. 48.) 
of the small pyramid 86400 

of the frustum CDGL 206800 

The lateral surface of the large pyramid is 21060 (Art 49.) 
of the small pyramid 9360 

of the frustum 11700 



PROBLEM VII. 

Tojind the solidity of a wsdge. 

64. Add the length of the edge to twice the 
length of the base, and multiply the sum by | of 

THE PRODUCT OF THE HEIGHT OF THE WEDGE AND THE 
BREADTH OF THE BASE. 

Let L— AB the length of the base. (Fig. 20.) 
/— GH the lei^ of the edge. 
6»BG the breadth of the base. 
A—PG the height of the wedge. 
Then, L— Z« AB~GH-AM. 

If the length of the base and the edge be eqtuU, as EM and 
GH, (Fig. 20.) the wedge MBHG is half a parallelopiped of 
the same base and height. And the solidity (Art. 43.) is equal 
to half the product of the height, into the length and breadth 
of the base ; that is to ibhL 

If the length of the base be firreater than that of the edge, 
as ABGIi ; let a section be made by the plane GMN, parallel 
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to HBC. This will divide the whole wedge into two parts 
MBHG and AMG. The latter is a pyramid^ whose solidity 
(Art. 48.)isi6Ax(L— i) 

The solidity of the parts together, is, therefore, 
ibhl+ibbx{h—l)^ibm+ibh2h—ibh2l'^ibhx{2L+l) 

If the length of the base be less than that of the edge, it is 
evident that the pyramid is to t>e subtracted from half the 
parallelepiped, which is equal in height and breadth to the 
wedge, ana equal in length to the ed^. 

The solidity of the wedge is, therefore, 

i6Af— |6Ax(/— L)=-i6A3/— i6A2/+i6A2L-j6Ax(2L+0 

Ex. 1. If the base of a wedge be 35 by 15, the edge 56, 
and the perpendicular height 12.4 ; what is the solidity? 

Ans. (70+66)x^^^^-3876. 

2. If the base of a wedge be 27 by 8, the edge 36, and the 
perpendicular height 42 ; what is the solidity ? 

Ana. 604a 

PROBLEM Till. 

To find the solidity of a rectangular prismoid. 

^6. To THE AREAS OF THE TWO ENDS, ADD FOCTR TIMES 
THE AREA OF A PARALLEL SECTION EQUALLY DISTANT FROM 
THE ENDS, -AND MULTIPLY THE SUM BY \ OF THE HEIGHT. 

Let L and B (Fig. 21.) be the length and breadth of one end, 
I and 6 the length and breadth of the other end, 
M andf7» the length and breadth of the section in the 
imd<Ue. 
and h the height of the prismoid. 

The solid may be divided into two wed^, whose bases 
are the ends of the prilsmoid, and whose edges are L and U 
The solidity of the whole, by the preceding article, is 

jBAx(2L+/)+|6Ax(2Z+L)-^A(2BL+a+26/+6L) 
As M is equally distant from L and /, 

2M-L+/,2m-«B+6, and 4Mm-(L+/)(B+6)-BL+a+ 

[blAlb. 
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Substitating AltKm for its yalue, in the preceding expres- 
sion for the solidity, we have 

That is, the solidity of the prismoid is eqnal to | of die 
height, multiplied into tibe areas of the two ends, and 4 times 
die area of the section in the middle. 

This rule may be applied to prismoids of other forms. 
For, whatever be the figure of the two ends, tfiere may be 
drawn in each, such a number of small rectangles, that the 
sum of them shall differ less, than by any given quantitVi 
from the figure in which they are contained. And the solids 
between tliese rectangles will be rectangular prismoids. 

Ex. 1. If one end of a rectangular prismoid be 44 feet by 
23, the other end 36 by 21, and uie perpendicular height 72; 
what is the solidity ? 

The area of the lai^r end —44x23—1012 
of the smaller end —36x21— 766 
of the middle section —40x22— 880 
And the solidity -(1012+766 +4x880)xl2-63466 feet. 

2. What is the solidity of a stick of hewn timber, whose 
ends are 30 inches by 27, and 24 by 18, and whose length is 
48 feet? Ans. 204 feet. 

Other solids not treated of in this section, if they be bound- 
ed by plane surfeces, may be measured' by supposing them 
to be divided into prisms, pyramids, and wedges. And, in- 
deed, every such sohl may be ccmaidered as made up of tri- 
angular pyramids. 



Digitized by LjOOQ IC 



40 wtxmsRiL'aoH or mourn, 

THE FIVE REGULAR SOLIDCU 

66. A SOLID IS SAID TO BE REGULAR, WHEN ALL ITS 
SOLID ANGLES ARE EQUAL, AND ALL ITS SIDES ARE EQUAL 
AND REGULAR POLYGONS. 

The following figures are of this description ; 



1. The Tetraedrany 

2. The Hexaedroivorcube^ 

3. The Octaedranj 

4. The Dodecaednmy 
6. The Icosaedronj 



whose 
* sides are ' 



' four triangles ; 
six squares ; 
eight triangles ; 
twebre pentagons ; 
twenty triangles.* 



Besides these five, there can be no other regular solids. 
The only plane figures which can form such solids, are tri- 
angles, squares, and pentagons. For the plane angles which 
contain any solid- angle, are together less than four right an- 
gles or 360°. (Sup. Euc. 21, 2.) And the least number which 
can form a solid angle is three. (Sup. Euc. Def. 8, 2.) Kthey 
are angles of equilateral triangles^ each is 60^. The sum of 
three of them is 180°, of /our 240°, of Jive 300°, and of six 
360°. The latter number is too great for n solid ande. 

The angles of squares are 90° each. The sum of three of 
these is 270°, of four 360°, and of any other greater number, 
still more. 

The angles of regular perUcLgons are 108° each. The sum 
of three of them is 324° ; of four, or any other greater num- 
ber, more than 360°. The angles of all other regular poly- 
gons are still greater. 

In a regular solid, then, each solid angle must be contained 
by three, four, or five equilateral triangles, by three squares, 
or by three regular pentagons. 

57. 'As the sides of a regular solid are similar and equal, 
and the angles are also alike ; it is evident that the sides are 
all equally distant from a central point in the solid. If then, 
planes be supposed to proceed from the several edges to the 
center, they will divide the solid into as many equal pyror 
mids^ as it has sides. The base of each pyramid will be one 
of the sides ; their common vertex will be the central point ; 
and their height will be a perpendicular from the center to 
one of the sides. 

• For the ffeometrical constnictioa of these aolide, see Legendre's Geometry ; 
Appendix to Books vi and vu. 
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PROBLEM IZ. 

To find the surface of a regular solid. 

58. Multiply the area of one of the sides by the 
number of sides. 

Or, 

Multiply the square of one of the edges, by the 

SURFACE of a SIMILAR SOLID WHOSE EDGES ARE 1. 

' As all the sides are eqiud^ it is evident that the area of one 
of them, multiplied by the number of sides, will give the area 
of the whole. 

Or, if a table is prepared, containing the surfaces of the 
several regular solids whose linear edges are unity; this may 
be used for other r^ilar solids, upon the principle, that the 
areas of similar polygons are as the squares of their homolo- 
gous sides. (Euc. 20. 6.) Such a table is easily formed, by 
multiplying the area of one of the sides, as given in art. 17 by 
the number of sides. Thus, the area of an equilateral tri- 
angle whose side is 1, is 0.4330127. Therefore, the surface 
Of a regular tetraedron -.4330127x4 «^1.7320508. 
Ofaregiilar octaedron -.4330127x8 -3.4641016. 

• Of a regular icosaedron -.4330127x20-8.6602640. 

See the table in the following article. 

Ex. 1. What is the surface of a regular dodecaedron whose 
edges are each 26 inches ? 

The area of one of the sides is 1076.3. 

And the surface of the whole solid -1075.3x12=12903.6. 

2. What is the surface of a regular icosaedron whose edges 
are each 102? Ans. 90101.3. 

PROBLEM Z. 

To find the solidity of a regular solid. 

69. Multiply the surface bt | of the perpendicu- 
lar DISTANCE FROM THE CENTER TO ONE OF THE SIDES. 

Or, 
Multiply the cube of one op the edges, by the 
solidity of a similar solid ayhose edges are 1. 

As the solid is made up of a number of equal pyramidsi 
whose bases ore the sides, and whose height is the perpendio- 

27 
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ular diBtance of the sides from the center (Art. 67.) ; the 
solidity of the whole must be equal to the areas of all the 
sides multiplied into i of this perpendicular. (Art. 48.) 

If the contents of the several regular solids whose edges 
are 1, be inserted in a tabUj this may be used to measure 
oth^r similar solids. F9r two similar regular solids contain 
the same number of similar pyramids ; and these are to each 
other as the oAes of their hnear sides or edges. (Sup. Euc. 
16. 3. Cor. 3.) 

A TABLE OF RBQULAR SOLIDS WHOSE BDGE8 AEB L 



Namef. 


No.ofildet. 


Sorftcet. 


SoUditie.. 


Tetraedron 


4 


1.7320608 


0.1178513 


Hexaedron 


6 


6.0000000 


1.0000000 


Octaedron 


8 


3.4641016 


0.4714046 


Dodecoedron 


12 


20.6467288 


7.6631189 


Icos^edron 


20 


8.6602640 


2.1816960 



For the method of calculating the last column of this table, 
see H> Eton's Mensuration, Part III. Sec. 2. 

E^ What is the solidity of a regular octaedron whose 
edges are each 32 inches ? Ans. 16447 inches. 
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SECTION iv; 



THE CTLINDER, CONE, AND SPHERE. 

Art. 61. Definition I. A r^A/ cy/tnc?^ is a solid descri- 
bed by the revobation of a rectangle about one of its sides. 
The eruls or bases are evidently equal and parallel circles. 
And the axiSf which is a line passin? through the middle of 
the cylinder, is perpendicular to the bases. 

The ends of an oblique cylinder are also equal and paral- 
lel circles ; but they are not perpendicular to the axis. The 
height of a cylinder is the perpendicular distance from one 
base to the plane of the other. In a right cylinder, it is the 
length of the axis. 

II. A right cone is a solid described by the revolution of a 
right angl^ triangle about one of the sides which contain the 
right angle. The base is a circle, and is perpendicular to 
the €uns, which proceeds from the middle of the base to the 
vertex. 

The base of an oblique cone is also a circle, but is not per- 
pendicular to the axis. The height of a cone is the perpen- 
dicular distance from the vertex to the plane of the base. In 
a right cone, it is the length of the axis. The slant-height 
of a right cone is the distance from the vertex to the circum- 
ference of the tase. 

III. A frustum of a cone is a portion cut off by a plane 
parallel to the base. The height of the frustum is the per- 
pendicular distance of the two ends. The slant-height of a 
frustum of a right cone, is the distance between the periphe- 
ries of the two ends, measured on the outside of the solid ; as 
AD. (Fig. 23.) 

IV. A sphere or globe is a solid which has a center equally 
distant from every part of the surface. It may be described 
by the revolution of a semicircle about a diameter. A radius 
of the sphere is a line drawn from the center to any part of 

• Hntton'f MenfloratioQ, Wait's Mathematici^ Legendn^i^ Clairaat*i, and Ca- 
mua*! Geometry. 
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the surface. A diameter is a line passing through the center, 
and terminated at both ends by the surface. The ciraimfer' 
ence is the same as the circumference of a circle whose plane 
passes through the center of the sphere. Such a circle is 
called a great circle. 

V. A segment of a sphere is a part cut off by any plane. 
The height of the segment is a perpendicular from the mid- 
dle of the base to the convex surface, as LB. (Fig. 12.) 

TI. A spherical zone or frustum is a part of the sphere in- 
cluded between two parallel planes. It is called the middle 
zofiCf if the planes are equally distant from the center. The 
height of a zone is the distance of the two planes, as LR. 
(Fie. 12.») 

YII. A spherical sector is a solid produced by a circitlar 
sector, revolvine in the same manner as the semicircle which 
describes the wnole sphere. Thus, a spherical sector is de- 
scribed by the circular sector ACP (Fig. 15.) or GCE revolv- 
ingon the axis CP. 

vIII. A solid described by the revolution of any figure 
about a fixed axis, is called \solid of revolution. 



PROBLEM I. 

To find the contex surfacs of a right cylinder. 

62. Multiply the length into the circumference 
of the base. 

If a ri^ht cylinder be covered with a thin substance like 
paper, which can be spread out into a plane ; it is evident that 
the plane will be a parallelogram, whose length and breadth 
will be equal to the length and circumference of the cylinder. 
The area must, therefore, be equal to the length multiplied 
into the circumference. (Art. 4.) 

Ex. 1. What is the convex surface of a right cylinder 
which is 42 feet long, and 15 inches in diameter ? 

Ans. 42x1.25x3.14159-164.933 sq. feet 

• According to some writers, a gpherical segment is either a solid which is cut 
off from a sptiere by a single plane, or one which is included between two planes r 
and a gone is the wurfact of either of these. In this sense, the term cone is oom 
monly used in geography. 
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2. What is the whole surface of a right cylinder, which is 
2 feet in diameter and 36 feet long? 

The convex surface is 226.1946 

The area of the two ends (Art 30.) is 6.2832 

The whole surface is 232.4777 

3. What is the whole surface of a right cylinder whose 
axis is 82, and circumference 71 1 Ans. 6624.32. ■ 

63. It will be observed that the rules for the prism and 
pyramid in the preceding section, are substantially the same, 
as the rules for the cylinder and cane in this. There may be 
some advantage, however, in considering the latter by them- 
selves. 

In the base of a cylinder^ there may be inscribed a poly- 
gon, which shall differ from it less than by any given space. 
(Sup. Euc. 6. 1. Cor.) If the polygon be the base of a/?rww, 
of the same height as the cylinder, the two solids may differ 
less than by any ffiven quantity. In the same manner, the 
base of a pyramid way be a polygon of so many sides, as to 
differ less than by any given quantity, from the base of a 
cone in which it is inscribed. A cylinder is therefore con- 
sidered, by many writers, as a prism of an infinite number of 
sides ; and a cone, as a pyramid of an infinite number of 
sides. For the meaning of the term << infinite," when used in 
the mathematical sense, see Alg. Sec. xv. 



PROBLEM II. 

To find the soliditt of a cylinder. 
64 Multiply the area of the base by the height. 

The solidity of a parallelopiped is equal to the product of 
the base into the perpendicular altitude. (Art. 43.) And a 
parallelepiped and a cylinder which have equal bases and 
altitudes are equal to each other. (Sup. Euc. 17. 3.) 

Ex. 1. What is the solidity of a cylinder, whose height is 
121, and diameter 46.2 ? 

Ans. 46:2«x.7854xl21-194156.6. 
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2. What is the solidity of a cylinder, whose height is 424, 
and circumference 213? Ans. 1630B37. 

3. If the side AC of an Oblique cylinder (Fig. 22.) be 27, 
and the area of the base 32.61, and if the side make an angle 
of 62® 44' with the base, what is the solidity? 

R : AC : : sin A : BC->24 the perpendicular hdght. 

And the solidity is 782.64 

4 The Winchester bushel is a hollow cylinder, 18^ inches 
in diameter, and 8 inches deep. What is its capacity ? 

The area of the base=(18.5)«x.7853982-268.8025. 
And the capacity is 2150.42 cubic inches. See the 
table in Art. 42. 



PROBLEM III. 

To find the convex surface of a right cone. 

65. Multiply half the slant-height into the ctr* 
cumference of the base. 

If the convex surface of a right cone be spread out into a 
plane, it will evidently form a sector of a circle whose radius 
is equal to the slant-height of the cone. But the area of the 
sector is equal to the product of half the radius into the 
length of the arc. (Art. 34.) Or if the cone be considered as 
a pyramid of an innnite number of sides, its lateral surface is 
equal to the product of half the slant-height into the perim- 
eter of the base. (Art 49.) 

Ex. 1. If the slant-height of a riffht cone be 82 feet, and 
the diameter of the base 24, what is tne convex surface? 
Ans. 41x24x3.14159»3091.3 square feet. 

2. If the axis of a right cone be 48, and the diameter of 
fhe base 72, what is the whole surface ? 

The slant-height « V(36«-i-48«)-60. (Euc. 47. 1.) 
The convex surface is 6786 

The area of the base 4071.6 

And the whole surface ^ 10S57.6 
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3. If tfie axis of a right cone be 16, and the circnmference 
of the base 75.4 ; what is the whole surfiice? 

Ans. 1206.4. 

PROBLEM IV. 

Thfaid the solidity of a cone. 
66. Multiply the area of the base into | of the 

HEIGHT. 

The solidity of a cylinder is equal to the product of the 
base into the perpendicular height. (Art. 64.) And if a cone 
and a cylinder have the same base and altitude, the cone is i 
of the cylinder. (Sup. Euc. 18. 3.) Or if a cone be considerea 
as a pyramid of an infinite number of sides, the solidity is 

[ual to the product of the base into \ of tixe height, by art. 



Ex. 1. What is the solidity of a right cone whose height 
is 663, and the diameter of whose base is 101 ? 

Ans. ianx.7864x221-1770622. 

2. If the axis of an oblique cone be 738, and make an 
angle of 30° with the plane of the base ; and if the circum- 
ference of the base be 365, what is the solidity ? 

Ans. 1233636. 

PROBLEM T. 

To find the convex surface of a frustum of a right cone. 

67. Multiply half the slant-height by the sum of 
the peripheries of the two ends. 

This is the rule for a frustum of a pyramid ; (Art 61.) and 
is equally applicable to a frustum of a cone^ if a cone be con- 
sidered as a pyramid of an infinite number of sides. (Art 63.) 

Or thus, 

liCt the sector ABT (Pig. 23.) represent the conrex surface 
of a right cone, (Art. 65.) and DCV the surface of a portion' 
of the cone, cut off by a plane parallel to the base. Then 
will ABGD be the surface of the frustum. 
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LetAB-o, DC-ft, VD-rf, AD-A. 

Then the area ABV=lax(A+rf)«iaA+larf. (Art. 34.) 

And the area DGY^-^ibd. 

Subtracting the one from the other, 

The area ABDC«iaA+iad— i^rf. 

Butrf : di-h ::b: a.(Sup.Euc.8.1.) Therefore Jorf—Jid-JftA. 

The surface of the frustum, then, is equal to 

icJi+ibh. or ihx{a+b) 

Cor. The surface of the frustum is equal to the product of 
the slant-height into the circumference of a circle which is 
equally distant from the two ends. Thus, the surface ABCD 
(Pig. 23.) is equal to the product of AD into MN. For MN 

IS equal to half the sum of AB and DC. 

# 
Ex. 1. What is the convex surface of a frustum of a right 
cone, if the diameters of the two ends be 44 and 33, and the 
slant-height 84 ? Ans. 10159.8. 

2. If the perpendicular height of a frustum of a right cone 
be 24, and the diameters of the two ends 80 and 44, what is 
the whole surface ? 

Half the difference of the diameters is 18. 



And "^ 18«+24>=30, the slant-height, ( Art. 52.) 
The convex surface of the frustum is 5843 

The sum of the areas of the two ends is 6547 

And the whole surface is 12390 



PROBLEM VI. 

To find the solidity of a frustum of a cone. 

68. Add together the areas of the two ends, and 
the sauare root of the product of these areas; and 
multiply the sum by ^ of the perpendicular height. 

This rule, which was given for the frustum of a pyramid^ 
(Art. 50.) is equally applicable to the firustum of a cone ; be- 
cause a cone and a pyramid which have equal bases and 
altitudes are equal to each other. 
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Ex. 1. What is the solidity of a mast which is 72 fleet lo&g| 
2 lEeet in diameter at one end, and 18 inches at the other ? 

Ans. 174.36 cubic feet. 

2. What is the capacity of a conical cistern which is 9 feet 
deep, 4 feet in diameter at the bottom, and 3 feet at the top? 

Ans. 87.18 cubic feet =662.16 wine gallons. 

3. How many jfallons of ale can be put into a vat in the 
form of a conic tnistum, if the larger diameter be 7 feet, the 
smaller diameter 6 feet, and the depth 8 feet ? 



PROBLEM yiL 

To find the surface of a sphere. 

69. Multiply the diameter bt the circumference. 

Let a hemisphere be described by the quadrant CPD, 
(Fig. 26.) revolving on the line CD. Let AB be a side of a 
regular polygon inscribed in the circle of which DBP is an 
arc. Draw AO and BN perpendicular to CD, and BH per- 
pendicular to AO. Extend AB till it meets CD continued. 
The triangle AOV, revolving on OV as an axis, will describe 
a right cone. (Defin. 2.) AB will be the slant-height of a 
fruslum of this cone extending from AO to BN. From Q 
the middle of AB, draw GM parallel to AO. The surface of 
the frustum described by AB, (Art. 67. Cor.) is equal to 

ABxcircGM.* 

From the center C draw CO, which will be perpendicular 
to AB, (Euc. 3. 3.) and the radius of a circle inscribed in the 
poly^n. The triangles ABH and COM are similar, because 
the sides are perpencucular, each to each. Therefore, 

BB or ON : AB : ! GM : GC : : circ GM : circ GC. 

So that ONxcirc GC— ABxcirc GM, that is, the surface 
of the frustum is equal to the product of ON the perpendicu- 
lar height, into circ GC, the perpendicular distance from the 
center of the polygon to one of die sides. 

• By circ QM ii niMuit the cffoamfinwioeof a cirotetlM radiasof whiehwOlI. 
^ 28 
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In Ae same numner it may be proved, that the sar&ces 
produced by the revolution of the lines BD and AP about the 
axis DC, are equal to 

ND xcirc GC, and CO xctrc GC. 

The surface of the whole solid, therefore, (Euc. 1.2.) is equal to 

CD xcirc Ga 

The demonstration is applicable to a solid produced by 
the revolution of a polymn of any number of sides. But a 
polygon may be supposed which shall differ less than by any 
given quantity from the circle in which it is inscribed; (Sup. 
£uc. 4. 1.) and in which the perpendicular GC shall differ 
less than by any given Quantity from the radius of the circle. 
Therefore, the surface of a hemisphere is equal to the product 
of its radius into the. circumference of its base ; and the sur- 
fcLce of a sphere is equal to the product of its diameter i$i(o 
its cvrcumference. 

Cor. 1. From this demonstration it follows, that the surface 
of any segment or zone of a ^here is equal to the product of 
the height of the segment or zone into the circuimerence of 
the sphere. The surface of the zone produced by the revolu- 
tion of the arc AB about ON, is equal to ON xctrc CP. And 
the surface of the ^gment produced by the revolution of BD 
about DN is equal to DN xctrc CP. 

Cor. 2. The surface of a sphere is equal to four times the 
area of a circle of the same diameter ; and therefore, the con- 
vex surface of a hemisphere is equal to twice the area of its 
base. For the area of a circle is equal to the product of half 
the diameter into half the circumference ; /Art. 30.) that is^ 
to i the product of the diameter and circumterence. 

Cor. 3. The surface of a sphere, or the convex surfiice of 
any spherical segment or zone, is equal to that of the circum- 
scribing cylinder. A hemisphere described by the revolution 
of the arc DBP, is circumscribed by a cylinder produced by 
the revolution of the parallelogram DcICP. The convex sur- 
face of the cylinder is equd to its height multiplied bv its 
circumference. (Art. 62.) And this is also the surface of the 
hMuisphere. 
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So the surikce produced by the rerolation of AB is equal 
to that produced by the revolution of db. And the surface 
produced by BD is equal to that produced by bd. 

Ex. 1. Considering the earth as a sphere 7930 miles in di- 
ameter, how many square miles are there on its surface ? 

Ans^ 197,558,500. 

2. If the circumference of the sun be 2,800,000 miles, what 
is his surfece ? Ans. 2,496,647,600,000 sq. miles. 

3. How many square feet of lead will it require; to cover a 
hemispherical dome whose base is 13 feet across 1 

Ans. 266^. 

PROBLEM Vltl. 

To find the solidity qfa sphere. 

70. 1. Multiply the cube of the diameter by .5236. 

Or, 

2. Multiply the square of the diameter by } or 
the circumference. 

Or, 

3. Multiply the surface by | of the diameter. 

1. A sphere is two thirds of its circumscribinfl; cylinder. 
(Sup. Euc. 21. 3.) The height and diameter of tne cylinder 
are each equal to the diameter of the sphere. The solidity 
of the cylinder is equal to its height multiplied into the area 
of its baae, (Art. 64.) that is putting D for the diameter, 

DxD«x.7854 or D3X.7864. 

And the solidity of the apherej being | of this, is 

D'X6236. 

2. The base of the circumscribing cylinder is equal to half 
the circumference multiplied into half the diameter ; (Art. 30.) 
that 18, if C be put for the circumference, 

jOxD; and the solidity is jCxD*. 

Therefore, the solidity of the sphere is 

f of jCxD«-D«xiO. 
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3. In the last expression, which is the same as CxDx|Py 
we may substitute S, the surface, for CxD. (Art 69.) We 
then have the solidity of the sphere equal to 

Sx^D. 

Or, the sphere may be supposed to be filled with small 
pyramids^ standing on the surmce of the sphere, and having 
their common vertex in the center. The number of these 
may be such, that tlie difference between their sum and the 
sphere shall be less than any given quantity. The solidity 
of each pyramid is equal to the product of its base into \ ox 
its height. (Art. 48.) The solidity of the whole, therefore, is 
equal to the product of the surface of the sphere into i of its 
raidius, or | of its diameter. 

71. The numbers 3.14159, .7854, .5236, should be made 
perfectly familiar. The first expresses the ratio of the cir- 
cumference of a cirqle to the diameter; (Art. 23.) the second, 
the ratio of the area of a circle to the square of the diameter 
(Art. 30.) ; and the third, the ratio of the solidity of a sphere 
to the cube of the diameter. The second is \ of the first, and 
the third is | of the first. . 

As these numbers are firequently occurring in mathematical 
investigations, it is common to represent the first of them by 
the Greek letter ir. According to this notation, 

'«3.14169, }ir-,r854, iir-.5236. 

If D— the diameter^ and R»>thera<{tti^of any circle or sphere; 

Then, D»2R D«=4R« D»«8R3. 

And 5rD ; .. ^.. j5rD« I «the area of 4irD» ) ., 
Or, 2xR \ =*^ ^^*^*orxR» \ the circ. or 5^R» j "^^ 
solidity of the sphere. 

Ex. 1. What is the solidity of the earth, if it be a sphere 
7930 miles in diameter ? 

Ans. 261,107,000,000 cubic miles. 

2. How many wine gallons will fill a hollow sphere 4 feet 
in diameter ? 

Ans. The capacity is 33.5104 feet==250? gallons. 

3. If the diameter of the moon be 2180 miles, what is its 
solidity? Ans. 5,424,600,000 miles. 
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72. If the solidity 6f a sphere be ^ven^ the diameter may 
be found by reversing the first rule m the preceding article ; 
that is, dividing hy .6236 and extracting the cube root of the 
quotient 

Ex. 1. What is the diameter of a sphere whose solidity is 
65 AS cubic feet 1 Ans. 5 feet . 

2. What must be the diameter of a globe to contain 16766 
pounds of water ? Ans. 8 feet 

PROBLEM IX. 

To find the convex surface of a segment or zone of a 

sphere. 

73. Multiply the height of the segment oa 2X>ns 

INTO THE circumference OF THE SPHERE. 

For the demonstration of this rule, see art 69. 

Ex. 1. If the earth be considered a perfect sphere 7930 
miles in diameter, and if the polar circle be 23^ 28' from the 
pole, how many square miles are there in one of the frigid 
zones? 

If PaOE (Fig. 16.) be a meridian on the earth, ADB one 
of the polar circles, and P the pole ; then the frigid zone is a 
spherical segment described by the revolution 6f the arc APB 
about PD. The ansle ACD subtended by the arc AP i» 23*^ 
28'. And in the right angled triangle ACD, 

R : AC : : cos ACD : CD- 3637. 

Then, CP— CD-3966--3637-3SM-PD the height of 
the segment 

And 328x7930x3.14159»8171400 the surface. 

2. If the diameter of the earth be 7930 miles, what is the 
surface of the torrid zone, extending 23^ 28' on each side of 
the equator ? 

If Ed (Fig. 15^ be the equator, and GH one of the tropics, 
then the angle ECG is 23^ 28^ And in the right angled 
triangle GCM, 
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R : CO : : sin ECG : OM»CN->167a9 the height of 
half the zone. 

The surface of the whole zone is 78669700. 

3. What is the sorface of each of the temperate zones? 
The height DN-CP— CN— PD-2068.1 

And the surface of the zone is 61273000. 

The surfistce of the two temperate zones is 102,646,000 
of the two frigid zones 16,342,800 

of the torrid zone 78,669,700 

of the whole globe 197,668,600 



PROBLEM X. 

To find the solidity of a spherical sector. 
74. MuLTiPLir the spherical surface bt | of the 

RADIUS OF THE SPHERE. 

The spherical sector, (Fig. 24.) produced by the revolution 
of ACBD about CD, may be supposed to be filled with smaU 
pyramids, standing on the spherical surface ADB, and ter- 
minating in the point C. Their number may be so great, 
that the height of each shall difiisr less than by any given 
length from the radius CD, and tbe sum of their bases shall 
diflfer less than by any given quantity from the surface ABD. 
The solidity of each is equal to the product of its base into I 
of the radius CD. (Art. 48.) Therefore, the solidity of all ot 
them, that is, of the sector ADBC, is equal to the product of 
the spherical surface into | of the radius. 

Ex. Supposing tbe earth to be a sphere 7930 miles in di- 
^meter, and the polar circle ADB (Fig. 16.) to be 23<^ 28' 
from the pole ; what is the solidity of the spherical sector 
ACBP? Ans. 10,799,867,000 miles. 
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PROBLEM ZI. 

To find the solidity of a spherical segment. 
75. Multiply half the height op the segment 

INTO the area of THE BASE, AND THE CUBE OF THE 
HEIGHT INTO .5236 ; AND ADD THE TWO PRODUCTS. 

As the circular sector AOBC (Fi^. 9.) consists of two parts, 
the sclent AOBP and the triangle ABC ; (Art. 35^ so the 

3\herical sector produced by the revolution of AOC about 
C consists of two parts, the segment produced by the reyo* 
lution of AOP, and the cone produced by the revolution of 
ACP. If then the cone be subtracted nrom the sector, the 
remainder will be the segment. 

Let CO=R, the radius of the sphere, 

PB »r, the radius of the base of the segment, 
PO-"A, the height of the segment, 
Then PC «R — h^ the axis of the cone. 

The Bector-2irRxAxjR(Arts. 71, 73, 74.)-i«'AR«. 
The cone-irr«xi(R— A)(Arts. 71, 66.)-J«'r«R— i^-Ar-. 

Subtracting the one from the other, 

' Thesegment— |«-AR«— l-T'R+^irAr^ 

But DOxPO-BO« (Trig. 97.»)-PO*«+PB^ (Euc. 47. 1.) 

A«+r« 



That is, 2RA-A«+r«. So that, R- 



2A 



MdE.-(*^) 



A*+r«\« A*+2A»r«+r* 



4A* 



Substituting then, fi>r R and R*, their values, and nmki- 
plpng the factors, 

The scgment-iirAH-J»Ar«+i^— i»Ar«— J^+i»Af • 

A h 

which, by uniting the terms; booomes 

\whr^+^wh^.. 

* Eodid 31, 3» and 8^ 6. Cor. 
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The first term here is ^Axs-r', half the height of the seg- 
ment multiplied into the area of the base ; (A^. 71.) and the 
other h^Xi^i the cube of the height multiplied into .6236. 

If the segment be greater than a hemisphere, as ABD ; 
(Fig. 9.) the cone ABC must be added to the sector ACBD. 

Let PD=A the height of the segment, 
Then, PC— A — R the axis of the cone. 

The sector ACBD—firAR* 

The cone-irr'X J(A— R)-i«'Ar«— i»r«R 

Adding them together, we have as before, 

The s^ment — |irAR«— ixr«R+iirAr*. 

Cor. The solidity of a spherical segment is equal to half 
a cylinder of the same base and height + a sphere whose di- 
ameter is the height of the segment. For a cylinder is equal 
to its height multiplied into the area of its base ; and a sphere 
is equal to the cube of its diameter multiplied by .6236. 

Thus, if Oy (Fig. 16.) be half Oxj the spherical ^esraent 
produced by the revolution, of Oxt is equal to the cylinder 
produced by tvyx + the sphere producea by Oyxz ; suppos- 
ing each to revolve on the line Ox. 

Ex. 1. If the height of a spherical segment be 8 feet, and 
the diameter of its l^tse 26 feet ; what is the solidity? 

Ans. (26)«x.7864x4+8»x.6236«2231.68feet 

2. If the earth be a sphere 7930 miles in diameter, and the 
polar circle 23^ 28' from the pole, what is the solidity of one 
of the frigid zones? Ans. 1,303,000,000 miles. 
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PROBLEM 3^11. 

To find the solxd^tt of a spherical zone or frustum. 

76. From the solidity of the whole sphere, sub- 
tract THE TWO segments ON THE SIDES OF THE ZONE. 

Or, 

Add TOGETHER THE SQUARES OF THE RADII OF THE 
TWO ENDS, AND | THE SCITTARE OF THEIR DISTANCE ; AND 
MULTIPLY THE SUM BY THREE TIMES THIS DISTANCE, AND 
THE PRODUCT BY .5236. 

If from the whole sphere, (Fig. 16.) there be taken the two 
segments ABP and GHO, there will remain the zone or firus- 
turn ABGH. 

Or, the zone ABGH is equal to the difTerence between the 
segments GHP and ABP. 

^^ DP«^ i^^ heights of the two segments. 

ad" r i ^^ ''^" ^^ *®^ *^®^- 

DN=<£«H — h the distance of the two bases, or 
the height of the zone. 

Then the larger s^;ment— i«-HR*-M<rH» ) ... ^^ . 
And the smafler segment«ixAr«+iirA» \ \^^' '^') 

Therefore the zone AB6H»«^ir(3HR*+H'— 3Ar>-^') 
B7 the properties of the circle, (Eue. 36, 3.)- 
ONxH-R". Therefore, (ON+H)xH-R«+H« 
R«+H« 



Or, OP- 



H 



In the same manner, OP- ^ — 

a 

Therefore, 3Hx(r«+A«)-3Ax(R*+H«.) 

Or, 3Hr«+3HA«— 3AR«— 3AH«-.0. (Alg. 178.) 
29 
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To reduce the expression for the solidity of the zone to the 
required form, without altering its value, let these terms be 
added to it : and it will become 

J»(3HR*+3Hr*— 3AR«— 3Ar»+H»— 3H*A+3HA«-^») 

Which is equal to 

ixx3(H— A)x(R"+r«+i(H— A)«) 

Or, as }9 equals .6236 (Art. 71.) and H — h equals d^ 

The zone-..5236x3rfx(R>+r«+ J^^O 

Ex. 1. If the diameter of one end of a spherical zone is 24 
feet, the diameter of the other end 20 fee^ and the distance 
of the two ends, or the height of the zone 4 feet ; what is the 
solidity? Ans. 1666.6 feet 

2. If the earth be a sphere 7930 miles in diameter, and the 
obliquity of the ecliptic 23^ 28' ; what is the solidity of one 
of the temperate zones? Ans. 66,390,600,000 miles. 

3. What is the solidity of the torrid zone? 

Ans. 147,720,000,000 miles. 

The solidity of the two temperate- zones is 110,781,000,000 
of the two frigid zones 2,606,000,000 

of the torrid zone 147,720,000,000 

of the whole globe 261,107,000,000 

4. What is the convex surface of a spherical zone, whose 
breadth is 4 feet, on a sphere of 26 feet diameter? 

6. What is the solidity of a spbmoal BeamiAj whose 
height is 18 feet, and the diameter of its base 40 feet? 
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PBOMZ8CVOVS EXAMPLES OF SOLIDS* 

Ex. 1. How much water can be put into a cubical vessel 
tfiree feet deep, which has been previously filled with cannon 
balls of the same size, 2, 4, 6, or 9 inches in diameter, r^:u- 
larly arranged in tiers, one directly above another ? 

Ans. 96 j wine gallons. 

2. If a cone or pyramid, whose height is three feet, be di« 
vided into three equal portions, by sections parallel to the 
base ; what will be the heights of the several parts ? 

Ans. 24.961, 6.488, and 4.661 inches. 

3. What is the solidity of the greatest square prism which 
can be cut from a cylindrical stick of timber, 2 leet 6 inches 
in diameter and 66 feet long? * 

Ans. 175 cubic feet. 

4. How many such globes as the earth are equal in bulk 
to the sun ; if the former is 7930 miles in diameter^ and the 
latter 890,000? 

Ans. 1,413,678. 

5. How many cubic feet of wall are there in a conical 
tower 66 feet high, if the diameter of the base be 20 feet from 
outside to outside, and the diameter of the top. 8 feet ; the 
thickness of the wall being 4 feet at the bottom, and decreas- 
ing regularly, so as to be only 2 feet at the top ? 

Ans. 7188. 

* The oommon rale for measuring round timber is to multiplj the square of 
the quarter-girt by the length. The quarter-girt is one fourth or the circumier- 
ence. This method does not give the whole solidity^ It makes an allowance of 
about one-fifth, for waste in hewing, bark, dbc. The solidity of a cylinder is 
equal to the product of the length into the area of the base. 

If C = the eircumferenoe^ and 7^3. 14159, then (Art. 31.) 



The area of the base 






If then the drcumfiBrenoe were dirided by 3.646, instead of 4, and the quotient 
•qnaied, the area of the base would be oorrectly found. See note O. 
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6. If a metallic globe filled with wine, ^ich cost as mach 
at 6 dollars a gallon, as the ^lobe itself at 20 cents for every 
square inch of its surface ; what is the diameter of the s^lobe? 

Ans. 66.44 inches. 

7. If the circumference of the earth be 26,000 miles, what 
must be the diameter of a metallic globe, which, when drawn 
into a wire j\ of an inch in diameter, would reach round the 
earth ? Ans. 16 feet and 1 inch. 

8. If a conical cistern be 3 feet deep, 7i feet in diameter at 
the bottom, and 6 feet at the top ; what will be the depth of 
a fluid occupjring half its capacity ? 

Ans. 14.636 inches. 

9. If a ^lobe 20 inches in diameter be perforated by a cyl- 
inder 16 mches in diameter, the axis of the latter passing 
through the center of the former ; what part of the solidity, 
and the surface of the globe will be cut away by the cylinder? 

Ans. 3284 inches of the solidity, and 602,666 of the surface. 

10. What is tlie solidity of the greatest cube which can be 
cut from a sphere three feet in diameter? 

Ans. 6 j feet. 

11. What is the solidity of a conic frustum, the altitude of 
which is 36 feet, the greater diameter 16, and the lesser di- 
ameter 8? « 

12. What is the solidity of a spherical segment 4 feet high, 
cut from a sphere 16 feet in diameter? 
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SECTION V. 



Art. 77. It is often necessary to compare a number of 
different figures or solids, for the purpose of ascertaining 
which has the greatest area^ within a given, perimeter, or 
the greatest capacity under a given surface. We may have 
occasion to determine, for instance, what must be the form 
of a fort, to contain a given number of troops,, with the least 
extent of widl ; or what the shape of a metallic pipe to con* 
vey a given portion of water, or of a cistern to hold a given 
quantity of liquor, with the least expense of materials. 

78. Figures which have equal perimeters are called Is(h 
perimeters. When a quantity is greater than any other of 
the same class, it is called a maximum. A multitude of 
straight lines, of di&rent lengths, may be drawn within a 
circle. But among them all, the diameter is a maximum. 
Of fidl sines of angles, which can be drawn in a circle, the 
sine of 90^ is a maximum. 

When a quantity is less than any other of the same class, 
it is called a minimum. Thus, of all straight lines drawn 
from a given point to a ffiven straight line, that which is |»er- 
pendicular to (j^e given line is a minimum. Of all straight 
lines drawn from a given point in a circle, to the circumfer- 
ence, the maximum and minimum aire the two parts of the. 
diameter which pass throu^ that point. (Euc. 7, 3.) 

In isoperimetry, the object is to determine, on the one 
hand, in what cases the area is a maximumj within a given 
perimeter ; or the capacity a maximum^ within a given sur- 
face : and on the other hand, in what cases the perimeter is 
a minimum for a given area, or the surface a mtnimumj for 
a given capacity. 

* Emenon'i, Simpson'i, and Lesendre't Geometry, Lhnillier, FontcDelle^ Hut- 
ton't Maihematimii and Land. PhiL Trans. Vol. TB. 
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PROPOSITION I. 



79. An Isosceles Triangle has a greater area than 
any scalene triangle^ of equal base and perimeter* 

If ABC (Fig. 26.) be an isosceles triangle whose equal sides 
are AC and BC ; and if ABC be a scalene triangle on the 
same base AB, and having AC'+BC'« AC+BC ; then the 
area of ABC is greater than that of ABC. 

Let perpendiculars be raised from each end of the base, 
extend AC to D, make CD' equal to AC, join BD, and draw 
CH and CH' parallel to AB. 

As the angle CAB= ABC, (Euc. 5, 1.) and ABD is a right 
angle, ABC+CBD«= CAB+CDB« ABC +CDB. Therefore 
CBD=CDB, so that CD—CB; and by construction, CD'— 
AC. The perpendiculars of the equal right angled triangles 
CHD and CHB are equal; therefore, BH=iBD. Li the 
same manner, AH'=iAD'. The line AD-AC+BC-AC 
+BC=D'C+BC. But D'C+BC>BD'. (Euc. 20, 1.) 
Therefore, AD>BD'; BD>AD', (Euc. 47, 1.) and iBD> 
i AD'. But iBD, or BH, is the height of the isosceles trian- 
gle ; TArt. 1.) and ^AD' or AH', the height of the scalene 
triangle ; and the areas of two triangles which have the same 
base are as their heights. (Art. 8^ Therefore the area of 
ABC is greater than that of ABC'. Amohg all triangles, 
then, of a given perimeter, and upon a given base, the isosce- 
les triangle is a maximum. 

Cor. The isosceles triangle has a less perimeter than any 
scalene triangle of the same base and area. The triangle 
ABC being less than ABC, it is evident the perimeter of the 
former must be enlarged, to make its area equal to the area 
of the latter. 



PROPOSITION II. 

80. A triangle in which two given sides maJce a right 
ANGLE, has a greater area than any triangle in which the 
same sides maJce an oblique angle. 

If BC, BC, and BC" (Fig. 27.) be equal, and if BC be 
perpendicular to AB ; tlien the right angled triangle ABC, 
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has a CTeater area than the acute angled triangle ABC, or 
the oblique angled triangle ABC". 

Let P'C and PC" be perpendicular to AP. Then, as the 
three triangles have the same base AB, their areas are as their 
heights ; that is, as the perpendiculars BC, P'C, and PC". 
But BC is equal to BC, and therefore greater than P^C 
(Euc. 47. 1.) BC is also equal to BC", and therefore greater 
than PC". 

PROPOSITION III. 

81. ffall the sides except one of a polygon be giverij 
the area will be the greatest^ when the given sides are so 
disposed, thai the figure may be inscrided in a semicir- 
cle, of which the undetermined side is the diameter. 

If the sides AB, BC, CD, DE, (Fig. 28.) be given, and if 
their position be such that the area, included tetween these 
and another side whose length is not determined, is a m^ixir 
mum ; the figure may be inscribed in a semicircle, (tf which 
the undetermmed side AE is the diameter. 

Draw the lines AD, AC, EB, EC. By vaarying the angle 
at D, the triangle ADE may be enlarged or diminished, with- 
out affecting the area of the other parts of the figure. The 
whole area, therefore, cannot be a maximum, unless this 
triangle be a m^aximum, while the sides AD and ED are 
I given. But if the triangle ADE be a maximum, under these 

! conditions, the angle ADE is a right angle ; (Art. 80.) and 

therefore the point D is in the circumference of a circle, of 
which AE is tne diameter. (Euc. 3}, 3.) In the same manner 
it may be proved, that the angles ACE and ABE are right 
angles, and therefore that the points. C and B are in the cir- 
cumference of the same circle. 

The term polygon is used in this section to include frir 
angles, and four-sided figures, as well as other right-lined 
figures. 

82. The area of a polvgon, inscribed in a semicircle, in the 
manner stated above, will not be altered by varying the order 
of the given sides. 

The sides AB, BC, CD, DE, (Rg. 28.) are the chords of 
so many arcs. The sum of these arcs, in whatever order 
they are arranged, will evid^itly be equal to the semicircum- 
ference. And the segments between the given sides and the 
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arcs will be the same, in whatever part of the circle they are 
situated. But the area of the polygon is equal to the area of 
the semicircle, diminished by the sum of these segments. 

83, If a polygon, of which all the sides except one are 

Siven, be inscnl^ in a semicircle whose diameter is the un- 
etermined side ; a polygon having the same given sides, 
eannot be inscribed in any other semicircle which is eidier 
greater or less than this, and whose diameter is the undeter- 
mined side. 

The given sides AB, EC, CD, DE, (Fiff. 28.) are the 
chords of arcs whose sum is 180 degrees. But in a larger 
circle, each would be the chord of a less number of degrees^ 
and therefore the sum of the arcs would be less than 18(P : 
and in a smaller circle, each would be the chord of a greater 
number of degrees, and the sum of the arcs would be greater 
than 180<^. 

PROPOSITION IV. 

84. A polygon inscribed in a circle has a greater 
areoy than any polygon of equal perimeter^ and tl^ same 
number ofsides^ whuJi cannot be inscribed in a circle. 

If in the circle ACHP, (Fig. 30.) there be inscribed a poly- 
gon ABCDEFG ; and if another polygon abcdefg (Fig. 31.) 
be formed of sides whidh are the same m number and len^, 
but which are so disposed, that the figure cannot be inscribed 
in a circle ; the area of the former polygon is greater than 
that of the latter. 

Draw the diameter AH, and the chords DH and EH. 
Upon de make the triangle deh equal and similar to DEH, 
and join ah. The line oA divides the figure abcdhefg into 
two parts, of which one at least cannot, by supposition, be 
inscribed in a semicircle Of which the diameter is AH, nor 
in any other semicircle of which the diameter is the undeter- 
mined side. (Art. 83.) It is therefore less than the corres- 
ponding part of the figure ABCDHEFG. (Art 81.) And 
the other part of abcdhefg is not greater than the correspon- 
ding part of ABCDHEFG. Therefore, the whole figure 
ABCDHEFG is greater than the whole figure abcdhefg. 
If from these there be taken the equal triangles DEH and 
deA, there will remain the polygon ABCDEFG greater than 
the polygon abcdefg. 
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85. A pol]^an of which all the side$ &re tiV6n m nomber 
and length, con not be inscribed in circles of different diame* 
ters. (Art. 83.) And the area of the polygon will not be alter- 
ed, by changing the order of the sides. (Art. 82.) 



PROPOSITION V. 

V 

86. When a polygon has a grecUer area than any other j 
of the same number of sides^ and of equal perimeter^ the 
sides are equal. 

The polygon ABCDF (Fig. 29.) cannot be a nummumi 
among all polygons of the same number of sides, and of equal 
perimeters, unless it be equilateral For if any two of the 
sides, as CD and FD, are unequal, let OH and FH be equal, 
and their sum the same as the sum of CD and FD. The 
isosceles triangle CHF is greater than the scalene triangle 
CDF (Art 79.) ; and therefore the pcriygon ABCHF is greater 
than toe polygon ABCDF ; so that the latter is not a maa^ 
vnum. 



PROPOSITION VI. 

87. A RBGtJLAR POLYGON hos a greater area than anj/ 
other polygon of equal perimeter ^ and of the same number 
of sides. 

For, by the preceding artkdey the polygon ti4iich ii a max- 
imum Boaaoa^ others or equal perimeters, and tiie same num- 
ber of sides, 18 equUateralj and by art 84, it may be inscribed 
in a circle. But if a polygon inscribed in a drele m equilat- 
eral, as ABDFGH (Fig. 7.) it is also equiangular. For the 
sides of the polygon are the bases of so many isosceles trian- 
gles, whose common vertex is the center C. The angles at 
mese bases are all emial ; and two of them, (is KnG and 
GHC, are equal to AHQ one of the angles of the polygon. 
The polygon, then, being equiangular, as well as equilateral, 
is a regular polygon. (Art. 1. Def 2.) 

Thus an equilateral triangle has a greater area, than any 
other triangle of equal perimeter. And a square has a greater 
area, than any other four-sided figure of equal perimeter. 

"30 
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Cor. A repilar polygon has a {<»« p^inef^ than any oAer 
polygon of equal area, and the same number of sides. 

For if, with a given perimeter, the re^ar polygon is 
greater than one which is not regular ; it is evident me pe- 
rimeter of the former must be diminished, to make its area 
equal to that of the latter. 



PROPOSITION VII. 

SB. ]^ a polygon he descbibed about a circle, the 
areas ^tke two figures are as their perimeters. 

Let ST (Fig. 32,) be one of the sides of a polygon, either 
re^lar or not, which is described about the circle LNR. 
Jom OS and OT, and to the point of contact M draw the 
radius OM, which will be perpendicular to ST. (Euc. 18, 3.) 
The triangle OST is equal to half the base ST multiplied 
into the rcuiius OM. (Art. 8.) And if lines be drawn, in the 
same manner, from the center of the circle, to the extremities 
of the several sides of the circumscribed polygon, each of the 
triangles thus formed will be equal to half its base multiplied 
into the radius of the circle. Therefore the area of the whole 
polygon is equal to half its perimeter multiplied into the 
radius : and the area of the circle is equal to heJf its circum- 
ference multiplied into the radius. (Art 30.) So that the two 
areas axe to each other as their perimeters. 

Cor. 1. If different polygons are described about the same 
circle, their areas are to each other as their perimeters. For 
the area of eadi is equal to half its perimeter, multiplied into 
the radius of the inscribed circle. 

Oor. 2. The tangent of an arc is always greater than the 
arc itself The triangle OMT (Fig. 32.) is to OMN, as MT 
to MN. But OMT is greater than OMN, because the former 
includes the latter. Therefore, the tangent MT is greater 
than the arc MN. 



% y 
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PROPOSITION VIII« 



89. A CIRCLE has a grecUer area than any polygon of 
equal perimeter. 

If a circle and a regular polygon have the same center, and 
equal perimeters ; each of the sides of the polygon must fall 
partly within the circle. For the area of vl circumscribing 
polygon is greater than the area of the circle, as the one in- 
cludes the other : and therefore, by the preceding article, the 
perimeter of the former is greater than that of the latter. 

Let AD then (Fig. 32.) be one side of a regular polygon, 
whose perimeter is equal to the circumference of the circle 
RLN. As this falls partly within the circle, the perpendicu- 
lar OP is less than the radius OR. But the area of the poly- 
gon is equal to half its perimeter multiplied into this perpen- 
dicular (Art. 15.) ; and the area of the circle is equal to half 
its circumference multiplied into the radius. (Art 30.) The 
circle then is greater than the given regular polygon ; and 
therefore greater than any other polygon of equal perimeter. 
(Art 87.) 

Cor. 1. A circle has a less perimeter^ than any polygon of 
equal area. 

Cor. 2. Among regular polygons of a given perimeter, that 
which has the greatest number of sides, has also the great- 
est area. For the greater the number of sides, the more 
nearly does the perimeter of the polygon approach to a coin- 
cidence with the circumference of a circle.* 



PROPOSITION iz. 

90. A right prism whose bases are regular polygons, 
has a less surface than any other right prism of the same 
solidity, the same altitude, and the same number of sides. 

If the altitude of a prism is given, the area of the base is 
as the solidity (Art. 43.) ; and if the number of sides is also 
given, the perimeter is a minimum when the base is a regular 

^ For a rigoxoui demonttnttioii of this, tee Lagmdra't Geometry, Appendix to 
Book it. 
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polygon. (Art 87. Cor.) But the latera. surface is as the per- 
imeter. (Art. 47.) Of two ri^t prisms, then, which have the 
same altitude, the same solidity, and the same number of 
sides, that whose bases are regular polygons has the least 
leUercU surface, while the areas of the ends are equal. 

Cor. A riffht prism whose bases are regular polygons has 
a greater sotidUt/y than any other right prism of the same 
surface, the same altitude, and the same number of sides. 



PROPOSITION X. 

91. A right ctlindbe has a less sw/ace^ than ofty f^A^ 
prism qf the same altittule and solidity. 

For if the prism and cylinder have the same altitude and 
solidity, the areas qf their bases are equal. (Art. 64.) But the 
perim^eter of the cylinder is less, than that of the prism (Art 
89. Cor. 1.) ; and therefore its lateral surface is less, while the 
areas of the ends are equal. 

Cor. A. right cylinder has a greater solidity^ than any 
right prism of the saipe altitude a^ surface. 



PROPOSITION XI. 

92. A CUBE has a less surface than any other right parol- 
lehpiped of the sams solidity. 

A parallelepiped is a prism, any one of whose faces may be 
considered a base. (Art 41. Def I. and Y.) If tliese are not 
all squares^ let one which is not a square be taken for a base. 
The perimeter of this may be diminished, without altering^ 
its area (Art. 87. Cor.) ; and therefore the surface of the solid 
may be diminished, without altering its altitude or solidity. 
(Art. 43, 47.) The same may be proved of each of the other 
faces which are not squares. The surface is therefore a 
minimum^ when all the faces are squares, that is, when the 
solid is a cvbe. 

Cor. A cube has a greater solidity than any other right 
parallelepiped of the same surface. 
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PROPOSITION XII. 



93. A cuBB has a grecUer solidity ^ than any other right 
]faraUdopipsdj the sum of whose Ungih^ breadth^ and.dqpth 
%s equal to the sum of the corresporuling dimensions of the 
cube. 

The solidity is equal to the product of the length, breadth, 
and depth. If the length and breadth are unequal, the solid- 
ity may be increased, without altering the sum of the three 
dimensions. For the product of two factors whose sum is 

S' ven, is the greatest when the factors are equal. (Euc. 27. 6.) 
I the same manner, if the breadth and depth are unequal, 
the solidity may be increased, without altering the sum of 
the three dimensions. Therefore, the solid can not be a 
maximum, unless its length, breadth, and depth are equal. 



PROPOSITION ZIII. 
94. J^ a PRISM BE DESCRIBED ABOUT A GYLIKDBR, the 

capacities of the two solids are as their surfaces. 

The capacities of the solids are as the areas of their bases, 
that is, as the perimeters of their bases. (Art 88.) But the 
lateral snrfiices are also as the perimeters of the bases. There- 
fore the whole surfaces are as the solidities. 

Cor. The capacities of different prisms, described about the 
same right cylinder, are to each other as their surfaces. 



PROPOSITION XIV. 

96. A right cylinder whose height is EatrAL to the 
DIAMETER OF ITS BASE has a greater solidity than any 
other right cylinder of equal surf ace. 

Let G be a right cylinder whose height is equal to the di- 
ameter of its base ; and C another right cylinder having the 
same surface, but a different altitude. If a square prism P be 
described about the former, it will be a cube. But a square 
prism P' described about tha latter will not be a cube. 
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Then the surfaces of C and P are as iheir bases (Art 47. 
and 88.) ; which are as the bases of C and P', (Sup. Eac. 7| 
1.); so that, 

swfOisurfPiibasMibaaeP: xhaseXy ibaseV : isurfOfisurfPf 

But the surface of C is, by supposition, equal to the surjhce 
of C^ Therefore, ( Alg. 395.) the surface of P is equal to the 
surface of P'. Ana by the preceding article, 

tolidP : BolidC : : surfF : aurfC : : atarfP' : surJC' : : solidP' : toUdC^ 

But the solidity of P is greater than that of P'. (Art 92. 
Ck>r.) Therefore, the solidity of C is greater than that of C^ 

Scbol. A right cylinder whose height is equal to the diam- 
eter of its base, is that which circumscribes a sphere. It is 
also called Archimedesf cylinder ; as he discovered the ratio 
of a sphere to its circumscribing cylinder ; and these are the 
figures which were put upon his tomb. 

Cor. Archimedes' cylinder has a less surface^ than any 
other right cylinder of the same capacity. 



PROPOSITION XV. 

W. If a SPHERE BE CIRCUMSCRIBED bff a soltd bounded 
by plane surfaces ; the capacities of the two solids are as 
their surf aces. 

If planes be supposed to be drawn from the center of the 
sphere, to each of the edges of the circumscribing solid, they 
will divide it intp as many pyramids as the solid has faces. 
The base of eacGt pyramid will be one of the faces ; and the 
height will be the radius of the sphere. The capacitv of the 
pyramid will be equal, therefore, to its base multipliea into | 
of die radius (Art. 48.) ; and the capacity of the whole cir- 
cumscribing solid, must be equal to its whole surface multi- 
pUed into | of the radius. But the capacity of the sphere is 
also equal to its surface multiplied into | of its radius. (Art 
70.) 

Cor. The capacities of different solids circumscribing the 
same sphere, are as their surfaces. 
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PROPOSITION XVI. 



97. A SPHERE has a gretUer solidUy than any regular 
polyedron of equal swface. 

If a sphere and a r^;ular polyedron have the same center, 
and equal surfaces ; each of the faces of the polyedron must 
&11 partly within the sphere. For the solidity of a cxrcumr 
scribinff solid is greater than the solidity of the sphere, as the 
one indudes the other : and therefore, by the preceding arti- 
cle, the sur/ao& of the former is greater than that of the 
latter. 

But if the faces of the polyedron fall partly within the 
sphere, their perpendicular distance from the center must be 
less than the radius. And therefore, if the surface of the 
polyedron be only equal to that of the sphere, its solidity 
must be less. For the solidity of the polyedron is equal to 
its surface multiplied into ^ or the distance from the center. 
(Art. 59.) And the solidity of the sphere is equal to its sur&ce 
multiplied into | of the radius. 

Cor. A sphere has a l^s surface than any regular poly- 
edron of the same capacity. 

For other cases of Isoperimetry, see Fluxions. 
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APPENDIX— PART L 



OOMTAININO RUUBES WITHOIIT DBM OlWIUATIONB. FOR THK BCENSmUTIOX 
OF THE CONIC SECTIONS, AMD OTHER flGURBS NOT TREATED OF IN THE 

■Lnonrrs of suauD.* 



PROBLEM I. 

Tojmd Ae area of an blli^sa 

101. Multiply the product of the transverse and conjugate 
axes into .7854. 

Ex. What is the area of an ellipse whose transverse axis 
is 36 feet, and conjugate 28? Ans. 791.68 feet 



PROBLEM II. 

To find the area of a segment of an eUipee^ cut off by a 
line perpefidicular to either aria. 

' 102. If either axis of an ellipse be made the diameter of a 
circle ; and if a line perpendicular to this axis cut off a s^- 
ment from the ellipse, and from the circle ; 

The diameter of the circle, is to the other axis of the ellipse ; 
As the circular segment, to the elliptic segment 

^ For demonttradons of these mlei^ eee Ck>iiic Saetioiu^ Sphcciod T^:igoiioiii* 
•try, and Fliudoni^ or Hmton's Meniuratum. 
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Ex. What is the area of a segment cut off from an ellipse 
whose transyerse axis is 415 feet, and conjugate 332 ; if the 
hei£[ht of the segment is 96 feet, and its base is perpendicular 
to me transverse axis ? 

The circular segment is 23680 feet 
And the elliptic segment 18944 



PROBLEM III. 

To find the area of a conic parabola. 

103. Multiply the base by | of the height 

Ex. If the base of a parabola is 26 inches, and the height 
9 feet ; what is the area ? Ans. 13 feet 

PROBLEM iv. 

To find the area of a frustum of a parabola^ cut off by a 
line parallel to the base. 

104. Divide the difference of the cubes of the diameters of 
the two ends, by the difference of their squares; and multiply 
the quotient by f of the perpendicular height 

Ex. What is the area of a parabolic frustum, whose height 
is 12 feet, and the diameters of its ends 20 and 12 feet ? 

Ans. 196 feet 

PROBLEM V. 

To find the area of a conic hyperbola. 

106. Multiply the base by f of the height; and correct the 
oduct by subtracting from it the series 

( 6— the base or double ordinate, 
In which < A— the height or abscissa, 

f jtr— the height divided by the sum of the height 
and transverse axis. 
31 



Digitized by LjOOQ IC 



Y^ APPENDIX. 

The series coiiTep^ so rapidly, that a few of the first 
terms will generally give the correction with sufficient exact- 
ness. This correction is the difference between the hyper- 
bola, and a parabola of the same base and height 

Ex.* If the base of a hyperbola be 24 feet, the height 10 
and the transverse axis 30 ; what is the area? 



The base x f the height is 


160. 


The first term of the series is 
The second 
The third 
The fourth 


0.016666 
0.000692 
0.000049 
0.000006 


Their sum 


0,017313 


This into 2bh is 


8.31 


And the area corrected is 


161.69 


PROBLEM TI. 





lb fold the area of a spherical triangle /ormerf by three 
arcs of great cirdee of a sphere. 

106. As 8 right angles or 720°, 

To the excess of the 3 given angles above 180° ; 
So is the whole surface of the sphere, 
To the area of the spherical triangle. 

Ex. What is the area of a spherical triangle, on a sphere 
whose diameter is 30 feet, if the tingles are 130°, 102°, and 
68°? Ans. 471.24 feet 



PROBLEM VII. 

To foul the area of a spherical polygon formed by arce 
of great circles. 

107. As 8 right angles, or 720°, 

To the excess of all the given angles above the pro- 
duct of the number of angles — 2 into 180° ; 
So is the whole surface of me sphere, 
To the area of the spherical polygon. 
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Ex. What 18 the area of a spherical polygon of sevea sideSf 
on a sphere whose diameter is 17 inches ; if the sum of all 
the angles is 1080^? Ans. 227 inches. 



PROBLEM Till. 

Thjind the lunar surface included between two great cfrdes 
of a sphere. 

106. As 36(F, to the angle made by the given circles ; 
So is the whole surface of the sphere, to the surfaoe 
between the circles. 

Or, 

The lunar surface is equal to the breadth of the middle 
part of ity multiplied into the diameter of the sphere. 

Ex. If the earth be 7930 miles in diameter, what is tfie 
surface of that part of it which is included between the 65th 
and 83d degree of longitude? - 

Ans. 9,878,000 square miles. 



PROBLEM IX. 

To find the solidity of a bvuebjc^iBj formed hy the revoluiian 
% of an ellipse about either axis* 

109. Multiply the product 6f the fixed axis and the square 
of the revolTing axis, into .5236. 

Ex. 1. What is the solidity of an oblong spheroid, whose 
longest and shortest diameters are 40 and SK) mei ? 

Ans. 40x30>x.5236- 18860 feet 

2. If the earth be an oblate spheroid, whose polar and 
equatorial diameters are 7930 and 7960 miles ; what is its 
solidity? Ans. 263,000,000,000 miles. 



Digitized by 



Google 



76 



ASTSKUDL 



PROBLEM X. 



To find the solidity of the middle frustum of a spheroid, 
included between two planes which are perpendicular to 
the axis, and equally distant from the center. 

110. Add together the square of the diameter of one end, 
and twice the square of the middle diameter ; multipl7 the 
sum by \ of the height, and the product by .7854. 

If D and eJi^the two diameters, and A^the height ; 
The sohdity-(2D«+d»)x|Ax.7864. 

Ex. If the diameter of one end of a middle frustum of a 
spheroid be 8 inches, the middle diameter 10 and the height 
30, what is the solidity ? 

Ans. 2073.4 inches. 

Cor. Half the middle frustum is equal to a frustum of 
which one of the ends passes through the center. 
If then D and d^-the diameters of the two ends, and A»the 

height, 

The soUdity-(2D«+d«)xiAx.7854. 



PROBLEM XL 

To find the solidity of a paraboloid. 

111. Multiply the area of the base by half the height. 

Ex. If the diameter of the base of a paraboloid be 12 feeC, 
and the height 22 feet, what is the solioity ? 

Ans. 1243 feet 

PROBLEM XII. 

To find the solidity of a frustum of a parabohid 

112. Multiply the sum of the areas of the two ends by half 
their distance. 
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Ex. If the diameter of one end of a frustam of a parabo- 
loid be S feet, the diameter of the other end 6 feet, and the 
length 24 feet ; what is the solidity f 

Ans. 942ifeet. 

Cor. If a cask be in the form of itoo equal frustums of a 
paraboloid ; and 

If Da-the middle diam. e{s-the end diam. and A— the length ; 
The solidity-(D«+d«)xiAx.7864. 



P&OBLEM XIII. 

To find the solidity of a hyperboloid, produced by the 
revolution of a hyperbola on its axis. 

113. Add together the square of the radius of the base, and 
the square of me diameter of a section which is equally dis- 
tant from the base and the vertex ; multiply the sum by the 
height, and the product by .6236. 

If R—the radius of the base, D— the middle diameter, and 
A^the height ; 

The solidity-(R>+D*)xAx.5236. 

Ex. If the diameter of the base of a hyperbolcHd be 24, the 
square of the middle diameter 262, and me height 10, what 
is the solidity? Ans. 2073.4. 



PROBLEM XIT. 

To find the solidity of a frustum of a hyperboloid. 

114. Add together the squares of the radii of the two ends, 
and the square of the middle diameter ; multiply the sum by 
the hei^t, and the product by .5236. 
If R and r^the two radii, D»the middle diameter, and 

A"-tlie height; 

The solidity-(R«+r«+D«)xAx.6236. 

Ex. If the diameter of one end of a frustam of a hyperbo- 
loid be 32, the diameter of the other end 24, the square of the 
middle diameter 793|, and. the length 20, what is the solidity 1 

Ans. 12499.3. 
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PROBLEM XT. 

To find the soUdiiy of a circular spindle, produced by 
the revolution of a circular segment about its base or 
chord as an axis. 

116. From ^ of the cube of half the axis, subtract the pro- 
duct of the central distance into half the revolving circular 
segment, and multiply the remainder by four times 3.14169. 

If a»the erea of the revolving circular segment, 
2— half the length or axis of the spindle, 
C"-the distance of this axis from the center of the 
circle to which the revolving segment belongs ; 

The solidity- (iZ»— Joe) x4x3.14l69. 

Ex. Let a circular spindle be produced by the revolution 
of the segment ABO (Fig. 9.) about AB. It the axis AB be 
140, and OP half the middle diameter of the spindle be 38.4; 
what is th^ solidity ? 

The area of the revolving segment is 3791 
The central distance PC 44.6 

The solidity of the spindle 374402 



problem XVI. 

7b find the solidity of the middlb frustum of a circular 

spindle. 

116. From the square of half the axis of the whole spindle, 
subtract \ of the square of half the length of the frustum ; 
multiply the remainder by this half length ; from the product 
subtract the product of the revolving area into the central 
distance ; and multiply the remainder by twice 3.141691 

If L»half the length or axis of the whole spindle, 
Z=-half the length of the middle frustum, 
c«>the distance of the axis from the center of the circle, 
a"-the area of the figure whidi, by revolving, produces 
the frustum ; 

The 8olidity-(L«— iZ»xZ— ac)x2^3.14159. 
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Ex. K the diameter of each en^of a fimstum of. a circular 
spindle be 21.6, the middle diameter 60, and the length 70 ; 
what is the solidity? 

The length of the whole spindle is 79.76 
The central distance 11.6 

The revolving area 17035 

The solidity 136761.6 



PROBLEM XVII. 

« 

Th find the solidity of a parabolic spindle, produced hy 
the revolution of a parabola about a double ordinate or 
base. 

117. Multiply the square of the middle diameter by ^j of 
the axis, and the product by .7864. 

Ex. If the axis of a parabolic spindle be 30, and the mid* 
die diameter 17, what is the solidi^? 

Ans. 3631.7. 



PROBLEM ZVIII. 

To find the solidity of the middle frustum of a parabolic 

spindle. 

118. Add tc^ther the square of the e&d diameter, and 
twice the square of the middle diameter ; from the sum sub- 
tract I of the square of the difference of the diameters, and 
multiply the remainder by 4 of the length, and the product 
by .7854. 

If D and d^ihe two diameters, and Z^-^the length ; 

ThesoUdity-(2D«+d»— }(D— d)»)xiiX.7854. 

Ex. K the end diameters of a frustum of a parabolic spin- 
dle be each 12 inches, the middle diameter 16, and the length 
30; what is the solidity 7 Ans. 6102 inches. 
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APPENDIX— PART II. 



GAUGING OF CASKS. 

Art. 119. Gauging is a practical art, which does not ad- 
mit of being treated in a very scientific manner. Casks are 
not com.monly constructed in exact conformity with any 
regular mathematical figure. By most writers on the subject, 
however, they are considered as nearly coinciding with one 
of the following forms ; 

The second of these varieties agrees more nearly than any 
of the others, with the forms of casks, as they are commonly 
made. The first is too much curved, the third too little, and 
the fourth not at all, from the head to the bung. 
. 120. Rules have already been given, for finding the capa- 
city of each of the four varieties of casks. (Arts. 68, 110, 112, 
118.) As the dimensions are taken in inchesj these rules will 
give the contents in cubic inches. To abridge the computa- 
tion, and adapt it to the particular measures used in gauging, 
the factor .7854 is divided by 282 or 231 ; and the quotient 
is used instead of .7864, for finding the capacity in ale gal- 
lons or wine gallons. 

Now '21^- .002786, or .0028 nearly; 

K then .0028 and 0034 be substituted for .7864, in the rales 
referred to above ; the contents of the cask will be given in 
ale gallons and wine gallons. These numbers are to each 
other nearly as 9 to IL 
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PKOBLJUC I. 

To catadaie the canienis qfacasky in the form of the middle 
frustum of a spheroid. 

121. Add together the square of the head diameter, and 
twice the square of the bung diameter ; multiply the sum by 
\ of the length, and the product by .0038 for aie gallons, or 
by .0034 for wine gallons. 

If D and c2»the two diameters, and l^ihe length ; 
The capacity in inches-(2D«+d«)xi/x.7854. (Art. 110.) 

And by substituting .0028 or .0034 for .7864, we have tfas 
capacity in ale gallons or wine gallons* 

Ex. What is the capacity of a cask of the first form, whose 
length is 30 inches, its head diameter 18, and its bung diam- 
eter 24? 

Ans. 41.3 ale gallons, or 60.2 wine gallons. 



PROBLEM II. 

Th eaktdate the contents of a cask, in the form of the middle 
frustum of a parabolic spindle. 

122. Add together the square of the head diameter, and 
twice the square of the bung diameter, and from the sum 
subtract | of the square of the dijflEer^ice of the diameters ; 
multiply the remainder by | of the length, and the product 
by .0028 for ale gallons, or .0034 for wine gallons. 

The capacity in inches -(2D«+rf*— |(D— d)«)xiix 
.7864. (Art. 118.) 

Ex. What is the capacity of a cask of the Mcond formt 
whose length is 30 inches, its head diameter 18, and its bung 
difttneter24} 

Ans. 40.9 ale gallonsi or 49.7 wine gallons. 
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PBOBLBM III. 

To calculate the contents of a cask^ in the form of two equal 
frustums of a paraboloid. 

123* Add together the square of the head diameter, and 
the square of the bung diameter ; multiply the sum by half 
the length, and the product by .0038 for ale gallons, or .0034 
for wine gallons. 

The capacity in inches «(D«+d»)xiix.7854. (Art 112. 
Cor.) 

Ex. What is the capacity of a cask of the third form, whose 
dimensions are, as. before, 30, 18, and 24? 

Ans. 37.8 ale gallons, or 45.9 wine gallons. 



PROBLEM IV. 

To calculate the contents of a caskj in the form of two equal 
frustums of a cone. 

124. Add togeiheT the square of the head diameter, the 
square of the bung diameter, and the product of the two di- 
ameters ; multiply the sum by ^ of the len^^ and the pro- 
duct by .0028 for ale gallons, or .0034 for wme gallons. 
The capacity in inches«(D«+(i»+Drf)x|/x.7864. (Art. 68.) 

Ex. What is the capacity of a cask of the fourth form, 
whose length is 30, and its diameters 18 and 24? 

Ans. 37.3 ale gallons, or 45.3 wine gallons. 

125. The preceding rules, though correct in theory, are 
not very well adapted to practice, as they suppose the form 
of the cask to be known. The two following rules, taken 
firom Button's Mensuration, may be used for casks of the 
usual forms. For the first, three dimensions are required, 
the length,, the head diameter, and the bung diameter. It is 
evident that no allowance is made by this, for different de- 
grees of curvature firom the head to the bun^. If the cask is 
more or less curved than usual, the foUowmg rule is to be 
preferred, for which four dimensions are required, the head 
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and bimgdkmlten^ and a third diameter tii^ in the middle 
between the bung and the head. For the demonstration of 
these ruljBs, see uutton's Mensuratioo, Part y« Sec. 8. Ch. 6. 
and 7. 

PROBLEM V. 

7b calculate the contents of any common cask from threb 
dimensions. 

126. Add together^ 

25 times the square of the head diameter, 

39 times the square of the bung diameter, and 

26 times the product of the two diameters ; 
Multiply the sum by the length, divide the product by 90, 

and multiply the quotient by .00^ for ale gidlons, or .0034 
for wine gallons. 

The capacity in inches«(39D«+2W«+26Dd)XQg X.7864. 

Ex. What is the capacity of a cask whose length is 30 
inches, the head diameter 18, and the bung diameter 24? 
Ans. 39 ale gallons, or 47| wine gallons. 



PROBLEM VI. 

To calculate the contents of a cask from four dimensions^ 
the lengthy the head and hung diameters^ and a diameter 
taken in the middle between the head and the bung. 

127. Add together the squares of the head diameter, of the 
bung diameter, and of double the middle diameter ; multiply 
the sum by } of the length, and the product by .0028 for ale 
gallons, or .0034 for wine gallons. 

If D»the bung diameter, d^the head diameter,' m«B the 
middle diameter, and Z»the length ; 

The capacity in inches— (D«+«?*+2iTO*)x|/x.7864. 

Ex. What is the capacity of a cask, whose lencrth is 30 
inches, the head diameter 18, the bung diameter 24, and tfie 
middle diameter 22^? 

Ans. 41 ale gallons, or 49} waie gailonik 
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1S8. In making Ifae ealcalationji in gauging, according to 
the preceding rules, the multiplications and divisions are fre- 
quently performed by means of a SKding^ Rulcy on whidi 
are placed a number of logarithmic lines, similar to those on 
Gunter's Scale. See Trigonometry, Sec. yi. and Note O. p. 
141. 

Another instrument conunonly used in gauging is the Di- 
itganal Rod* By this, the capacity of a cask is very expe- 
ditiously found, from a single dimension, the distance firom 
the bung to the intersection of the opposite stave with the 
head. The measure is taken by extending the rod through 
the cask, from the bung to the most distant part of the he^. 
The number <^ gallons corresponding to the length of the 
line thus fotmd, is marked on the rod. The logarithmic 
lines on the ^augine rod are to be used in the same manner, 
as on the 8li£ng rule. 

ULLAGE OF CASKS. 

129. When a cask is partly filled, the whole capacity is 
dividedL by the surface of the liquor, into two portions ; the 
least of which, whether full or empty, is called the ullage. 
In finding the ullage, the cask is supposed to be in one of 
two positions ; either standing, with its axis perpendicular 
to the horizon; or lying, with its axis parallel to the horizon. 
The rules for ullage which are exact, particularly those for 
lying casks, are too complicated for common use. The fol« 
lowing are considered as sufficiently near approximations. 
See Hutton's Mensuration. 



PEOBLEM VII. 

To calculate the tdlage of a standing cask. 

130. Add together the squares of the diameter at the sur- 
* face of the liquor, of the diameter of the nearest end, and of 
double the diameter in the middle between the other two ; 
multiply the sum by } of the distance between the surface 
and the nearest end, and the product by .0028 for ale gallons 
or .0034 for wine gallons. 
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If D—the diameter of the sar&oe of the liquor, 
li— the diameter of the nearest end, 
m— the middle diameter, and 

2— the distance between the surface and the nearest end ; 
The ullage in inches-(D«+rf«+2m*)xi/x.7864. 

Ex. If the diameter at the surface of the liquor, in a stand- 
ing cask, be 32 inches, the diameter of the nearest end 24, the 
middle diameter 29, and the distance between the surface of 
the liquor and the nearest end 12 ; what is the ullage? 

Ans. 27| ale gallons, or 33| wine gallons. 



PROBLEM VIII. 

To calculaie the tillage q/* a lying cask. 

131. Divide the distance from the bung to the surface of 
the liquor, by the whole bung diameter, find the quotient in 
the column of heights or versed sines in a table of circular 
seraients, take out the corresponding se^ent, and multiply 
it by the whole capacity of the cask, and the product by IJ 
for the part which is empty. 

If the cask be not half full, divide the depth of the liquor 
by the whole bung diameter, take out the segment, multiply, 
&c., for the contents of the part which is full. 

Ex. If the whole capacity of a lying cask be 41 ale gal- 
lons, or 49; wine gallons, the bung diameter 24 inches and 
the distance from the bun^ to the surface of the liquor 6 
inches ; what is the ullage f 

Ans. 7| ale gallons, or 9| wine gallons. 
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NOTES. 



Note A. p. 16. 

One of the earliest approximations to the ratio of the cir- 
cumference of a circle to its diameter, was that of Archimedes. 
He demonstrated that the ratio of the perimeter of a regular 
inscribed polygon of 96 sides, to the diameter of the circle, is 
^eater than 34f : 1 ; and that the ratio of the perimeter of a 
circumscribed polygon of 192 sides, to the diameter, is less 
than 3j{ : 1, that is, than 22 : 7. 

Mettus gave the ratio of 365 : 113, which is more accurate 
than any other expressed in small numbers. This was con- 
firmed by Vieta, who by inscribed and circumscribed poly- 
gons of 393216 sides, carried the approximation to ten places 
of figures, viz, 

3.141592663. 

Van Ceulen of Leyden afterwards extended it, by the labo- 
rious process of repeated bisections of an arc, to 36 places. 
This calculation was deemed of so much consequence at the 
time, that the numbers are said to have been put upon his 
tomb. 

But since the invention o{ fluxions, methods much more 
expeditious have been devised, for approximating to the re- 
quired ratio. These principally consist in finding the sum 
of a series, in which the length of an arc is expressed in terms 
of its tofig'en^. 

If r— the tangent of an arc, the radius being 1, 

^3 f S ft f 

The arc — ^ — ■o'+'c — -^+-ci — ^- See Fluxions. 
o 6 7 y 
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This series is in itself very simple. Nothing more is ne- 
cessary to make it answer the purpose in practice, than that 
the arc be smaUj so as to render the series suflkiently con- 
verging, and that the tangent be expressed in such simple 
numbers, as can easily be raised to the several powers. The 
given series will be expressed in the most simple numbers, 
when the arc is 45^, whose tangent is equal to radius. If the 
radius be 1, 

The arc of 46o«l —J + J — } +*— &c. And this multi- 
plied by 8 gives the length of the whole circumference. 

But a series in which the tangent is smaller, though it be 
less simple than this, is to be preferred^ for the rapidity with 
which it converges. As the tangent of 3(P^ V ^, if the radius 
be 1, 

Thereof 30O-V .x(l-3V54l-75i+9^-*«) 

And this multiplied into 12 will give the whole circumfer- 
ence. 

This was the series used by Dr. Halley. By this also, Mr. 
Abraham Sharp of Yorkshire computed the circumference 
to 72 places of figures, Mr. John Machiri^ Professor of Astro- 
nomy in Gresham College, to 100 places, and M. De Lagny 
to 128 placeS' Several expedients have been devised, by 
Machin, Euler, Dr. Hutton, ivnd others, to reduce the labor 
of summing the terms of the series. See Euler's Analysis of 
Infinites, Button's Mensuration, Appendix to Maseres on the 
Negative Sign, and Lond. Phil. Trans, for 1776. For a 
demonstration that the diameter and the circumference of a 
circle are incommensurable, see Legendre's Geometry, Note 
iv. 

The circumference of a circle whose diameter is 1, is 

3.1415926535, 8979323846, 2643383279, 
5028841971, 6939937510, 5820974944, 
5923078164, 0628620899, 8628034825, 
3421170679, 8214808651, 3272306647, 

0938446+or7— . 
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Note R p, 17. 

The following multiplieis may frequently be useful ; 

!X.8862— the side of an equal aquare. 
X.707 "^the side of an ins'bed aq'ie. 
X.866 —the aide of an inscribed 
[equilateral triangle. 

( x.2821»>the side of an equal square. 
The circum£ < x.8251 —the side of an inscribed square. 

( X.2766**the side of an ins'bed eq'lat. triang. 



The side of a sq. 



' X 1.128— the diameter of an equal circle. 
X 3.545— the circumf. of an equal circle. 
Xl.414— the diam. of the circums. circle. 
X4.443— the cir. of the circumsc. circle. 



Note C. p. 19. 

The following approximating rule may be used for finding 
the arc of a circle. 

1. The arc of a circle is nearly equal to i of the difference 
between the chord of the whole arc, and § times the chord 
of half the arc 

2. If A— the height of an arc, and d— the diameter of the 
circle ; 



3h 
A . 3A« . 3.5A» 



Theaic-aiy/gl^ Or, 



3. Th.<«c-2v«x(l+5|3+5i^+5g^*..)Or. 

4 The arc— I (5 <i V^rj^oX +* '^^) ^^'Y i^^Mly- 
6. If «— the sine of an arc, and r— the radius of the circle ; 

The arc-.*x (l+gj:; +^<-^7^k^) 

See Button's Mensuration. 
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NOTES. gg 

Note D. p. 23. 

To expedite the calculation of the areas of circular seg- 
ments, a table is provided, which contains the areas of seg- 
ments in a circle whose diameter is 1. See the table at the 
end of the book, in which the diameter is supposed to be 
divided into 1000 equal parts. By this may be found the 
areas of segments of other circles. For the heights of similar 
segments of different circles are as the diameters. If then 
the height of any given se^ent be divided bv the diameter 
of the circle, the quotient will be the height of a similar seg- 
ment in a circle whose d'ameter is 1 The area of the latter 
is found in the table ; ar.d from the properties of similar fig- 
ures, the two segments are to each Hher, as the squares r f the 
diameters of the circles. We have then the following lUle : 



To find the area of a drctUar seqmevt hy the table. 

Divide the height of the segment hy the diameter of the 
circle ; look for the quotient in the column of heights in the 
table ; take out the corresponding number in the column of 
areas ; and multiply it by the square of the diameter. 

It is to be observed, that the figures in each of the columns 
in the table are decimals. 

If accuracy is required, and the quotient of the height di- 
vided by the diameter, is between two numbers in the column 
of heights ; allowance may be made for a proportional part 
of the difference of the corresponding numbers in the column 
of areas ; in the same manner, as in taking out logarithms. 

Segments greater than a semicircle are not contained in 
the table. K the area of such a segment is required, as ABD 
rPig. 9.), find the area of the segment ABO, and subtract this 
Irom the area of the whole circle. 

Or, 

Divide the height of the given segment by the diameter, 
subtract the quotient ftom 1, find the remainder in the column 
of heights, subtract the corresponding area from .7854, and 
multiply this remainder by the square of the diameter. 

33 
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Ex. 1. What is the aiea of a smnent whose height is 16, 
the diameter of the circle being 48 ? Ans. 628. 

2. What is the area of a segment whose height is 32, the 
diameter being 48? Ans. 1281.65. 

The following rules may also be used for a circular seg- 
ment 

1. To the chord of the whole arc, add \ of the chord of 
half the arc, and multiply the sum by f of the height 

If C and c«=the two chords, and A»the height; 
The segment — (C + 1 c) | A nearly. 

2. If A«ithe height of the segment, and d— the diameter 
of the circle ; 

The 8egment-2A Vcax(|-A_^_^|L &c.) 

Note E. p. 29. 

The term solidity is used here in the customary sense, to 
express the magnitude of any geometrical quantity of three 
dimensions, length, breadth, and thickness ; whether it be a 
solid body, or a fluid, or even a portion of empty space. This 
use of the word, however, is not altogether free from objec- 
tion. The same term is applied to one of the general pro- 
perties of matter ; and also to that peculiar quality by which 
certain substances are distinguished from fluids. There 
seems to be an impropriety in speaking of the solidity of a 
body of water, or of a vessel which is empty. Some writers 
have therefore substituted the word volume for solidity. But 
the latter term, if it be properly defined, may be retained 
without danger of leading to mistake. 

Note F. p. 36. 

The geometrical demonstration of the rule for finding the 
solidity of a frustum of a pyramid, depends on the following 
proposition : 
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A frustum of a triangular pyramid is equal to three 
pyramids ; the greatest and least of which are equal in 
height to ihe frustum^ and have the two ends of the frustum 
for their bases; and the third is a mean proportional be- 
tween the other two. 

Let ABCDFG (Fig. 34.) be a frustum of a triangular pyr- 
amid. If a plane te supposed to pass through the points 
AFC, it will cut off the pyramid ABCF. The height of this 
is evidently equal to the height of the frustum, and its base 
is ACB, the greater end of the frustum. 

Let another plane pass through the points APD. This 
will divide the remaining^ part of the figure into two triangu- 
lar pyramids AFDG and AFDC. The height of the former 
is equal to the height of the frustum, and its base is DFG, 
the smaller end of the frustum. 

To find the magnitude of the third pyramid AFDC, let P 
be now considered as the vertex of this, and of the second 
p]jnramid AFDG. Their bases will then be the triangles 
ADC and ADG. As these are in the same plane, the two 
pyramids have the same altitude, and are to each other as 
their bases. But these triangular bases, being between the 
same parallels, are as the lines AC and DG. Therefore, the 
pyramid A FDC is to the pyramid AFDG as AG to DG ; and 

AFi5C « : AFDG « : : AC « : DG ». (Alg. 391.) But the pyr- 
amids ABCF and AFDG, having the same altitude, are as 

their bases ABC and DFG, that is, as AC« and DG«. (Euc. 
19, 6.) We have then 



AFDC» : AFDG« ::AC« : DG« 
ABCF : AFDG : : AC« 



AC« :^DG« } 
5» : DG« > 



Therefore, AFDC» : AFDG« : : ABCF : AFDG. 



And AFDC««AFDGxABCF. 

That is, the pyramid AFDC is a mean proportional be- 
tween AFDG and ABCF. 

Hence, the solidity of a frustum of a triangular pyramid is 
equal to i of the height, multiplied into the sum of the areas 
of the two ends and the square root of the product of these 
areas. This is true also of a frustum of any other pyramid. 
(Sup. Euc. 12, 3. Cor. 2.) 

If the smaller end of a frustum of a pyramid be enlargedi 
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till it is made equal to the other end ; the frostom will be- 
come a prisfjij which may be divided into ttuee eqtuU pyra* 
mids. (Sup. Euc. 15 3.) 

Note Q. p. 69. 

The following simple rule for the solidity of round timberi 
or of any cylincfer, is nearly exact : 

Multiply the length into twice the square of \ of the circum^ 

ference. 

If C— the circumference of a cylinder ; 
The area of the b.«-^-^But 2 Q -^ 

It is common to measure hewn timber, by multiplying the 
length into the square of the quarter-girt. This gives ex- 
actly the solidity of a parallelopiped, if the ends are squares. 
But if the ends are parallelograms, the area of each is less 
than the square of tlie quarter-girt. (Euc. 27. 6.) 

Timber which is tapering may be exactly measured by 
the rule for the frustum of a pyramid or cone (Art. 50, b8.) ; 
or, if the ends are not similar figures, by the rule for a pris- 
moid. (Art. 65.) But for common purposes, it will be suffi- 
cient to multiply the length by the area of a section in the 
middle between the two ends 
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A TABLE 



OF THS SBCMBNTS 



OF A CIRCLE, WHOCnEB DIAMETER H 1, AMD IB SUFFOBED 
TO BE DIVIDED INTO 1000 EQUAL PARTE. 



Height. 


AreaSeg. 


Height 


Area Sag. 


Height 


Area Beg. 


.001 


.000042 


.034 


.008273 


.067 


.022652 


002 


000119 


035 


008638 


068 


023154 


003 


000219 


036 


009008 


069 


023659 


004 


000337 


037 


009383 


070 


024168 


005 


000471 


038 


009763 


071 


024680 


006 


000618 


039 


010148 


072 


025195 


007 


000779 


040 


010537 


073 


025714 


008 


000952 


041 


010932 


074 


026236 


009 


001135 


042 


011331 


075 


026761 


010 


001329 


043 


011734 


076 


027289 


Oil 


001533 


044 


012142 


077 


027821 


012 


001746 


045 


012554 


078 


- 028356 


013 


001968 


046 


012971 


079 


028894 


014 


002199 


047 


013392 


080 


029435 


015 


002438 


048 


013818 


081 


029979 


016 


002685 


049 


014247 


082 


030126 


017 


002940 


050 


014681 


083 


031076 


018 


003202 


051 


015119 


084 


031629 


019 


003472 


052 


015561 


085 


032186 


020 


003748 


053 


016007 


086 


032745 


021 


004032 


054 


016457 


087 


033307 


022 


004322 


055 


016911 


088 


033872 


023 


004618 


056 


017369 


089 


034441 


024 


004921 


057 


017831 


090 


035011 


025 


005231 


058 


018296 


091 


035585 


026 


005546 


059 


018766 


092 


036162 


027 


005867 


060 


019239 


093 


036741 


028 


006194 


061 


019716 


094 


037323 


029 


006527 


062 


020206 


095 


037909 


030 


006865 


063 


020690 


096 


038496 


031 


007209 


064 


021178 


097 


039087 


032 


007558 


065 


021659 


098 


039680 


.033 


.007913 


.066 


.022154 


.099 


.040276 
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TABU or OnOIILiK 



Height 


AreaSeg. 


Height 


▲reaSeg. 


Height 


Area Beg. 


.100 


.040875 


.144 


.069625 


.188 


.102334 


101 


041476 


145 


070328 


189 


103116 


102 


042080 


146 


071033 


190 


103900 


103 


042687 


147 


071741 


191 


104685 


104 


043296 


148 
149 


072450 


192 


105472 


105 


043908 


073161 


193 


106261 


106 


044522 


150 


073874 


194 


107051 


107 


045139 


151 


074589 


195 


107842 


108 


045759 


152 


075306 


196 


108636 


109 


046381 


153 


076026 


197 


109430 


110 


047005 


154 


076747 


198 


110226 


111 


047632 


155 


077469 


199 


111024 


112 


048262 


156 


078194 


200 


111823 


113 


048894 


157 


078921 


201 


112624 


114 


049528 


158 


079649 


202 


113426 


115 


050165 


159 


080380 


203 


114230 


116 


050804 


160 


081112 


204 


115035 


117 


051446 


161 


081846 


205 


115842 


118 


052090 


162 


082582 


206 


116650 


119 


052736 


163 


083320 


207 


117460 


120 


063385 


164 


084059 


208 


118271 


121 


054036 


165 


084801 


209 


119083 


122 


054689 


166 


085544 


210 


119897 


123 


055345 


167 


086289 


211 


120712 


124 


056003 


168 


087036 


212 


121529 


125 


056663 


169 


087785 


213 


122347 


126 


057326 


170 


088585 


214 


123167 


127 


057991 


171 


089287 


215 


123988 


128 


058658 


172 


090041 


216 


124810 


129 . 


059327 


173 


090797 


217 


125634 


130 


059999 


174 


091554 


218 


126459 


131 


060672 


175 


092313 


219 


127285 


132 


061348 


176 


093074 


220 


128113 


133 


062026 


177 


093836 


221 


128942 


134 


062707 


178 


094601 


222 


129773 


135 


063389 


179 


095366 


223 


130605 


136 


064074 


180 


096134 


224 


131438 


137 


064760 


181 


096903 


225 
226 
227 


132272 


138 


065449 


182 


097674 


133108 


139 


066140 


183 


098447 


133945 


140 


066833 


184 


099221 


228 


134784 


141 


067528 


185 


099997 


229 


135624 


142 


068225 


186 


100774 
.101553 


230 


136465 


.143 


.068924 


.187 


.231 


.137307 
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ireigbt 


ATM See. 


Height 


Area Seg. 


Height 


Area Seg. 


.232 


.138150 


.277 


.177330 


.322 


.218633 


233 


138995 


278 


178225 


323 


219468 


234 


139841 


279 


179122 


324 


220404 


235 


140688 


280 


180019 


325 


221340 


236 


141537 


281 


180918 


826 


222277 


237 


142387 


282 


181817 


327 


223215 


238 


143238 


283 


182718 


828 


224154 


239 


144091 


284 


183619 


329 


225093 


240 


144944 


285 


184521 


330 


226033 


241 


145799 


286 


185425 


331 


226974 


242 


146655 


287 


186329 


332 


227915 


243 


147512 


288 


187234 


333 


228858 


244 


148371 


289 


188140 


334 


229801 


245 


149230 


290 


189047 


.335 


230745 


246 


150091 


291 


189955 


336 


231689 


247 


150953 


292 


190864 


337 


232634 


248 


151816 


293 


191775 


338 


233580 


249 


152680 


294 


192684 


339 


234526 


250 


153546 


295 


193596 


340 


235473 


251 


154412 


296 


194509 


341 


236421 


252 


155280 


297 


195422 


342 


237369 


253 


156149 


298 


196337 


343 


238318 


254 


157019 


299 


197252 


344 


239268 


255 


157890 


300 


198168 


345 


240218 


256 


158762 


301 


199085 


346 


241169 


257 


159636 


302 


200003 


347 


242121 


258 


160510 


303 


200922 


348 


243074 


259 


161386 


304 


201841 


349 


244026 


260 


162263 


305 


202761 


350 


244980 ' 


261 


163140 


306 


203683 


351 


245934 


262 


164019 


307 


204605 


352 


246889 


263 


164899 


308 


205527 


353 


247845 


264 


165780 


309 


206451 


354 


248801 


265 


166663 


310 


207376 


355 


249757 


266 


167546 


311 


208301 


356 


250715 


267 


168430 


312 


209227 


357 


251673 


268 


169315 


313 


210154 


358 


252631 


269 


170202 


314 


211082 


359 


253590 


270 


171089 


315 


212011 


360 


254550 


271 


171978 


316 


212940 


361 


255610 


272 


172867 


317 


213871 


362 


256471 


273 


173758 


318 


214802 


363 


257433 


274 


174649 


319 


215733 


364 


258395 


275 


175542 


320 


216666 


365 
.366 


259357 


.276 


.176435 


.321 


.217699 


.260320 
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TABU OF CIUCULUt SEGMENTS. 



Height 


Area Scg. 


Height 


Area Seg. 


Height 


Area Sef. 


.367 


.261284 


.412 


.305155 


.457 


.349752 


368 


262248 


413 


' 306140 


458 


350748 


369 


263213 


414 


307125 


459 


351745 


370 


264178 


415 


308110 


460 


352742 


371 


265144 


416 


309095 


461 


353739 


372 


266111 


417 


310081 


462 


364736 


373 


267078 


418 


311068 


463 


355732 


374 


268045 


419 


312054 


464 


356730 


375 


269013 


420 


313041 


465 


357727 


376 


269982 


421 


314029 


466 


358725 


377 


270951 


4^2 


315016 


467 


359723 


378 


271920 


423 


316004 


*468 


360721 


379 


272890 


424 


316992 


469 


361719 


380 


273861 


425 


317981 


470 


362717 


381 


274832 


426 


318970 


471 


363715 


382 


275803 


427 


319959 


472 


364713 


383 


276777 


428 


320948 


473 


365712 


384 


277748 


429 


321938 
322928 


474 


366710 


385 


278721 


430 


475 


367709 


386 


279694 


431 


323918 


476 


368708 


387 


280668 


432 


324909 


477 


369707 


388 


281642 


433 


325900 


478 


370706 


389 


• 282617 


434 


326892 


479 


371705 


390 


283592 


435 


327882 


480 


372704 


391 


284568 


436 


328874 


481 


373703 


392 


285544 


437 


329866 


482 


374702 


393 


286521 


438 


330858 


483 


375702 


391 


287498 


439 


331850 


484 


376702 


395 


288476 


440 


332843 


485 


377701 


396 


289454 


441 


333836 


486 


378701 


. 397 


290432 


442 


334829 


487 


379700 


398 


291411 


443 


335822 


488 


380700 


399 


292390 


444 


336816 


489 


381699 


400 


293369 


445 


337810 


490 


382699 


401 


294349 


446 


338804 


491 


383699 


402 


295330 


447 


339798 


492 


384699 


403 


296311 


448 


340793 


493 


385699 


404 


297292 


449 


341787 


494 


386699 


405 


298273 


450 


342782 


495 


387699 


406 


299255 


451 


343777 


496 


388699 


407 


300238 


462 


344772 


497 


389699 


408 


301220 


453 


345768 


498 


390699 


409 


302203 


454 


346764 


499 


391699 


410 


303187 


455 


347759 


.600 


.392699 


.411 


304171 


.456 


.348756 
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TABU or CIUCDLAK SEGMENTS. 



HeichL 


Area Scg. || 


Height 


AreaSeg. 


Height 


Area 9eg. 


.367 


.261284 


.412 


.305155 


.457 


.349752 


368 


262248 


413 


- 306140 


458 


350748 


369 


263213 


414 


307125 


459 


351745 


370 


264178 


415 


308110 


460 


352742 


371 


265144 


416 


309095 


461 


353739 


372 


266111 


417 


310081 


462 


354736 


373 


267078 


418 


311068 


463 


355732 


374 


268045 


419 


312054 


464 


356730 


375 


269013 


420 


313041 


465 


357727 


376 


269982 


421 


314029 


466 


358725 


377 


270951 


422 


315016 


467 


359723 


378 


271920 


423 


316004 


•468 


360721 


379 


272890 


424 


316992 


469 


361719 


380 


273861 


425 


317981 


470 


362717 


381 


274832 


426 


318970 


471 


363715 


382 


275803 


427 


319959 


472 


364713 


383 


276777 


428 


320948 


473 


365712 


384 


277748 


429 


321938 


474 


366710 


385 


278721 


430 


322928 


475 


367709 


386 


279694 


431 


323918 


476 


368708 


387 


280668 


432 


324909 


477 


369707 


388 


281642 


433 


325900 


478 


370706 


389 


• 282617 


434 


326892 


479 


371705 


390 


283592 


435 


327882 


480 


372704 


391 


284568 


436 


328874 


481 


373703 


392 


285544 


437 


329866 


482 


374702 


393 


286521 


438 


330858 


483 


375702 


394 


287498 


439 


331850 


484 


376702 


395 


288476 


440 


332843 


485 


377701 


396 


289464 


441 


333836 


486 


378701 


. 397 


290432 


442 


334829 


487 


379700 


398 


291411 


443 


335822 


488 


380700 


399 


292390 


444 


336816 


489 


381699 


400 


293369 


445 


337810 


490 


382699 


401 


294349 


446 


338804 


491 


383699 


402 


295330 


447 


339798 


492 


384699 


403 


296311 


448 


340793 


493 


385699 


404 


297292 


449 


341787 


494 


386699 


405 


298273 


450 


342782 


495 


387699 


406 


299255 


451 


343777 


496 


388699 


407 


300238 


452 


344772 


497 


389699 


408 


301220 


453 


345768 


498 


890699 


409 


302203 


454 


346764 


499 


391699 


410 


303187 


455 


347759 


.600 


.392699 


.411 


.304171 


.456 


.348756 
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As the following treatise has been prepared for the use of 
a class in College, it does not contain all the details which 
would be requisite for a practical navigator or surreyor. 
ITie object of a scientific education is rather to teach princi- 
ples, than the minute rules which are called for in profession- 
al practice. The principles should indeed be accompanied 
with such illustrations and examples as will render it easy 
for the student to make the applications for himself, when- 
ever occasion shall require. But a collection of rules merely, 
would be learned, only to be forgotten, except by a few who 
might have use for them in the course of their business. 
There are many things belonging to the art of navigation, 
which are not comprehended in the mathematical part of the 
subject Seamen will of coiirse moke use of the valuable 
system of Mackay, or the still more complete work of Bow-* 
ditch. 

The student is supposed to be familiar with the principles 
of Geometry and Trigonometry, befor<i he enters upon the 
present number, which contains little more than the applica- 
tion of those principles to some of the most simple problems 
in heights and distances, navigation, and surveying. 
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HEIGHTS AND DISTANCES. 



Art. 1. The most direct and obvious method of determin- 
ing the distance or height of any object, is to apply to it some 
known measure of length, as a foot, a yard, or a rod. In this 
manner, the height of a room is found, by a joiner's rule ; or 
the side of a field by a surveyor's chain. But in many in- 
stances, the object, or a part, at least, of the line which is to 
be measured is inaccessible. We may wish to determine the 
breadth of ariver, the height of a cloud, or the distances of the 
heavenly bodies. In such cases it is necessary to measure 
some other line ; from which the required line may be ob- 
tained, by geometrical construction, or more exactly, by trig- 
onometricfiu calculation. The line first measured is fre- 
quently called a base line. 

2. In measuring angles^ some instrument is used which 
contains a portion of a graduated circle divided into. degrees 
and minutes. For the proper measure of an an^le is an arc 
of a circle, whose center is the angular point. (Trig. 74.) The 
instruments used for this purpose are inade in different forms, 
and with various appendages. The essaitial parts are a 
graduated circle, and an index with sight-holes, for taking the 
directions of the lines which include the angles. 

3. Angles of elevaiionf and of depression axe in a plane 
perpendicular to the horizon, which is called a vertical plane. 
An angle of elevation is contained between a parallel to the 
horizon, and an ascending line, as BAC. (Fig. 2.) An angle of 
depression is contained tetween a parallel to the horizon, and 
a descending line, as DC A. The complement of this is the 
mgle ACB. 

4. The instrument by which .angles of elevation, and of 
depression, are commonly measured, is called a Quadrant. 
In its nuMst simple form, it is a portion of a circular board 

35 
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2 HENSURATION OF 

ABC, (Fig. 1.) on which is a g^raduated arc of 90 degrees, 
AB, a plumb line CP, suspended from the central point C, and 
two sight-holes D and E, for taking the direction of the object 

To measure an angle of devotion with this, hold the plane 
of the instrument perpendicular to the horizon, brin^ the cen- 
ter C to the angular point, and direct the edge AC m such a 
manner, that the object Q may be seen through the two si^ht- 
holes. Then the arc BO measures the angle BCO, whidi is 
equal to the angle of elevation FCG. For as the plumb-line 
is perpendicular to the horizon, the angle FCO is a right 
angle, and therefore equal to BCG. Taking from these the 
common angle BCF, there will remain the angle BCO=FCG. 

In taking an angle of depression^ as HCL (Fig. 1.) the eye 
is placed at C, so as to view the object at L, through the 
sight-holes D and E. 

6. In treating of the mensuration of heights and distances, 
no new frinciples are to be brought into view. We have 
only to make an application of the rules for the solution of 
triangles, to the particular circumstances in which the obser- 
ver may be placed, with respect to the line to be measured. 
These are so numerous, that the subject may be divided into 
a great number of distinct cases. But as they are all solved 
upon the same general principles, it will not be necessary to 
give examples under each. The following problems may 
serve as a specimen of those which most frequently occur in 
practice. 

PROBLEM I. 

Thfind the perpendicular height of an accessible object 
standing on a horizofital plane. . 

6. Measure from the object to a convenient sta- 
'tion, and there take the angle of elevation sub- 
tended BT the object. 

If the distance AB (Fi^. 2.) be measured, and the angle of 
elevation BAC ; there wul be given in the right angled tri- 
angle ABC, the base and the angles, to find the perpendicu- 
lar. (Trig. 137.) 

As the instrument by which the ande at A is measured, is 
commonly raised a few feet above me ground ; a point B 
must be taken in the object, so that AB shall be paiailel to 
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HEIGHTS AND D18TANCE8. 3 

the horizon. The part BP, ma^r afterwards be added to the 
height BC, found by trigonometrical calculation. 

Ex. 1. What is the height of a tower BO, (Fig. 2.) if the 
distance AB, on a horizontel plane^ be 98 feet ; and the angle 
BAG 35i degrees? 

Making the hypothenuse radius, (Trig. 121.) 
Cos. BAG : AB : : Sin BAG : BG-.69.9 feet 

For the geometrical construction of the problem, see Trig. 
169. 

2. What is the height of the perpendicular sheet of water 
at the falls of Niagara, if it subtends an angle of 40 degrees, 
at the distance of 163 feet irom the bottom, measured on a 
horizontal plane? Ans. 136} feet. 

7. If the height of the object be knowtiy its distance may be 
found by the angle of elevation. In this case the angles, and 
the perpendicular of the triangle are given, to find the iMse. 

^ Ex. A person on shore, taking an observation of a ship's 
mast which is known to be 99 feet high, finds the angle of 
elevation 3} degrees. What is the distance of the ship from 
the observer ? Ans. 98 rods. 

8. If the observer be stationed at the top of the perpen- 
dicular BG, j[Fig. 2.) whose height is known ; he may find 
the length ot the base line AB, by measuring the angle of 
depression AGD, which is equal to BAG. 

Ex. Ajseaman at the top of a mast 66 feet high, looking 
at another ship, fiinds the angle of depression 10 degrees. 
What is the distance of the two vessels n*om each other? 

Ans. 22| rods. 

We may find the distance between two objects which are 
in the same vertical plane with the perpendicular, by calcu- 
lating the distance of each firom the perpendicular. Thus, 
AO (Fig. 2.) is equal to the difiference between AB and GB. 
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PROBLEM II. 



To Jind the height of an (accessible object standing on an 
inclined plane. 

9. Measure the distance from the object to a con- 
venient station, and take the angles which this 
base makes with lin^s drawn from its two ends to 
the top op the object. 

If the base AB (Fig. 3.) be measured and the angles BAC 
and ABC ; there will be ^ven, in the oblique angled triangle 
ABC, the side AB, and the angles, to find BC. (Trig. 150.) 

Or the height BC may be feund by measuring the distan« 
ces BA, AD, and taking the angles, BAC and BDC. There 
will then be given in the triangle ADC, the angles and the 
side AD, to f^d AC ; and consequently, in the triangle ABC, 
the sides AB and AC with the angle BAC, to find BC. 

Ex. If AB (Fig. 3.) be 76 feet, the angle B lOP 26' and 
the angle A 44^ 42' ; what is the height of the tree BC 7 

Sin C : AB : : Sin A : : BC=95.9 feet 

For the geometrical construction of the problem, see Trig. 
169. 

10. The following are some of the methods by which the 
height of an object may be found, without measuring the an- 
gle of elevation. 

1. J8y shadows. Let the staif be (Fiff. 4.) be parallci lo an 
object BC whose height is required. If the shadgw of BC 
extend to A, and that of be to a ; the rays of light CA and ca 
coming from the sun may be considerea parallel ; and there- 
fore the triangles ABC and abc are similar ; so that 

a6 : 6c : : AB : BC. 

Ex. If afr be 3 feet, be 6 feet, and AB 69 feet, what is the 
height of BC? Ans. 115 feet. 

2. By parallel rods. If two poles am and en (Fig. 5.) be 
placed parallel to the object BC, and at such distances as to 
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bring^the points C, c, o in a line, and if ofr be made parallel 
to iffi ; the triangles ABC, and abc will be similar ; and we 
shall have 

oft : 6c : : AB : BG. 

One pole will be sufficient, iftthe observer can place his 
eye at the point A, so as to bring A, a, and C in a line. 

3. By a mirror. Let the smooth surface of a body of 
water at A (Fig. 6.) or any plane mirror parallel to the hori- 
zon, be so situated, that the eye of the observer at c may view 
the top of the object C reflected from the mirror. By a law 
of Optics, the angle BAG is equal to 6 Ac ; and if be be made 
parallel to BG, the triangle 6Ac will be similar to BAG ; so 
that 

A6 : 6c : : AB : BC. 



PROBLEM III. 

To find the height of an inaccessible object above a 
horizontal plane. 

11. Take two stations in a vertical plane passing 

THROUGH the TOP OF THE OBJECT, MEASURE THE DIS- 
TANCE PROM ONE STATION TO THE OTHER, AND THE ANGLE 
OF ELEVATION AT EACH. 

If the base AB (Fig. 7.) be measured, with the angles GBP 
and GAB ; as ABG is the supplement of GBP, there will be 

S'ven, in the oblique angled triangle ABG, the side AB and 
e angles, to find BG ; and then, in the ri^ht angled triangle 
BGP, the hypothenuse and the angles, to nnd the perpendic- 
ular GP. 

Ex. 1. If G (Fig. 7.) be the top of a spire, the horizontal 
base line AB 100 feet, the ande of elevation BAG 40^, and 
the angle PBG 60^ ; what is me perpendicular height of the 
spire? 

The difference between the angles PBG and BAG is equal 
to AGB. (Euc. 32. 1.) 

Then Sin AGB : AB : : Sin BAG : BG-187.9 
And R : BG : : Sin PBG : GP=162f feet. 

' 2. If two persons 120 rods from each other, are standing 



Digitized by LjOOQ IC 



MBNanUTION OP 

on a horizontal plane, and also in a vertical plane passing 
tfarouffh a chudj both being on the same side of the cloud : 
and if they find the angles of elevation at the two stations to 
be 68^ and 76^ ; what is the height of the cloud ? 

Ans. 2 miles 136.7 rods. 

12. The preceding problems are useful in particular cases. 
But the following is a general rule, which may be used for 
fiiEiding the hei^t of any object whatever, within moderate 
distances. 



PROBLEM IV. 

To find the height of any object, by observations at two 
stations. 

13. Measure the base line between the two sta- 
tions, THE angles between THIS BASE AND LINES 
DRAWN FROM EACH OF THE STATIONS TO EACH END OP 
THE OBJECT, AND THE ANGLE SUBTENDED BY THE OBJECT, 
AT ONE OF THE STATIONS. 

If BC (Fig. 8.) be the object whose height is required, and 
if the distance between the stations A and D be measured, 
with the angles ADC, DAC, ADB, DAB, and BAG ; there 
will be given, in the triangle ADC, the side AD and the an- 
gles, to find AC ; in the triangle ADB, the side AD and the 
angles, to find AB ; and then, in the triangle BAC, the sides 
AB and AC with the included angle, to find the required 
height BC. 

n the two stations A and D be in the same plane with BC, 
the ande BAC will be equal to the difference between BAD 
and CAD. In this case it will not be necessary to measure 
BAC. 

Ex. If AD«83 feet, (Pig. 8.) { ADB-SS^ - 
S ADC-610 ) DAB«121o :- ^ 

I DAC-960 BAC-J^^, 

What is the height of the object BC ? 
Sin ACD : AD : : ADC : AC- 115.3 
Sin ABD : AD : : ADB : AB- 103.1 
(AC+AB) : (AC— AB) : : Tan i (ABC+ACB) : Tan i (ABC 

Sin ACB : AB : : Sin BAC : BC-60.67 feet 
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If the object BG be perpendtcalai te the horizon, its height, 
after obtaining AB and AC as before, may be found by taking 
the angles of elevation BAP and CAP. The difference ot 
the perpendiculars in the ri^ht angled triangles ABP and 
ACP, will be the hdght required. 

PROBLEM V. 

/ 

To find the distance of an inaccessible object. 

14. Measure a base line between two stations, and 
the angles between this and lines drawn from 
each of the stations to the object. 

If C (Pig. 9.) be the object, and if the distance between the 
stations A and B be measured, with the angles at B and A ; 
there will be given, in the oblique angled triangle ABC, the 
side AB and the angles, to find AC ana BC, the distances of 
the object from the two stations. 

For/the geometrical construction, see Trig. 169. 

Exf 1. What are the distances of the two stations A and 
B (Fii^. 9.) firom the house C, on the opposite side of a river ; 
if ABbe 26.6 rods, B 92^ 46', and A 38° 40/ ? 

The imgle C-ISO— (A+B)-48^ 34'. Then, 

q:„ p . AR . . 5 Sin A : BC-22.17 
fern O . AB . . j gjj^ B . AC-35.44. 

2. Two ships in a harbor, wishing to ascertain how far 
they are from a fort on shore, find that their mutual distance 
is 90 rods, and that the angles formed between a line from 
one to the other, and lines drawn from each to the fort are 
45^ and 66^ 16'. What are their respective distances from 
the fort ? Ans. 76.3 and 649 rods. 

15. The perpendicular distance of the object from the line 
joining the two stations may be easily found, after the dis- 
tance from one of the stations is obtained. The perpendic- 
ular distance PC (Fig. 9.) is one of the sides of the right an- • 
gled triangle BCP. Therefore, 

R : BC : : Sin B : PC. 
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PROBLEM VI. 

To find the distance between two objects, when the pa89^ 
age from one to the other^ in a straight line is obstructed. 

16. Measure the right lines from one station to 
each of the objects, and the angle included between 
these lines. 

If A and B fFig. 10.) be the two objects, and if the distan- 
ces BO and AC lt« measured, with the anffle at C; there will 
be given, in the oblique angled triangle ABC, two sides and 
the included angle, to find the other two angles, and the 
remaining side. (Trig. 153.) 

Ex. The passage between the two objects A and B (Fig. 
10.) beinff obstructed by a morass, the line BC was measurra 
and found to be 109 rods, the line AC 76 rods, and the angle 
at C lOl"" 30'. What is the distance AB ? 

Ans. 144.7 rods. 



PROBLEM VII. 

To find the distance between two inaccessible objects. 

17. Measure a base line between two stations and 
the angles between this base and lines drawn 
from each of the stations to each of the objects. 

If A and B (Fig. 11.) be the two objects, and if the distance 
between the stations C and D, be measured, with the angles 
BDC, BCD, ADC, and ACD ; the lines AC and BC may be 
found as in Problem Y, and then the distance AB as in Pro- 
blem VI. 

This rule is substantially the same as that in art 13. The 
two stations are supposed to be in the same plane with the 
objects. If they are not, it will be necessary to measure the 
angle ACB. 

18. The same process by which we obtain the distance of 
two objects from each other, will enable us to find the dis- 
tance between one of these and a third, between that and a 
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fimrih, and so on, till a connection is fonned between a great 
number of remote points. This is die plan of the great 
Trigonometrical Surveys^ which have been lately carried 
on, with surprising exactness, particularly in England and 
France. See Surveying, Section II. 

19. In the preceding problems for determining altitudes, 
the objects are supposed to be at such moderate distances, 
that the observations are not sensibly affected by the spheri- 
cal figure of the earth. The heij^bt of an object is measured 
from an horizontal plane^ passing through the station at 
which the angle of elevation is ta&n. But in an extent of 
several miles, the figure of the earth ought to be taken into 
account. 

Let AB (Fig. 12.) be a portion of the earth's surface, H an 
object above it, and AT a tangent at the point A^ or a hori- 
zontal line passing through A. Then HT, the oblique height 
of the object above the iiorizon of A, is only a part of the 
height above the sur&ce of the eartti, or the level of the 
ocean. To obtain the true altitude, it is necessary to add 
BT to the height HT, found by observation. The height 
BT may be calculated, if the diameter of the earth and the 
distance AT be previously known. Or if the height BT be 
first determined from observation, with the distance AT; the 
diameter of the earth may be thence deduced. 



PROBLEM VIII. 

To find the diameter *q^ the sarth, Jrom the known 
height of a distant mountam^ whose summit is just visible 
in the horizon, 

20. From the sauARE of ti^b distance divided by 

THE height, subtract TCT HEIGHT. 

If BT (Fig. 12.) be a mountain whose height is known, 
with the distance AT ; and if the summit T be just visible 
in the horizon at A ; then AT is a tangent at the point A. . 

Let 2BC— D, tfie diameter of the earth, 

AT^d, the distance of the mountain, 

BT»A, its height 

36 
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Then eonsideriDg AT as a straight line, and the earth as 
a sphere, we have (liUc. 36. 3.) 

(2BC+BT)xBT=AT«; Oiat is, (D+A)xA-d% 
and reducing the equation, 

n 

Ex. The highest point of the Andes is about 4 miles 
above the level of the ocean. If a straight line from this 
touch the surface of the water at the distance of 178^ miles ; 
what is the diameter of the earth ? Ans. 7940 miles. 

21. If the distance AT (Fig. 12.) be unknovm, it may be 
found by measuring with a quadrant the angle ATC. Draw 
EG perpendicular to EC ; and join CG. The triangles ACG 
and ECG are equal, because each has a right angle, the sides 
AC and EC are eaual, and the hypothenuse CG is common. 
Therefore EG and AG arie equal. In the right angled trian- 

'e BGT, the angle ETG is dven, and the perpendicular 
T. From these may be found EG and TG, whose sum is 
equal to AT, the distance required.* 

22. In the common measurement of angles, the light is 
supposed to come from the object to the eye in a straight 
line. But this is not striptly true. The direction of the li^ht 
is aflfected by the refraction jof the aimosphere. If the object 
be near, the deviation is very inconsiderable. But in an ex- 
tent of several miles, and particularly in such nice observa- 
tions as determining the height of distant mountains, and the 
diameter of the eorai^ it is nepd^dry to mst^e allowance for 
the refraction, t W 

p]|OBLEM IX. 

Tojmdi the greatest distance A which a aivEN object can 
be seen on the surface of the earth. 

23. To THE PRODUCT OF THE HEIGHT OF THE OBJECT 
INTO THE DIAMETER OF THE EARTH, A^P THE SQUARE OF 
THE height; and extract THE SaUARE ROOT OF THE SUM. 

: \ 

* This method of detennininff the diameter of the earth ie not as aocurate aa 

that by meaaoring a degree of Latitude. See Surveying, See. 41. 
t See note A. 
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Let 2BC»D, the diameter of the earth, (Fig. 12.) 
BT— A, the height of the object, 
AT—d, the distance reqoireil 

Then, (D+A) xA«d«. And rf-vDA+A*. 

Ex. If the diameter of the earth bQ 7940 miles, and Mount 
JEtna 2 miles high ; how fcir can its-summit be seen at sea? 

Ans. 126 miles. 

The actual distance at which an object can be sem, is in* 
creased by the refraction of the air.* 

24. In this problem, the eye is supposed to be placed^at the 
level of the ocean. But if the observer be elevated above the 
surface, as on the deck of a ship, he can see to a greater dis- 
tance. If BT (Fig. 13.) be the height of the object, and B'T' 
the height of the eye above the level of the ocean ; the dis- 
tance at whiph the object can be seen, is evidently equal to 
the sum of the tangents AT and AT'. 

• ♦ 

Ex. The top of a ship's. mast 132 feet high is just visible 
in the horizon, to an observer whose eye is 33 feet above the 
surface of the water. What is the distance of the ship ? 

^ Ans. 21| miles. 

V 

26. The distance to which a person can see the smooth 
sur&ce of the ocean, if no allowan<^ be made for refraction, 
is equal to a tangent to the earth drawn £i;om his eye, as T^A. 

(Fig. 13.) 

Ex. If a man standing on the level of the ocean, has his 
eye raised 5^ feet above ue water : to what distance can he 
see the surface ? . Ans. 2| miles. 

26. If the distance AT, (Fig. 12.) with the diameter of the 
earth be given, and the height BT be required ; the equation 
in Art. 23 gives ^ 

A-VjD»4-d>— iD 
See Surveying, Section lY, on Leveling. 

27. When the diameter of the earth la ascertained, this 
may be made a base line for determining the distances of the 

• SMQOteA. 



.■ t" 
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heavenly bodies. A right angled triangle may be formed, the 
perpendicular sides of which shall be the distance required, 
and the semi-diameter of the earth. If then one of tfie an- 
gles be found by observation, the required side may be easily 
calculated. 

Let AC (Fig. 14.) be the semi-diameter of the earth, AH 
the sensible horizon at A, and CM the rational horizon paral- 
lel to AH, passing through the moon M. The an^le HAM 
may be found by astronomical observation. This ^nde, 
which is called the Hbrizonial ParallaXy is equal to AMC, 
the angle at the moon subtended by the semi-diameter of the 
earth.x(Euc. 29. 1.) 



PROBLEM X. 

To find the distance of any heavenly body v>hose horir 
zontal parallax is known, 

28. As RADIUS, TO THE SEMI-DIAMETER OF THE EARTH; 
SO IS THE CO-TANGENT OP THE HORIZONTAL PARALLAX, TO 
THE DISTANCE. 

In the'ligfat angle4 triangle ACM, (Fig. 14.) if AC be made 
radius ; 

R : AC : : Cot AMC : CM. 

Ex. If the horizontal parallax of the- moon be {P 67', and 
the (Uameter of the earth 7940 miles ; what is the distance 
of the moon from the center of the earth ? 

Ans. 239,414 miles. 

29. Thefiaed stars are too far distant to have any sensible 
horizontal parallax. But from late observations it would 
seem, that some of them are near enough, to su^r a small 
apparent change of place, from the revolution of the earth 
round the sun. The distance of the sun, then, which is the 
semi-diameter of the earth's orbit, may be taken as a base 
line^ for finding the dktance of the stars. 

We thus proceed by degrees from measuring a line on the 
surface of the earth, to calculate the distances of the heavenly 
bodies. From a base line on a plane, is determined the height 
of a mountain ; from the height of a mountain, the diameter 
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of thfi earth ; from the diameter of the earth, the distance of 
die sun, and firom the distance of the aim the distance of the 
stars. 

30. After finding the distance of a heavenly body, its nuig-- 
niiude is easily ascertained ; if it have an ajqparent diameter, 
sufficiently large to be measured by the instruments which 
are used for taking angles. 

Let ABB (Fig. 16.) be the angle which a heav^y body 
subtends at the eye. Half this angle, if C be the center of 
the body, is AEC ; the line E A is a tangent to the surface, 
and therefore EAC is a right angle. Then making the dis- 
tance EG radius, 

R : EC : : Sin. AEC : AC. 

That is, radius is to the distance, as Jthe sine of half the 
angle which the body subtends, to its semi-diameter. 

Ex. If the sun subtends an angle of %' 2''^and if his dis- 
tance from the earth bp.95 million miles ; what is his diam- 
eter ? • % ^ • ^^' ^^ thousand miles. 



PROMISCUOUS EXAMPLES. 

1. On tBe bank of a river, the angle of elevation of a tree 
on the opposite side is found to be 46^ ; and at another sta- 
tion 100 feet directly back on the same level, 31^. What is 
the height of the tree? Ans. 143 feet. 

2. On a horizontal plane, observations Were taken of a 
tower standing on the top of a hiU. At one station the angle 
of elevation of the top of the tower was found to be 60°; that 
at the bottom 39°; and at another station 150 feet directly 
back, the angle of elevation of the top of the tower was 32°. 
What are the heights of the hill and the tower ? 

Ans. The hill is 134 feet high ; the tower 63. 

3. What is the altitude of the sun, when the shadow of a 
tree, cost on a horizontal plane, is to the height of the tree as 
4 to 3? Ans. 36° 52' 12". 
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4 If a Straight line fit)m the top of the White Moantains 
in New Hampshire touch the ocean at the distance of 103f 
miles ; what is the height of the mountains? 

Ans. 7100 feet 

6. From the top of a perpendicular rock 66 yards high, 
the angle of depression of the nearest bank of a river is found 
to be 66^ 64^ that of the opposite bank 33^ 20^. Required 
the breadth of the river, and the distance of its nearest bank 
from the bottom of the rock. 

The breadth of die river is 46.4 yards ; 

Its distance from the rock 37.2. 

6. If the moon subtend an angle of 31' 14'', when her dis- 
tance is 240,000 miles ; what is ner diameter 1 

Ans. 2180 miles. 

7. Observations are made on the altitude of a balloon, by 
two persons standins^ on the same side of the balloon, and in 
a vertical placfe passmg throu^rh it The distance of the sta- 
tions is half a nule. At one, tne angle of elevation is 30^ 68', 
at the other 36^ 62'. What is the height of the balloon above 
the ground ? Ans. 1^ mile. 

8. The shadow of the top of a mountain, when the altitude 
of the sun on the meridian is 32^, strikes a certain point on 
a level plane below ; but when the meridian altitude of the 
sun is 67^, the shadow strikes half a mile fiirther south, on 
the same plain. What is the height of the mountain above 
the plain? Ans. 2246 feet 
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NAVIGATION. 



SECTION L 



PLANE SAILING. 



Art. 33. Navigation is the art of oondueting a ship on 
the ocean. The most accurate method of ascertaininff the 
situation of a vessel at sea is to find, by astronomical obser- 
vations, her latitude and longitude. But this requires a view 
of the heavenly bodies ; and these are often obscured by in- 
tervening clou(k. The mariner must therefore have recourse 
to other means for deteiminin^ the progress which he has 
made, and the particular part of the ocean through which he 
is at any time making his way. The common method is to 
measure the rate of the ship's going by a tog-linsj and to find 
the direction in which she sails by a mariner^s compass. 
From these data, the diflTerence of latitude, the departure, and 
the difference of longitude, may be calculated. The two 
first may be found by plane sailing; the last by middle lati- 
tude sailing, or more correctly by Hercator's sailing. See 
Sec. Hand m. 

34. The log-line is a cord which is wound round a reel, 
one end being attached to a piece of wood called a log. It is 
used to determine the distance which a ship runs in an hour, 
by measuring the distance which dxe runs in half a minute. 
The log is commonly a small piece of board, in the form of 
a quadrant of a circle. The arc is loaded with a quantity of 
lead sufficient to give the board a perpendicular position, 
when thrown upon the water. This will prevent it from 
moving forward toward the vessel, while the line is running 
off the reel. So that the length of line drawn (^ by the log 



Digitized by LjOOQ IC 



IQ NAV10AT10N. 

in half a minute, is equal to. the distance which the Teasel 
moves through the water in that time. 

The log-line, which is a hundred fathoms or more, is divi- 
ded into equal portions called knots. Each of these has the 
same ratio to a nautical mile, which half a minute has to an 
hour. That is, a knot is the 120th part of a mile. If there- 
fore the motion of the ship is uniform, she sails as many 
miles in an hour, as she does knots in h&lf & minute. 

The time is measured bjr a half minute-glass^ constructed 
like an hour glass. This is turned when the log is thrown 
upon the water ; and the knots drawn from the reel, while 
the sands are running, give the rate of the ship. The log is 
thrown either every hour, or once in two hours. 

35. The Mariner^ s compass is a circular card, attached to 
a magnetic needle, which is balanced on an upright pin, so 
as to move freely in any direction. The ends of the needle 
turn towiuds the northern and southern points of the hori- 
zon. It places itself in the magnetic meridian, Tviiich 
nearly coincides with the astronomical meridian, or a north 
and south line.* Directly over the needle, a line is drawn 
on a card, one end of which is marked N, and the other 8. 
The whole circumference is divided into equal parts by 38 
paints. Four of these, the N, S, E, and W, are called eardi- 
nal points. The interval between two adjacent points is 11° 
15', which is the quotient of 360° divided by 32. The card 
and the needle are inclosed in a circular box, on the inside 
of which a black mark is drawn perpendicular to the hori- 
zon. When the compass is placed in the vessel, a line pass- 
ing jfrom this mark through the center of the card should be 
parallel to the keel. . The part of die circumference which 
coincides with the mark will then show the point of compass 
to which the keel is directed. To prevent the needle nrom 
being ai^ted by the motion of the vessel, the box, and brass 
ring by which it is surrounded, have four points of suspen- 
sion so contrived as to keep the card nearly parallel to the 
horizon. 

* For th« vaHaUan of tlie needle^ sm SvBTsranh Seo. V. 
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The following is a table of the numbei of degrees and min- 
utes corresponding to each point and quarter point of the 
compass. See Fig. 16. 



North Bast 
QiMdruit 


floath-Baat 
Quadnm. 


Poimi. 


D. M . a. 


floath-Wett 

OBMlrMlL 


Noith-WeaC 

QuMmm. 


North. 
N|£ 

Ni£ 

N|£ 


South. 
S^E 
S^E 


00 



2 48 45 
6 37 30 
8 26 15 


South. 
SJ-W 


North. 
N^W 

NiW 
NfW 


N6E 
N6EiE 
N^EiE 
N6E^E 


S&E 
S&EiE 

S&E^E 
S&E|E 


1? 
11 


11 15 
14 3 45 
16 52 30 
19 41 15 


s&w 

S&Wi-W 
S&WiW 
S&W|W 


N&W 

N&WiW 

N&W^W 

N&WfW 


NNE 
NN6iE 
NN6*E 
NN&iE 


SSE 
SSE^E 

8SE}£ 
SSEfE 


•i? 

2 J- 

2 1 


22 30 
25 18 45 

28 7 30 
30 56 15 


saw 

8SW+W 
SSWiW 


NNW 
NNWiW 
NNWl-W 
NNWfW 


NE&N 
NEfN 
NE^N 
NEJN 


SE&S 
SE^S 

SE-LS 
SE^S 


30 

3 ^ 
3f 


33 46 
36 33 45 
39 22 30 
42 11 15 


8W&S 

SWfS 
SWiS 
SWfS 


NW&N 

NWJN 

NWiN 
NWiN 


N£ 
NE^E 

NE|E 
NEj^E 


SE 
SEiE 
SEiE 
SEfE 


40 

4 * 


45 
47 48 45 
50 37 30 
53 26 15, 


8W 

SWiW 

SWiW 

sw|w 


NW 
NW^W 

NWj-W 
NWfW 


NE&E 
NE&£iE 
NE&E^E 
NE&EfE 


SE&E 
8E&£|E 
SE&E^E 
S£&£fE 


5 

6 i 
6 f 


56 15 
59 345 
61 52 30 
64 41 15 


sw&w 

SW&WfW 
SW&W-iW 
SW&WfW 


NW&W 
NW&W^W 
NW&Wi-W 
NW&WfW 


ENE 

E&NfN 

E&N^N 
E&N^N 


ESE 

E&SfS 
E&SJS 
E&S^S 


60 
6i 
6i 
6i 


67 30 
70 18 45 
73 790 
75 56 15 


wsw 

W&SJS 

w&s^s 
w&s+s 


WNW 
W&N|N 
W&N^N 
W&NiN 


E&N 
E^N 
Ei-N 
E|N 
Ea9t. 


£&S 
EfS 
EfS 
£iS 
East. 


70 

li 


78 45 
81 33 45 
84 22 30 
87 11 15 
90 


w&s 

WfS 

Wis 
Wut 


W&N 

W4N 

w|n 

W+N 
Vtl. 



37 
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36. Plans Sailing is the method of calcnlatiiig the sitaar 
tion and progress of a ship by means of a plane triangle. 
Though the surface of {he ocean, conforming to the general 
fi^re of the earth, is nearly spherical ;* yet the quantities 
^i^ch are the objects of inquiry in plane sailing, have the 
same relations to each other, as the sides and anfi^les of a rec- 
tiUnear triangle. The particulars which are eimer given or 
required aie/ot/r, viz. 

1. The Course, 

2. The Distance, 

3. The Difference of Latitude, 

4. The Departure. 

37. The Course is the ansle between a meridian line pass- 
ing through the ship, and me directioji in which she sails. 
It IS described by sayine^ that it is so many points or degrees 
east or west from a norm or south line. Thus, if the vessel 
steers NE by E, the course is said to be N 5 points E, or N 
66° 16' E : if SSW, it is said to S 2 points W, or S 221° W. 

A ship is said to continue on the same course^ when she 
cuts every meridian which she crosses at the same angle. 
She is steered in any required direction, by causing the keel 
to make a constant angle with the needle. The line thus 
described is not a straight line, nor an arc of a circle, but a 
peculiar kind of curve called the Loxodramic\ spiral or 
Rhumh-line 

38. The Distance is the length of the line which the ves- 
sel describes in the given time. 

39. Difference of Latitade is the distance between two 
parallels of latitude, measured on a meridian. It is also call- 
ed Northing or Southing. 

40. Departure is the deviation of a ship east or west from 
a meridian. If she sails oil a parallel of latitude, her. depart- 
ure is the length of that portion of the parallel over which 
she passes. But if her course is obliqucy she is continually 
changing her latitude; and her departure for each instant 

* The true fi^re'of the earth is nearer a §pheroid than a sphere. But the dif- 
lerence U too inconsiderable to be taken into account in any calculations for 
which the lines and angles are siven from the loff and the compass. In this 
and the following sections, therefore, the earth will he considered as a sphere. 

t From Ao^off and ^fios, an obhque. 
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ought to be considered as measured on the parallel which 
she is then crossing. The measure will not be correct, if it 
be taken wholly on the parallel which the ship has left, oi 
on that upon which she has arrived. Suppose she proceeds 
from A to O. (Fig. 18.) Let the whole cUstance be divided 
into indefinitely small portions Am, wn, nC. Draw the me- 
ridians PM, PM', PM", PM'" ; and the parallels AD, om, yn^ 
BC. The departure for the first portion is owt, for the second 
in, for the third tC> And the whole departure is (mh'{-sn'\' 
tC ; which, on account of the obliquity of the meridians, is 
less than Bi;+v/+^«"BG the meridian distance measured 
on the parallel upon which the ship has arrived, but greater 
than AD the meridian distance on the parallel which she has 
left. 

41. The distance, departure, and difierence of latitude, are 
measured in geographical miles or minutes ; one of which 
is equal to the 6(Hh part of a degree at the equator. As the 
circumference of the earth is about 26 thousand English 
miles, a degree is nearly 69} miles. So that a geographical 
or nautical mile is nearly } greater than the common English 
mile. A league is three miles. 

42. The peculiar nature of the Rhumb-line gives this im* 
portant advantage in calculation, that the distance, departure, 
and difference of latitude, though they are curved lines, may 
be exactly given in length by the sides of a right angled 
plane triangle, in which one of the an£;les is equal to the 
course. Suppose a ship proceeds from A to C, (Rg. 18.) de- 
scribing the rhumb-line AmnC, on which the angles MAm> 
M'mHy M"nC are equal. Let the whole distanc^e be divided 
into portions so small, that the triangles Amo, mns, nCt, shall 
not oifier sensibly from plane trian^es. The meridians and 
parallels being drawn, the several difierences of latitude are 
Ao, mSf nt; and the departures am^ sn, tC (Art. 40.) 

In the straight line A'C (Pig. 19.) make A'fw'—Aiii, (Pig. 
18.) mfnf'-'mny n'C— nC, and the angle 0' A'B'— mAo. Draw 
m'r' and n'/' parallel to A'B'; and w'o', ny, and C'B' per- 
pendicular to A'B'. Then the triangles Amo, A'm'o', mns^ 
m^ufs^y Ctn, and Ot'nf are all similar to A'B'C The difler- 
ence of latitude is 

AB-Ao+iiw+n^=A'o'+m'y+nV-A'B'. 

And the departure is 

am+sn+tC^o'mf f ^^nZ+^'C^-B^C. 
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43. In plane sailing, then, the process of calculation is as 
accurate,* and as simple, as if the. surface of the ocean were 
a plane. Let NS (Fig. 20.) be a meridian line. If a ship 
sails from A to C, and BC is perpendicular to NS ; then 

The Course is the angle at A; and the complement of the 
course, the angle at C ; 

The Distance is the hmothenuse AC ; 

The Departure is the b€ise BC, which is always opposite 
to the course ; and 

The Difference of Latitude is the /yerpenc^tcu/or AB, which 
is opposite to the complement of the course. 

Of these four quantities, any two being given, the others 
may be found by rectangular trigonometry. (Trig. 116.) The 
parts given may be 

1. The course and distance ; or 

2. The course and departure ; or 

3. The course and difference of latitude ; or 

4. The distance and departure ; or 

6. The distance and difference of latitude ; br 
6. The departure and difference of latitude. 
The solutions may be made by arithmetical computation, 
by Gunter's scale or sliding rule, or by geometrical construc- 
tion. (Trig. Sec. Ill, V, VL) The first method is by far the 
most accurate. As the student is supposed to be already 
familiar with trigonometry, the operations will not be repeat- 
ed here. In the geometrical construction, it will be proper 
to consider the upper side of the paper as norths and the low- 
er side s&utk. The right hand will then be east and the left 
hand west 

Case I. 

A A n.v^n S Th« course, ) . n. \ The departure and 
44. Given j ^^^ ^.^^^^^ . j to find j Diflfejen^ce of latitude. 

Here we have the hypothenuse and angles given, to find 

the base and perpendicular. (Trig. 134.) 

Making then the distance radius, 

T> A . n:«f . . ^ Sin. Course. : Departure. 
Bad. : Dist. . : j ^^^ ^^^^^ . p^^ ^at 

Example 1. 
A ship sails from A (Fie. 20.) SW. by S., 38 miles to C. 
R^uired her departure and difference of latitude ? 

* See not* B. 
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The course is 3 points, or 33^ 46' (Art 36.) 
» • QQ . . \ Sin. 33° 45' : 21.1-^Depoi:t. 
* ♦ "^ • • ^ Cos. 33<^46/ : 31.6- Di£ Lat. 

Example 2. 
A ship sails S. 29° E., 34 leagues. Her departure and dif- 
ference of latitude are required. 

Ans. 16.6 and 29.7 leagues. 
The proportions in this and the following cases may be va- 
ried, by making diiferent sides jradius, as m Trigonometry, 

Case U. 

*6- Given \ J^^ ^^^r. . ! to find j SS±!^°!?'i!?^ 
/ Ana departure ; ) ? Dinerence oi lat 

Making the distance radius, (Trig. 137.) 

Example 1. 

A ship leaving a port in latitude 42° N. has sailed S. 37^ 
W. till she finds her departure 62 miles. What distance has 
she run, and in what latitude has she arrived ? 

<iin wo . Ao . . S ^^' • 103=Distance. 

am. 61 . M . . ^ (3^ 37.0 . 82.3-Diff. of latitude. 

The difierence of latitude is 82.3 miles, or 1° 22'.3. (Art. 
41.) This is to be subtracted from the original latitude of 
the ship, because her course was towards the equator. The 
remainder is 40° 47'.7, the latitude on which she has ar- 
rived. 

Example 2. 

A ship leaves a port in latitude 63° S., and runs N. 64° £. 
till she makes a harbor where her departure is found to be 
74 miles ; how great is the distance of the two places, and 
what is the latitude of the latter? • 

The distance is 91| miles ; and the latitude of the latter 
place is 63° 06'.2. 

Case III. 

iiA niV^r* S The course, and ) ^^^^j S The distance, 
46. Given J ^^ of latitiide ; i ^^* f And departure. 
Making the distance radius, 

Ck». Course : Diflf. Lat. : : j ^cJo^r^'Soparturo. 
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Example. 

A ship sails S. BOP E. from latitude 7^ N., to latitade 49 S. 
Required her distance and departure. 

As the two latitudes are on different sides of the equator, 
the distance of the parallels is evidently equal to the sum of 
the given latitudes. This is 11^, or 660 miles. The dis- 
tance is 1026.8 miles, and the departure 786^ 

Case IT. 

AT r*{«».M S The distance, } .^i-^^ \ The course, and 
47. Given j ^^ departu^ ; j to find j j^j^ ^f ^^^^^ 

Making the distance radius, (Trig. 136.) 
Dist. : Had. : : Depart : Sin. (course, 
Rad. : Dist : : Cos. Course : Diff. lat 

Example. 

A ship having left a port in Lat 3^ N., and sailing between 
S. and E. 400 miles, finds her departure 180 miles. What 
course has she steered, and what is her latitude? 

Her latitude is 2^ 57^' S., and her course S. 26^ Ui' E. 

Case V. 

Making the distance radius, 
Dist : Bad. : : Diff. Lat : Cos. Course, 
Rad. : Dist : : Sin. Course : Departure. 

Example. 

A vessel sails between N. and E. 66 miles, from Lat 34^ 
60' to Lat 36° 40'. Required her course and departure. 
The course is N. 40° 46' E. and the departure 43.08 miles. 

Cask VL 

Making the difference of latitude radius, (Trig. 139.) 
Diff. Lat. : Rad. : : Dfepart : Tan. Course, 
Rad. : Diff. Lot. : : Sec. Coarse : Distance. 

Example. 
A ship sails from the equator between S. and W., till her 
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latitude is 6^ 62^ and her departure 264 miles. Required 
her couise and distance. 

The course is S. 36^ 62}' W., and the distance is 440 miles. 



Examples for practice. 

1. Given a ship's course S. 46^ E., and departure 69 miles ; 
to find the distance and difference of latitude. 

2. Given the distance 68 miles, and departure 47 ; to find 
the course and difference of latitude. 

3. Given the course SSE., and the distance 67 leagues ; to 
find the departure and difference of latitude. 

4. Given the course NW. hy N., and the difference of lati- 
tude 2^ 36' ; to find the distance and departure. 

6. Given the departure 92, and the difference of latitude 
86 ; to find the course and distance. 

6. Given the distance 123, and the difference of latitude 
96 ; to find the course and departure. 



THE TRAVERSE TABLE. 

60. To save the labor of calculation, tables have been pre- 
pared, in which are given the departure and difference oflat* 
itude, for every degree of the quadrant, or for every quarter 
of a degree. These are called Traverse tables, or tables of 
Departure and Latiiude. The distance is placed in the lefl 
hand column, the departure and difference of latitude directiy 
opposite, and the degrees, if less than 46^ or 4 points, at the 
top of the page, but if more than 46^, at the bottom. The 
titles at the^p of the columns correspond to the courses at 
the top ; and the tides at the bottom, to the courses at the 
bottom ; the difference of latitude for a course greater than 
46^, being the same as the departure for one which is as 
much less than 46°. See Trig. 104. 

If the given distance is greater than any contained in the 
table, it may be divided into parts, and the departure and 
difference of latitude found for each of the parts. The svms 
of the numbers thus found will be the numbers required. 
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The departure and difbrauce of latitude for decimal parts 
may be found in the same manner as for whole numbers, by 
supposing ^e decimal point in each of the columns to be 
moved to the left, as the case requires. 

With the aid of a traverse table, all the cases of plane sail- 
ing may be easily solved by inspection. 

Ex. 1. Given the course 33^ 45' ; and the distance 38 
miles ; to find the departure and difference of latitude. 

Under 33}^, and opposite 38, will be found the difference 
of latitude 31.6, and the departure 21.11; the same as in 
page 21. 

2. Given the course 57°, and the distance 163. 

The departure and diff. of lat. for 100 are 83.87 and 5446 

for 63 62.84 34.31 

for 163 1 36.71 88.77 

3. Given the course 39°, and the distance 18.23. 

The departure and diff. of lat. for 18. are 11.33 and 13.99 

for ^ _ai4 _ai8 

for 18.23 11.47 14.17 

— t "— " '■ ' 

4. Given the course 41° 15', and the departure 60. 
Under 41^°, and against the departure 60, will be found 

the difference of latitude 68.42, and the distance 91. 

6. Given the distance 63, and the departure 56. 

Opposite the distance 63, find the departure 56 ; in the ad- 
joining column will be the latitude 28.85, and at the bottom, 
the course 62|° 

6. Given the departure 72, and the difference of lati- 
tude 37. 

Opposite these numbers in the columns of latitu d e and de- 
parture, will be found the distance 81, and at thPioot of the 
columnis, the course 62f °. 

61. The traverse table is useful, not only for taking out 
departure and difference of latitude ; but for finding uf in- 
spection the sides and angles of any right anffled triangle 
whatever. In plane sailing, the distance is the hypothenuse, 
(see Fig. 20.) the difference of latitude is the perpendicular, 
the departure is the base, and the course is the acute angle 
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at the perpendicular. If then the hypothenuse of any right* 
angled triangle whatever, be found in the column of dis- 
tances, in the traverse table ; the perpendicular will be oppo- 
site in the latitude column, and the base in the departure 
column ; the angle at the perpendicular, being at the top or 
bottom of the page. 

Ex. 1. Given the h3rpothenuse 24, and the angle at the 
perpendicular 64i^ ; to find the base and perpendicular by 
inspection. 

Opposite 24 in the distance column, and over 54i° will be 
found the base 19.64 in the departure column, and the per* 
pendicular 13.94 in the latitude column. 

2. Given the angle at the perpendicular 37}^, and the base 
46 ; to find the hypothenuse and perpendicular. 

. Under 37^^, look for 46 in the departure column ; and 
opposite this will be found the perpendicular 60.5 in the lati- 
tude column, and the hypothenuse 76 in the distance col- 
umn. 

3. Given the perpendicular 36, and the base 30.21.; to find 
the hypothenuse and angles. 

Look in the columns of latitude and departure, till the 
numbers 36 and 30.21 are found opposite each other ; these 
will give the hypothenuse 47. and the angle at the perpen- 
dicular 40°. 



SECTION n. 

PARALLEL AMD MIDDLE LATITUDE SAILING. 

52. By the methods of calculation in plane sailing, a ship's 
course, distance, departure, and difference of latitude are 
found. There is one other particular which it is very import- 
ant to determine, the difference of longitude. The departure 
S'ves the distance between two meridians in miles. But 
e situations of places on the earthy are known from their 
latitudes and longitudes ; and these are measured in degrees. 
The lines of longitude, as they are drawn on the globe, are 
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fATthest from each other at the equator, and gradually con- 
verge towards the poles. A ship, in making a hundred miles 
of departure, may change her longitude in onecase 2 d^ees, 
in another 10, and in another 20. It is important, then, to he 
able to convert departure into difference of longitude ; that 
is, to determine how many degrees of longitude answer to 
any given number of miles, on any parallel of latitude. This 
is easily done by the following 

Theorem. 
63. as the cosine ob latitude, 

To RADIUS ; 

So IS THE DEPARTURE, 

To THE DIFFERENCE OF LONGITUDE. 

By this is to be understood, that the cosine of the latitude 
is to radius ; as the distance between two meridians measured 
on the given parallel, to the distance between the same me- 
ridians measured on the equator. 

Let P (Fig. 21.) be the pole of the earth, A a point at the 
equator, L a place whose latitude is given, and LO a line per- 
pendicular to PC. Then CL or CA is a serai-diameter of the 
earth, which may be assumed as the radius of the tables ; PL 
is the complement of the latitude, and OL the sine of PL, 
that is, the cosine of the latitude. 

If the whole be now supposed to revolve about PC as an 
axis, the radius CA will describe the equator, and OL the 
given parallel of latitude. The circumferences of these cir- 
cles are as their semi-diameters OL and CA, (Sup. Euc. 8. 
1.) And this is the ratio which any portion of one circum- 
ference has to a Uke portion of the other. Therefore OL is 
to CA, that is, the cosine of latitude is to radius, as the dis- 
tance between two meridians measured on the given parallel, 
to the distance between the stime meridians measured on the 
equator. 

Cor. 1. Like portions of different parallels of latitude are 
to each other, as the cosines of the latitudes. 

Cor. 2. A degree of longitude is commonly measured on 
the equator, mit if it be considered as measured on a paral* 
lei of latitude, the length of the degree will be as the cosine 
of the latitude. 
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7%« /Mowing table contains the length of a degree of lon- 
gitude for each degree «/ latitude. 



miles. 

59799 
59.96 
59.92 
69.85 
69.771 



d.l. l miles . 

16,57.67 
17157.38 
1857.06 
19 56.73 



59.67, 
59.55 
59.42' 
59.26 
69.66! 



20 

21 
22 
23 
24 
25 



58.89.26 
58.68 27 
58.46 28 
58.22 29 
57.95' 30 



56.38 

seioi 

55.63 
55.23 
54.81 
54M 
53.93 
53.46 
52.97 
52.47 
51.96 



d.l.i miles, i 

31,51:43 

32,50.88 
3350.32 
3449.74 
3549.15 



36 
37 
38 
39 
40 

41 
42 
43 
44 
45 



48.54 
47.92 
47.28 
46.63 
46.96 



45.28 
44.69 
43.88 
43.16 
42.43 60130. 



46 

47 

4840. 

49 

60 

51 
52 
53 
54 
66 



miles, d.l. 

4L68 6T 
40.92 
1.15 
39.36 
38.57 



33 
32. 
31. 
30. 



.76 
.94 
.11 
.27 
.41 _ 

r56||71 



miles. 



29.09 
17 
27.24 
26.30 
26.36 



6228. 

63 

64 

65 

66J24. 

6723. 

68 22. 

69 21.60184 

70 20.62 85 



,40 
44 
48 



d.l. | miles. 

"14752 
13.50 
12.47 
11.46 

80 10.42 



81 
82 
83 



72 
73 

:74 

75 



53,86 

64 »7 
54 i 
5489 



53 



90 



9.39 
8.35 
7.31 
6.27 
6.23 



4.19 
3.14 
2.09 
1.06 
0.00 



The length of a decree of longitude in different parallels 
is also shown by the Line of Longitude, placed over or un- 
der the line of chords, on the plane scale. (See Trig. 165.) 

64 The sailing of a ship on a parallel of latitude* is called 
Parallel Sailing. In this case, the departure is equal to the 
distance. The difference of longitude may be fotmd by the 
preceding theorem; or if the difference of longitude beg^reu, 
the departure may be found by inyerting the terms of the 
jNToportion. (Alg. 380. 3.). 

■ 66. The Geometrical Constmction is very simple. Make 
CBD (Fig. 22.) a right angle, draw BC equal to the depart- 
ure in miles, lay off the angle at C equal to the latitude in 
degrees, and draw the hypothenuse CD for the difference of 
longitude. The angle C, and the sides BC and CD, of this 
triangle, have the same relations to each other, as the lati- 
tude, departure, and difference of longitude. 

For Cos. C : BC : : R : CD'(Trig. 121.) 

And Cos. Liat. : Depart : : R : DifL Lon. (Art 63.) 

• See Not* C. 
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66. Tbe p^uts of the triangle may be found by inspecHan in 

the traverse table. (Art. 51.) The angle opposite the de- 
parture is D the complement of the latitude, and the diflfer- 
ence of lonritude is the hypothenuse CD. If then the de- 
parture be found in the departure column under or over the 
gven number of degrees in the co-latitude, the difference of 
ngitude will be opposite in the distance column. 

Example I. 

A ship leaving a porj in Lat 38° N. Lon. 16° E. sails west 
on a parallel of latitude 117 mike in 24 hours. What is her 
longitude at the end of this time? 

Cos. 38° : Rad. : >117 : 148^-2° 28i' the diflference of 
longitude. 

This subtracted from 16° leaves 13° 31i' the longitude re- 
quired. 

Example II. 

What is the distance of two places in Lat 46° N. if the 
longitude of the one is 2° 13' W. and that of the other 1° 
17' E.? 

As the two places are on opposite sides of the first me- 
ridian, the difference of longitude is 2° 13' + 1° 17'— 3° 30', 
or ^10 minutes. Then 

Rad. : Cos. 46° : : 210 : 146.88 miles, the departare, or 
the distance between the two places. 

Example III. 

A ship having sailed on a parallel of latitude 138 milofs^ 
finds her difference of longitufle 4° 3' or 243 minutes. What 
is her latitude ? 

Diff Lon. 243 : Dep. 138 : : Rad. : Cos. Lat 65° 23|'. 

Example IV. 

On what part of the earth are the degrees of longitude 
half as long as at tbe equator ? Ans. In latitude 60. 
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MIDDLE LATITUDE SAILING. 



67. Bt the method just explained, is calculated the diSht^ 
ence of longitude of a ship sailing on a paralld of latUttde, 
But instances of this mode of saihng are comparatively few. 
It is necessary then to be able to calculate the longitude when 
the course is oblique. If a ship sail from A to C, (Fiff. 18.) 
the departure is equal to om+sn+tC, But the sum of these 
small lines is less than BC, and greater than AD. (Art. 40.) 
The departure, then, is the meridian distance measured not 
on the parallel from which the ship sailed, nor on that upon 
which she has arrived, but upon one which is between the 
two. If the exact situation of this intermediate parallel could 
be determined, by a process sufficiently simple for common 
practice, the difference of longitude would be easily ob- 
tained. The parcdlel usually taken for this purpose, is an 
. arithmetical mean between the two extreme latitudes. This 
is called the Middle Latitude. The meridian distance oit 
this parallel is not exactly equal to the departure. But for 
small distances, the error is not material, except in high lati- 
tudes. 

The middle latitude i£r equal to half the sum of the two 
extreme latitudes, if they are both north or both south : but 
to hcUf their difference^ if one is north and the other south. 

58. In middle latitude sailing, all the calculations are 
made in the same way as in plane sailing, excepting the pro- 
portions in which the difference of longitude is one of the 
terms. The departure is derived from the difference of Ion- 

S'tude, and the oifference of longitude from the departure, in 
e same manner as in parallel sailing, ^Arts. 53, 54.) only*- 
substituting in the theorem the term middle latitude for lati^ 
tude. 

Theorem. I. 

As THE cosine of MIDDLE LATITUDE, 

To RADIUS ; 

So IS TI|E DEPARTURE, 

To THE DIFFERENCE OF LONGITUDE. 

69. The learner will be very much assisted in stating th« 
proportions, by keeping the geometrical construction steadily 
in his mind. In fig. 20 we have the lines and angles in 
plane sailing, and in Fig. 22, those in parallel sailing. By 
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brining these together, as in Fig. 23, we have all the parts 
in middle latitude sailing. The two right angled triangles, 
being united at the common side BG, which is the departure, 
form the oblique angled triangle ACD. 

60. The angle at D is the complement of the middle lati* 
tude. (Art. 65.) Then in the triangle ACD, (Trig. 143.) 

Sin. D : AC : : Sin. A : DC; that is, 

Theorem II. 

As THE COSINE OF MIDDLE LATITUDE, 

To THE DISTANCE ] 

So IS THE SINE OF THE COURSE, 

To THE DIFFERENCE OF LONGITUDE. 

61. The two preceding theorems, with the proportions in 

Elane sailing, are sufficient for solving all the cases in middle 
ititude sailmg. A third may be added, for the sake of re* 
ducing two proportions to one. 

In toe triangle BCD (Fig. 23.) Cos. BCD : R : : BC : CD 

And in the triangle ABC, AB : R : : BC : Tan. A. 

The means being the same in these two proportions, the 

extremes are reciprocally proportional. (Alg. 387.) We 

have then 

Cos. BCD : AB : : Tan. A : CD ; that is, 

Theorem III. 

As THE COSINE OF MIDDLE LATITUDE, 
To THE DIFFERENCE OF LATITUDE ; 
So IS THE TANGENT OF THE COURSE, 
To THE DIFFERENCE OP LONGITUDE, 

Among the other data in middle latitude sailing, one of the 
extreme latitudes must always be given. 

Example I. 
At what distance, and in what direction, is Montock Point 
fifom Martha's Vineyard ; the former being in Lat. 41° 04' N. 
Lon. 72° W., and the latter in Lat. 41° 17' N. Lon. 7(P 48' 
W.? 

Here are given 'the two latitudes find longitudes, to find the 
coarse and distance. 

. The difference of longitude is 72' 
The difference of latitude 13' 

The middle latitude 41° 10^' 
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Beginning with the triangle in which there are two parts 
given, by theorem I, 

R : Diff. Lon. : : Cos. Mid. Lat. : Depart.— 54.2. 

And by plane sailing, Case YI, 

Diff. Lat. : Rad. : : Depart. : Tan. Course-Te^ 30|'. 

Or to find die course at a single statement, by theorem ni, 

Diff. Lat. : Cos. Mid. Lat : : Diff. Lon. ; Tan. Course— 76° 30|' 

To find the distance by plane sailing, Case III, 

Cos. Course : Diff. Lat. : : Rad. : Dist— S5.73. 

Example II. 

A ship leaving New York light-house in Lat. 40° 28' N. 
and Lon. 74° OS' W. sails SE. 67 miles in 24 hours. Re- 
quired her latitude and longitude at the end of that time. 

By plane sailing, 
Rad. : Dist. : : Cos. Course : Diff. Lat —47.4'. 
The latitude required, therefore, is 39° 40.6', and the mid- 
dle latitude 40° 04.3'. 

Then by Theorem II, 
Cos. Mid. Lat. : Dist. : : Sin. Course : Diff. Lon.— 61.9'. 

Or by Theorem III, 

Cos. Mid. Lat : Diff. Lat. : : Tan. Course : Diff. Lon.— 61.9'. 

The longitude required is 73° 06.1'. 

Example III. 

A ship leaving a port m Lat 49° 57' N. Lon. 6° 14' W. 
sails S. 39° W. till her latitude is 45° 31'. Required her lon- 
gitude and distance. , 

Ans. 10° 34.3' W. and 342.3 miles. 

Example IV. 

A ship sailing firom Lat 49° 67' N. and Lon. 6° 14' W. 
steers west of south, till her longitude is 23° 43', and her de- 
parture 789 miles. Required her course, distaiKse, and lati- 
tude. 

Course 51° 6' W. 

Latitude 39° 20' N. 

Distance 1014 miles. 
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mercator's sailing.* 

Art 62. The calculations in middle latitude sailing are 
simple, and sufficiently accurate for short distances, par- 
ticularly near the equator. But they become quite erro- 
neous, when applied to great distances, and to high lati- 
tudes. The only method in common use, which is strict- 
ly accurate, is that called Mercator's Sailing-, or Wriffht's 
Sailinff. This is founded on the construction of a charts 
published in 1556 by Gerard Mercator. About forty years 
after, Mr. Edward Wright gave demonstrations of the prin- 
ciples of this chart, and applied them to the solution of prob- 
lems in navigation. 

63. In the construction of Mercator's chart, the earth is 
supposed to be a sphere. Yet the meridians, instead of con- 
verging towards the poles, as they do on the globe, are drawn 
parallel to each other. The distance of the meridians, there- 
fore, is every where too great, except at the equator. To 
compensate this, the d^ees of latitude are proportionally 
enlarged. On the artificial globe, the parallels of latitude 
are drawn at equal distances. But on Mercator's chart, the 
distances of the parallels increase from the equator to the 
poles, so as every where to have the same ratio to the dis- 
tances of the meridians, which they have on the globe. 
Thus, in latitude 60°, where the distances of the meridians 
must be doubled^ to make it the same as at the equator, a de- 
gree of latitude is also made twice as great as at the equa- 
tor. The dimensions of places are extended in the projec- 
tion, in proportion as they are nearer the poles. The diam- 
eter of an island in latitude 60° would be represented twice 
as great as if it were on the equator, and its area four times 
as great. 

* Robertson's Navi^tion^ondon Phil. Trans, for 1666 and 1696, Hntton'a 
Diciioiiary, Introducnon to Hatton'a Mathematical Tables. Bowditch's Practical 
Navigator^ Emerson's and M'Launn's Fluadonsi BTKay's NaTigation, Emenon'i 
Prin. Navig., Barrow's Navigation. 
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64. Table of MeridiiOnal Paris. If a meridian on a sphere 
be divided into degrees or minutes; the portions are all equal. 
But in Mercator's projection, they are extended more and 
more as they are fiuther from the equator. To faciUtate the 
calculations in navigation, tables have been prepared, which 
contain the length of any number of degrees and minutes on 
this extended meridian, or the distance of any point of the 
projection from the equator. These are called tables of Me^ 
ridioncU Pants. The common method of computing them 
is .derived from the following proposition. 

65. Any minute portion op a parallel op latitude, 
is to a like portion op the meridian ; 

As RADIUS, 

To THE SECANT OP THE LATITUDE. 

For, by the theorem in parallel sailing, (Art. 53.) the co- 
sine of latitude iis to radius, 'as the departure to the difference 
of longitude measure on the equator ; that is, as a part of 
the parallel of latitude, to a like part of the equator. But on 
a sphere, the equator and meridian are equal. 

Therefore Cos. Lat : Rad. : : a part of the paraUel: a 
like part of the meridian. 
But Cos. Lat. : Rad. : : Rad. : Sec. Lat. (Trig. 93. 3.) 

By equality of ratios then, (Alg. 384.) 
A part of the parallel : a Wee part of the mertd. : : Rad. : 

Sec. Lat 

By like parts of the parallel of latitude and the meridian 
are here meant minutes, seconds, oar other portions of a de- 
gree. The proposition is true when applied either to the cir- 
cles on a sphere, or to the lines in Mercator's projectton. For 
the parts of the latter have the same ratio to each other, as 
the parts of the former. (Art. 63.) The divisions of Ifow 
color's meridian, however, should be mn^e very .small} for 
the measure of each part is supposed to be taken at the par- 
allel of latitude, and not at a distance from it. In the com- 
mon tables, the meridian is divided into minutes, 

66. Suppose then that the length of each minute of a de- 
ftee of Mercator's meridian is required. By the propositicm 
m the last article, 
V of the parallel : 1' of the meridian : : Rad. ; Sec. Lat 

But in this projection^ flie parallels of latitude are all equal. 
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(Art. 63.) Whateiw be the latitude^ then, the first term of 
the proportion is equal to a minute at the equator, or a geo- 
graphical mile ; anid if this is assumed as the radius of the 
tiigonometrical tables, (Trig. 100.) the first and third terms 
are equal, and therefore the second and fourth must be equal 
also. (Alg. 395.) That is, the length of any one minute of 
Mercator^s meridian ia equal to the natural secant of the 
laiittide of that part of the meridian. 

^Itlul I minute of the meridian \ ^SSi 

The second V ;- efl«ai to the aecant of 1 Commutes,- 

The third \ ^ ^"^""V • ^^ ®®^^^ ^^ ( threemmtee, 
d&c.&c 

The table of meridional parts is formed by adding together 
the several minutes thus found.' Beginning from the equa- 
tor, an arc of the meridian 

of tVH) minutes»«ec. I'+^ec 2^ 

of three minutes«»«ec. V+sec, 2'+«ec. 3', 

alfour minute8»»Mc V+sec Zf-^aec Zf+sec, 4^, 

See the table at the end of this number. 
To find from the table the length of any given number of 
degrees and minutes, look for the degrees at the top of the 
page, and the minutes on the side ; then against the minutes, 
and under the degrees, will be the length of the arc in nau- 
tical miles. 

67. Meridional Difference of Latitude. An arc of Mer- 
eator's meridian contained between two parallels of latitude, 
is called meridional difference of latitude. It is found by 
subtracting the meridional parts for the less latitude from Ufte 
meridional parts for the greater, if both are nordi or south ; 
or by adding them, if one latitude is north and die other 
south. 

Thus the lat. of Boston is 43P 23' Merid. parts 2813 
Baltimore 39 28 Merid. parts 2676 

Proper difference of lat. 3^ Merid. difi: of lat. 238 

68. If one latitude and the meridional differaiioe of latitude 
be ^ioenj the proper difference of latitude la found by t^ 
versmg this process. 

..■■■,.. ■ I. ■ i 
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When the two latitndes are on the same side of the equa- 
tor, subtracting the meridional difference of latitude from the 
meridional parts for the greater, will give the meridional 
parts for the less ; or adding the meridional difference to tlie 
parts for the less latitude, will give the parts for the greater. 
But if the two latitudes are on opposite sides of the equator, 
subtracting the parts for the one latitude from the meridion- 
al difference, will give the parts for the other. 

Thus the meridional difference of latitude between 

New- York and New-Orleans is 793 

The lat of N. Orleans is 29^ 57' Merid. parts 1885 

The lat. of New York 40 42 Meorid. parts 2678 

69. Solutions in Mercatar^s Sailing. The solutions in 
Mercator's sailing ai« founded on the similarity of two right- 
angled triangles^ in one of which the perpendicular side^ 
are the proper difference of latitude and the departure ; and 
in the other ^ the meridional difference of laiitvde and, the 
difference of longitude. 

According to the principle of Mercator's projection, the 
enlargement of each minute portion of the meridian is pro- 
portioned to the enlargement of the parallel of latitude wUch 
crosses it. (Art. 63.) Any part of the meridian before it is 
enlarged, is proper difference of latitude ; and after it is en- 
larged, is meridumal difference of latitude. A part of the 
parallel, before it is enlarged, is departure; and after it is en- 
larged, is equal to the corresponding difference of longitude ; 
because in this projection, the distance of the meridians is ^ 
the same on any parallel, as at the equator, where longitude 
is reckoned. 

If then we take a small portion of the distance which a 
ship has sailed, as Am, (Pig. 18.) 

Prop. Dif. Lat. Ao : Depart, om : : Merid. Dif Lat : Dif. Lon. 

In the triangle ABC, (Pig. 24.) let the angle at A— the 
course oAm^ (Fig. 18.) AB«the proper difference of latimde, 
AC=Am-\-mn+nC the distance, and BC'^om+sn+tC the 
departure. Then as the triangles Aom, msn, ntC are each 
similar to the triangle ABC, (Fig. 24.) the difference of lati- 
tude for any one of the small distances as Am, is to the cor- 
responding departure ; as the whole difference of latitude AB 
to the whole departure BG. Therefore, 



Digitized by LjOOQ IC 



3Q luviomoir. 

(fBrAmi . (£irAiR, 

P. Difl LaL AB : Dq). BC : : Mer. DiC Lat {for mn x DX Lou. ifot mn, 

(ft)rnCx (fornC. 

But the whole meridional difference of latitude for the dis- 
tance AC, is equal to the sum of the differences for Am, mn, 
and nC ; and the whole difference of longitude is equal to the 
sum of the differences for Am, mn, and nC. Therefore, (Alg. 
38S. Cor. I.) 

Prop. Dif. Lat AB : Dep. BC : : Merid. Di£ Lat ; Di£ Lou. 

Extend AB, (Fi^. 24.) making Al equal to the meridional 
difference of latitude corresponding to the proper difference of 
latitude AB ; from L draw a line parallel to BC, and extend 
AC to intersect this in D. Then is DL the difference of 
UmgUvde. For it has been shown that the difference of lon- 
gitude is K fourth proportional to the proper difference of lat- 
itude, the departure, and the meri(}ional difference of latitude ; 
and by similar triangles, 

AB : BC : : AL : LD. 

70. To solve all the cases, then, in Mercator's sailing, we 
have only to represent the several quantities by the parts of 
two similar right-angled triangles, as ABC and ALD, (Fig. 
24.) and to find their sides and angles. In the smaller trian* 
gle ABC the parts are the same as in plane sailing, and the 
calculations are made in the same manner. The sides AL 
and DL are added for finding the difference of longitude ; or 
when the difference of longitude is given, to derive from it 
one of the other quantities. The couree is common to both 

^ the triangles, and the C€miplement of the course is either ACB 
or ADL. The hypothenuae AD b not one of the quantities 
which are given or required in navigation. 

71. In the similar triangles ABC, ALD, (Fig. 24) 

AB : AL : : BC : LD ; that is. 

Theorem I. 

As THE proper difference OF LATITUDE, 

To THE MERIDIONAL DIFFERENCE OF LATITUDE ; 

So IS THE DEPARTURE, 

To THE DIFFERENCE OF LONGITUDE. 

72. In the triangle ALD, if AL bo made radius, 

Bad. : Tan. A ; : AL : DL; that is, 
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As RADIUS, 

To THE TANGENT OF THE COURSE ; 

So IS THE MERIDIONAL DIFFERENCE OF I.ATITUDB, 

To THE DIFFERENCE OF LONGITUDE. 

By this theorem, the diflBsrence of longitude may be calca* 
lated, without pre^ioasly finding the departure. 

73. In Mercator\ as well as in middle latitude sailing, one 
laiittide must always be given. This is requisite in convert- 
ing proper difference of latitude and meridional difference of 
latitude into each other. (Arts. 67, 68.) 

74 When the difference of latitude is venf smalls the dif- 
ference of longitude will be more correctly found by middle 
latitude sailing, than by Mercator's sailing; unless a table' is 
used in which the meridional parts are given to decimals. 
Mercator's sailing is strictly correct in theory. Bat the com- 
mon tables are not cairied to a degree of exactness, sufficient 
to mark very minute differences. On the other hand, the 
error of middle latitude sailing is diminished^ as the differ- 
ence of latitude is lessened. 

Esample L 

The latitudes of Montodc and Martha'^ Vineyard are V a. AtJ* 

Their longiUides j 704»W. 

Required the course and distance from one to the other. 
Lat of Martha's Vin, 41® 17' Merid.-parts 2724. 
of Montock 41 04 Merid. parts 2707 

Proper Diff. of Lat. 13' Mer.Dif.Lat. "1l7 (Art. 67.) 

The difference of longitude is 1° 12'— 72 miles. 

To find the course by Theorem U, (Fig. 24) 
Merid. Diff. Lat. : Diff. Lon. : : Bad. : Tan. Oourse^.76® 43'. 

Td find the distance by plane sailing, 
Cos. Course : Prop. Diff. Lat. : : Rad. : Disc.— 66.68. 

The results by middle latitude sailing, page 31, are a little 
different, as that method is not perfectly accurate. 
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A ship sailing from the Lizard in Lat 49^ 57' N. Lon. 6® 
14' W. proceeds S. 39^ W. till her latitude is found by obser- 
vatiou to be. 45° 31' N. What is then her longitude, and 
what distance has she run 1 

Here are giyen the difference of latitude and the course, to 
find the distance and the difference of longitude. 

The proper diffemnce of latitude is 4^ 26««a66' 

The meridional difference of latitude 396 

Then by plane sailing, 

Cos. Course ; Prop. Diff. Lat. : : Rad. ; Dist.— 342.3. 

And by Theorem I^ 

Rad. : Tan. Course : : M. Dif. Lat : Dif. Lon.-320'.7-5°20'.9 

This added to the longitude of the Lizard 6^ 14' gives the 

longitude of the ship 10^ 34'.7 W. 

Example III. 
A ship sailing from Lat. 49° 57' N. and Lon. 6° 14' W. 
steers west of south, till her latitude is 39° SCV N. and her 
departure 789 miles. Required her course, distance, and 
longitude. 

The proper difference of latitude is 10^ 37' —637' 

The meridional difference of latitude 899 

Then by Theorem I, (Fig. 24.) 

P. Dif. Lat. : M. Diffl Lat : : Dep. : Diff. Lon.=.1113'.5- 

18° 33'.5 

The longitude of the ship is therefore 23^ 47^ 

And by plane sailing, 

Prop. Diff. Let. : Rad. : : Depart : Tan. Course— 51^ 6' 

Rad. : Prop. Diff. Lat : : Sec. Course : Distance— 1014 miles. 

Example TV. 

A ship sailing from a port m Lat 14^ 45' N. Lon. 17° 38' 

W. steers S. 28° 7i' W. till her longitude is found by obser- 

vation to be 29° 26' W. Required her distance and latitude. 

The difference of longitude is 11° 63'— 713'. 

By Theorem II, 
Tan. Course : Rad. : : Dif. Lon. : M. Dif. Lat.— 1334 3. 
Lat of the port 1 4° 45' N. Merid. parts 896 N. 

of the ship 7 18 S. Merid. parts 439 & (Art ea.) 
Diff. of Lat 22° 3' -1323' 
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By plane sailing, 
Cos. Coone : Di£ Lat : : Rad. : Distance^ 1500 miles. 

Example T. 

A ship sails 300 miles between north and west, from Lat 
37^ N. to 41 N. What is her course and diflbrenoe of lon- 
gitude? 

The course is N. 36° 52^ W., and the difference of longi- 
tude 30 B2^ 

Emmple YI. 

A ship sails S. 67° 30' E. from Lat. 60° 10' S. tfll her de- 
parture is 967 miles. What is her distance, difference of lat- 
itude, and difference of longitude ? 

The distance is 1036 miles* 

The difference of latitude 6° 36'.4 
The difference of longitude 26° 63^ 

Example YII. 

A ship sailing from Lat 26° IS' N. ];aooeed8 S. 27° W^ 
231 miles. What is bor difference of latitude and difismioe 
of longitude? 

Example TIH 

A ship sailing from Lat 14° S. 260 miles, between south 
and west, makes her departure 173 miles. What is her 
eourse^ difference of latitude, and difEarence of longitude?* 

• 8m Note B. 
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SECTION IV. 

TRAVERSE SAILING. 

Art. 75. By the methods in the preceding sections, me 
found the difference of latitude, departure, 6cc. for a single 
course. But it is not often the fact that a ship proceeds from 
one port to another in a direct line. Variable and contrary 
winds freauently render . a change of direction necessary 
every few hours. The irregular path of the ship sailing in 
this manner, is called a traverse, 

Resclving a traverse is reducing the ^mpound course to 
a single one. This is commonly done at sea every noon. 
From the several courses and distances in the log-book, the 
departure, difference of latitude, &c. are determined for the 
whole 24 hours. In the same manner, the courses of several 
successive days are reduced to one, so as to ascertain, at any 
time, the situation of the ship. The following methods by 
construction and by calculation, are sufficiently accurate for 
■hort distances, at least near the equator. 

76. Oeametrical construction of a traverse. To constract 
a traverse, draw a meridian line and lay down the first course 
and distance^ firom the end of this, lay down the seoifnd 
course and distance ; froin the end of that, a third course, &^. 
Then draw a line connecting the extremities of the first and 
last of these, to show the whole distance, and the direction 
of the ship from the point of starting. 

This will be easily understood by an example. 

Example I. 

A ship sails from a port in Lat 32^ N.| and in 24 houn 
makes die following courses : 

l.N.25°E. 16 miles, 
2. S. 64° E. 11, 
3.N. 130W. 7, 
4- N. 61<^ E. 5, 
6. N. 38<^ W. 18, 

It is required to find the departure, difbrence of l ati t u d e, 
distance, and course, fot the whole traverse. 
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On A as a center (Fig. 36.) describe a circle and draw the 
meridian NAS. Then considering the upper part as north, 
the right hand east, and the left hand west, dmw the lines 
Al, A2, A3, A4, and AS, to correspond with the several 
courses; that is, make the angle NAl>->25^, SA2,— 64^; 
NA3-130, NA4-6P, and NA5-380. 

Make AlB-16, BC-11 and parallel to A2, CD-7 and 
parallel to A3, DF»5 and parallel to A4, FG— 18 and pur- 
allel to A6 ; join AG, and draw GP perpendicular to NS. 

Then if the surface of the earth be considered as a plane, 
O is the place of the. ship al the end of 24 hours, AG the 
distance from port, PG the departure^ AP the diffet^ence of 
laiUudej and GAP the cmirse. The angles may be measured 
by a line of chords, and the distances taken from a scale of 
equal parts/ (Trig. 148, 161, S.) 



The distance is 


32.3 miks. 


The departure 
The diflbrence of lat 


7.38 


31.46 


The course 


13° 12'. 



77. Resolving a traverse, by Calculation or Inspection. 
When a ship sails on different courses for a short time, the 
difference of latitude, at the end of that time, is equal to the 
difference between the sum of the northings and &e sum of 
the southings, and the departure is nearly isqual to the differ- 
ence between the sum of the eastings and ^e sum of the 
westings. (See Arts. 78, 79.) If then the difference of lati- 
tude and the departure for each course be found by calcula- 
tion or inspection, and placed in separate columns m a table ; 
the difference of latitude for the whole time may be obtained 
exactly, and the departure nearly, by addition and subtrac- 
tion ; and the corresponding distance and course may be de- 
termined by trigonometrical calculation or inspection, as in 
the last case of plain sailing. (Art. 49.) 

The following table contains the courses^ distances, depart- 
ure and difference of latitude in the preoedmg example. See 
Fig.2S. 

• 866 Not6 F. 
40 
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NAVIGATION. 



TRAVERSB TABLB. 



Coonei. 


Diitanoea. 


DitLat. 


Oeputnii*. 1 


N. 


s. 


K. 


w. 


1. N. 26° E. 

2. S. 540 E. 

3. N. 13° W. 

4. N. 61° E. 
6. N. 38° W. 

N.13°12|'E. 


AB16 
BC 11 
CD 7 
DF 5 
FG18 

AG 32.3 


14.60 

6.82 
2.42 

14.18 


6.47 


6.76 
8.90 

4.37 


1.67 
ll.b8 


37.92 
6.47 


6.47 


20.03 
12.66 


12.66 


31.46 


7.38 



Tbd sum of the northings is 37.92. Subtracting from this 
the southing 6.47, we have the difference of latitu^ AP 
31.45 N. 

The sum of the eastings is 20.03. Subtraeting from this 
the sum of the westings 12.65 we have the departure GP 
7.38 E. Then (Art. 49.) 

Dif Lat : Bad. : : Depart : Tan. Course NAG— 13^ 12^' 
Bad. : Dif. Lat. : : Sec. Course : Distance AG-32.3. . 

The latitude of the port is 32^ N. 

The difference of latitude (P 31.45^ N. 

The latitude of the ship 32^ 31.45' N. 

The meridional difference of lat. 37.6 

Then by Mercator's sailing, 
Rad. : TUL Course : : Merid Di£ Lat : Dif. Lon.— &8^ 





Example JL 


A ahip saOiiiff from a port in Lat 429 N. makes the follow- 
ing courses anddistances. 




1. S. 13° E. 21 miles. 

2. 8. ISP W. 16, 
8.N.840E. 9, 
4. S. 67«> E. 12, 

6. N. 78* B. 14, 1 
6. S. 12° W. 36. 
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The difierence of latitude, deportare, ice. are required. 
The departure is 26M9 E. 

The diff. of latitude, 1^ lOf' 9. 
The diflF. of longitude, 36'.07 
The direct course, S. 20^ 18|' E. 
The distance, 76^ miles. 

Accurate method of resolving a traverse. 

78. The preceding method of resolving a traverse is fre- 
quently used at sea, because it is simple, and in most cases 
is sufficiently accurate for a. run of 24 hours. But it is found- 
ed on the assumption, that when a ship sails from one place 
to another by several courses, she mokies the same departure^ 
as if she had proceeded by a single course to tiie same place. 
This is not strictly true. Suppose a vessel, instead of sailing 
directly from A to C, (Fig. 18.) proceeds by one course from 
A to H, and then by a different course from H. to C. In 
the compound course, the whole departure, is bd+gH+tG\ 
(Art 40.) which, on account of the obliquity of the merid- 
ians, is less than om-{-sn+tC, the departure on the single 
course. If the compound course had been on the other side 
of the single one, nearer the equator, the departure woald 
have been greater. 

79. But the difference of latitude is the same, whether the 
ship proceeds from one place to the other, on a single course, 
or on several. The difference of latitude AB (Pig. 18.)-=Ao 
+ms+nt^Ab+dg+Ut, The difference of longitude is 
also the same, whether the course is single or compound. 
For the difference of longitude is the distance between the 
meridians of the two places measured on the equator. 

If then the difference of latitude and difference of longi^ 
tuae be calculated for each part of the compound course ; the 
whole difference of latitude and difference of longitude will 
be found by addition and subtraction; and from these may 
be determined the direct course and distance. The difference 
of longitude for each course may be obtained independently 
of the departure, by theorem II. of Mercator's sailing. 

It will facilitate the calculation of the lon^tude, to place 
in the traverse table, the latitudes at the foegmning and end 
of each of ij^e courses, the corresponding meridional parts, 
and the meridional differences of latitude. 
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lu thd following example, the couiaes and distances are the 
same as la Art 76. Ex. 1. The port from which the ship is 
supposed to soil, is in latitude 33^ N. 

TaAYERSE TABLE. 



Counat. 


D»t 


Diff. Lat 1 


Uti- 
tudes. 


Merid. 
Parts. 


Mend.] 
diClat. 


Diff Long. { 


N. 


S.| 


E. 


W. 


1. N. 26° E. 

2. S. 64« W. 

3. N. 13° W. 

4. N. 61° E. 
6. N. 38° W. 

11040/37// 


16 

11 

7 

5 

18 

32.12 


14.60 

6.82 

2.42 

14.18 




320 

32 14.60 
32 8.03 
32 14.66 
32 17.27 
32 31.46 


2028 

2046.6 

2038 

2046.8 

2048.3 

2066.6 


17.6 1 

7.6 

7.8 

2.6 
17.2 


ai6 

10.32 
4.61 


1.8S 
13.44 


37.92 
6.47 


22.99 
15.24 

7.76 


I6JM 


31.46 



The difference of longitude is here found to be 7.76, and 
in Art. 77, 8'.8 ; the error there being 1.05. 

To find the direct course and distance from the port to the 
place of the ship. 

Merid. Dif. Lat : Di£ Lon. : : Rad. : Tan. Course- ll^ 40' 37'' 
Bad. : Prop. Dif. Lat. : : Sec. Course : Distance— 32.12. 

By comparing the results here with those in Art 77, it will 
be seen that a small error was introduced there, both into tlM 
course and the distBHCo^ by making them dependent on the 
departure ; which bein^ obtained from the several courseS| is 
not the same as for a single course. (Art 78.) 

Ex. 2. A ship sailing from a port in latitude 78° 15' N. 
makes the following courses and distances. 

1. N. 67°30' W. 154 miles. 



2. S. 46 


W. 


96 


3. N. 50 374 


W. 


89 


4.N. 11 16 


E. 


110 


6. N. 36 33} 


W. 


56 


6. S. 19 41 i 


E. 


78 



Required the difference of latitude, the difference of lonffi* 
tude, and the distance the ship must have sailed, to reach me 
same place on a single course. 

The difference of latitude is 2° 7' 
The difference of longitude 22° 29' 
The direct course N. ^3° I'W. 

ThQ distance 87^.9 miles. 
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SECTION V* 

MISCELLANEOUS ARTICLES. 

L The Plane Chart. 

Art. 80. The charts commonly used in navigaticm are 
either Pliine charts^ or Mercaiar^s charts. The latter are 
generally to be preferred. But plane charts will answer for 
short distances, such as the extent of a harbor or small: bay. 

In the construction of the plane chart, that part of the sur- 
face of the globe which is represented on it, is supposed to 
be a plane. The meridians are drawn parallel ; and the lines 
of latitude at equal distances. Islands, coasts, icc^ are de- 
lineated upon it, by laying down the several parts according 
to Uieir known latitudes and longitudes. 

81. On a chart extending a small distance, each side of 
the eqtiator, the meridians ought to be at the same distance 
from each other, as the parallels of latitude. A similar con- 
struction is frequently applied to different parts of the ^lobe. 
But this renders the chart much more incorrect than is ne^ 
cessary. A circular island in latitude 60 would, by such a 
construction, be thrown into a figure whose length from east 
to west would be twice as great as from north to south \ the 
comparative distance <^ the meridians being made twice as 
great as it ou^ht to be. (Art. 63. Trig. 96. cor.) 

But when me chart extends only a few degrees, if the dis- 
tance of the meridians is proportioned to the distance of the 
parallels of latitude, <» the cosine of the mean latitude to 
radius; (Art. 53.) the representation will not be materially 
incorrect. The meridian distance in the middle of the chart 
will be exact. On one side, it will be a little too great ; and 
on the other, a little too small. 

82. To construct a Plane Charts then, on one side of the 
paper, draw a scale of equal parts, which are to be counted 
as degrees or minutes of latitude, according to the proposed 
extent of the chart. Through the severd divisions, draw 
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the parallels of latitude, and at right angles to these, draw 
the meridians in such a manner, that their distance from each 
other shall be to the distance of the parallels of latituple, as 
the cosine of the latitude of the middle of the chart, to ra- 
dius. 

After the lines on all the sides are graduated, the positions 
of the several places which are to be laid down, may be de- 
termined, by applying the edge of a rule, or strip of paper, to 
the divisions for the ^ven degree of longitude on each side, 
and another to the divisions for the degree of latitude. In 
the intersection of th^se, "v^ill be the point required. 

The distance which a ship must sail, in going from 
one place to another, on a single course, may be nearly 
found, by applying the measure of the interval between the 
two places, to the scale of miles of latitude on the side of 
the chart* 

11. Construction op Mercator's Chart. 

83. In Mercator's chart, the meridians are drawn at equal 
distances, and the parallels of latitude at unequal distances, 
proportioned to the meridional differences of latitude. (Arts. 
63, 67.) To construct this chart, then, make a scale of equal 
parts on one side of the paper, for the lowest parallel of lati- 
tude which is to be laid down, and divide it into degrees and 
minutes. Perpendicular to this, and through the dividing 
points for decrees, draw the lines of longitude. For the sec- 
ond proposed parallel of latitude, find from the table, (Art. 67.) 
the meridional difference of latitude between that and the 
parallel first laid down, and take this number of minutes from 
the scale on the chart, for the interval between the two paral- 
lels. In the same manner, find the interval between the sec- 
ond and third parallels, between the third and fourth, &c. till 
the projection is carried to a sufficient extent. 

Pfaces whose latitudes and longitudes arc known, may be 
laid down in the same manner as on the plane chart, by the 
intersections of the meridians and lines of latitude passing 
through them. 

If ttie chart is upon a small scale, the least divisions on 
the graduated lines may be degrees instead of minutes ; and 
the meridians and parallels may be drawn for every fifth or 
every tenth degree. But in this case it will be necessary to 

♦ S«e Note G. 
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divide the meridional differences of latitude by 60, to reduce 
th^a from minutes to degrees. 

84. The Line of Meridional Porta on Ounter^s scale is 
divided in the same manner as Mercator's Meridian, and cor« 
responds with the tMe of meridional parts ; except that the 
numbers in the latter are minutes^ while the divisions on the 
other are degrees. Directly beneath the line of meridional 
parts, is placed a ^ne of equal parts. The divisions of the 
latter being considered as degrees of longitude, the divisicMis 
of the former will be degrees of latitude adapted to the same 
scale. The meridional difference of latitude is found, by ex- 
tending the compasses from one latitude to the other. 

A chart may be constructed from the scale, by using the 
line of equal parts for the d^prees of longitude, imd the line 
of meridional parts for the intervals between the parallels of 
latitude. 

85. It is an important property of Mercator's chart, that 
all the rhumb-lines projected on it are straight lines. This 
renders it, in several respects, more useful to navigators, than 
even the artificial globe. By Mercator's sailing, theorem IL 
(Art. 72.) 

Merid. Diff. Lat : Diff. Lon. : : Rad. : Tan. Course. 

So that, while the course remains the same, the ratio of the 
meridional difference of latitude to the difference of longi- 
tude is constant. If A, G, CS and C'^ (Fig. 26.) be several 
points in a rhumb-line AB, AB', and AB'', Uie corresponding 
meridional differences of latitude, and BC, B'C, B"C'^ the 
differences of longitude ; then 

AB : BO : : AB' : B'C : : AB'' : B'/C". 

Therefore ABO, AB'O', AB"0", are similar triangles, and 
ACC'O" is a right line. ' (Euc. 32. 6.) 

m. Oblique Sailing. 

86. iTie application of oblique angled tri^nometry to the 
iolntion of certain poblems in navigation, is called oblique 
sailing. It is principall^r used in bays and harbors, to deter* 
mine the beann^ of objects on shore, with their distances 
from the ship ana from each other. A few examples will be 
sufficient here, in addition to those already given under 
heights and distances. 
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One af (he cases which most frequently occurs, is that bi 
which the distance of a ship from land is to be determined, 
when leaving a harbor to proceed to sea. This is neces- 
sary, that her difference of latitude and departure may be 
reckoned from a fixed point, whose latitude and longitude are 
Imown. 

The distance from land is found, by taking the bearing of 
an object from the ship, then running a certain distance, and 
taking the bearing Q£^n. The course being observed, there 
will Uien be dven the angles and one side of a triangle, to 
find either of the remaining sides. 

Example I. 
The point of land C, (Pig. 27.) is observed to bear N. 67° 
dOf W. trom A. The ship then sails S. 67° 30' W. 9 miles, 
firom A to B ; and the direction of the point from B is found 
to be N. IP 15' E. At what distance from land was the 
ship at A. 

Let NS and N'S' be meridians passing through A and B. 
Then subtracting CAN and BAS each 67i° from 180<^ we 
have the angle CAB— 45°. And subtracting CBN' 11 i° 
firom BAS or its equal ABN', we have ABC— 56 J®. The 
angle at C is therefore 78° 45'. And 

Sin. C : AB : : Sm. B : AC— 7.63 miles. 
Example 11. 
New-York light-house on Sandy Point is in Lat. 40° 28' 
N. Lon. 74° 8' W. A ship observes this to bear N. 76° 16' 
W., and after sailing S. 35° 10' W. 8 miles, finds the bearinfip 
to be N. 17° 13' W. Required the latitude and longitude of 
the ship, at the first observation. 

The latitude is 40° 26^' 
Thelonritude 73 68^ 
In this example, as the difference of latitude is small, the 
difference of longitude is best calculated by middle latitude 
sailing. (Art. 74.) 

Example IIL 
A merchant ship sails from a certain port 8. 51° E. at the 
zate of 8 miles an nour. A privateer leaving another port 7 
miles N. E. of the first, sails at the rate of 10 miles an hour.- 
What nmst be the course of the privateer, to meet the ship, 
without a change of direction in either ? 

Ans. S. 7° 43' E. 
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Example IV. 

Two light-houses are observed from a ship sailing S. 38*^ 
W. at the rate of 6 miles an hour. The first bears N. 21^ 
W., flie other N. 47^ W. At the end of two hours, the first 
is found to bear N. 6° E., the other N. 13° W. What is the 
distance of the light-houses from each other ? 

Ans. 6 miles and 30 rods. 

lY. Current Sailing. 

87. When the measure given by the log-line is taken as 
Che ratie of the ship's progress, the tocUer is supposed to be. at 
rest But if there is a tide or current, the log bein^ thrown 
upon the water, and left at liberty, will move with it, in 
the same direction, and with the same velocity. The rate 
of sailing as measured by the log, is the motion through the 
wcUer, 

If the ship is steered in the direction of the current, her 
whole motion is equal to the rate given by the lo?, added to 
the rate of the current. But if the ship is steered in opposi- 
tion to the current, her absolute motion id equal to the differ- 
ence between the current, and the rate given by the 1^. In 
all other cases, the current will not only affect the velocity of 
the ship, but will change its direction. 

Suppose that a river runs directly south, and that a boat 
in crossing it is steered before the wind, from west to east 
It will be carried down the stream as fast, as if it were merely 
floating on the water in a calm. And it will reach the oppo- 
site sick as soon, as if the surface of the river were at rest 
But it will arrive at a different point of the shore. 

Let AB (Fig. 28.) be the direction in which the boat is 
steer^, and AP the distance which the stream runs, while 
the boat is crossing. If DC be parallel to AB, and BC par- 
allel to AD ; then will O be the point at which the boat pro- 
ceeding from A, will strike the opposite shore, and AC will 
be the distance. For it is driven across by the wind, to the 
mde BO, in the same time that it is carried down by the cur- 
rent, to the line DC 

In the same manner, if Am be any part of AB, and mrtj 
be ihe corresponding progress of the stream, the distance sail- 
ed will be An. And if the velocity of the ship and of the 
•treom continue uniform, kmi^ to fi»n, as AB to BC> so that 

41 
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AnC is a straight line. (Euc. 32. 6.) The lines AB, BC, 
and AC, form the three sides of a triangle. Hence, 

88 If the direction and rate of a ship's motion through, 
the water, be represented by the position and length of one 
side of a triande, and the direction and rate of the current, 
by a second side ; the absolute direction and distance will be 
shown by the third side. 

Example I. 
If the breadth of a river running south (Pig. 28.) be 300 
yards, and a boat steers S. 76^ E. at the rate of 10 yards in 
a minute, while the progress of the stream is 24 yards in a 
minute ; what is the actual course, and what distance must 
the boat go in crossing? 

Cos.,BAP : AP : : R : AB-310.6 
And 10 : 24 : : AB : BC-745.44. 
Then in the triangle ABC, 
(BC+AB) : (BO— AB) : : Tan. i (BAC+BCA) : Tan. i 
(BAG— BCA)- 17° 33' 60". 
The angle BAG is 66° 3' 60^' Then 
Sin. BAG : BC : : Sin. ABC : AG—879 the distance. 
And DAG-BCA-=19° 66' 10" the course. 

Example II. 

A boat moving through the water at the rate of five miles 
an hour, is endeavoring to make a certain point lying S. 22}^ 
W. while the tide is running S. 78f ° B. three miles an hour. 
In what direction must the boat be steered, to reach the point 
yyy a single course ? Ans. S. 58P 33' W. 

89. But the most simple method of making the calcnla 
tion for the effect of a current, in comnum cases, especially 
in resolving a traverse, is to consider the direction and rate 
of the current as an additional separate course and dis- 
tance ; and to find the corresponding departure and difference 
of latitude. A boat sailing from A (Fig. 28.) by the united 
action of the wind and current, will arrive at the samepoint, 
as if it were first carried by the wind pdone firom A to B, and 
then by the current alone &om B to G. 

Example I. 
A ship sails S. 17° E. for 2 hours, at the rate of 8 miles 
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SI 



an hcmr; then S. 18^ W. for 4 hoars, at the rate of 7 miles 
an hoiir ; and during the whole time a current sets N. 76^ 
W. at the rate of two miles an hour. Required the direct 
course and distance. 



First Course 
Second do. 
Current 


S. 170 E. 
S. IS"* W. 
N. 76° W. 


Dist p N. 


s. 


E. 


w. 

8.65 
11.64 


16 
SS 
12 


2.9 


16.3 

26.6 


4.68 










41.9 
2.9 




20.29 
4.68 




D. Lot. 39. 


Dep 


. 16.61 



The couxaeis 21^ 48' 60'', and the distance 42 miles. 

Example II. 

A ship sails S£!. at the rate of 10 miles an hour by the log, 
in a current setting E. NB. at the rate of 5 miles an hour. 
What is her true course 7 and what will be her distance at 
the end of two hours ? 

' The course is 6i3^ 13^, and the distance 26.56 miles. 

T. HaDLEY'S duADRANT. 

90. In the preceding sections, has been particularly ex-^ 

Elained the prdcess of determining the place of a ship from 
er course and distance, as given by the compass and the 
log. But this is subject to so many sources of error, from 
variable winds, irregular currents, lee-way, uncertainty of the 
magnetic needle, <&x;. that it ought not to be.depcdided on, 
except for short distances, and in circumstances which forbid 
the use of more unerring methods. The mariner who hopea 
to cross the ocean with safety, must place his chief reliance, 
for a knowledge of his true situation from time to time, on 
observations of the heavenly bodies. By these the latitude 
and longitude may be |;enerally ascertained, with a sufficient 
degree of exactness, ft belongs to astronomy to explain the 
methods of making the calculations. The subject will not 
be anticipated in this place, any farther than to give a de« 
scription of the quadrant of reflection, commonly called 
HacUey's QMadrani* by which the altitudes of the heavenly 

I • ' I . .1 I , I la^MM^— a^M. Ill III II 

• 806 BOto B. 
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bodies, and their distances from eijach oiher, aie uaaally 
measured at sea. ' The superiority of this, over most other 
astronomical instruments, for the purposes of navigation, is 
owing to the fact, that the observations which are made with 
it, are not materUMy affected by the motion of the vessel. 

91. In explaining the construction and use of this quad- ' 
rant, it will be necessary to take for granted the following 
simple principles of Optics. 

1. The progress of light, when it is not obstructed, or 
turned from its natural course by the influence of some con- 
tiguous body, is in right lines. Hence a minute portion of 
light, called a ray, may be properly represented by a line. 

2. Any object appears in the direction in which -tfie light 
from that object strikes the eye. If the light is not made to 
deviate from a right Une, the object appears in the direction 
in which it really is. But if the Ught is reflected, as by a 
common mirror, the object appears not in its tnie situation, 
but in the direction of the glass, from which the light comes 
to the eye. 

3. The angle of reflection is equal to the angle of ind- 
dence; that is, the angle which the reflected and the inci- 
dent rays make witli the surface of the ptiirror, are equal ; as 
are also the angles which they make with a perpendicular 
to the mirror. 

92. From these principles is derived the following propo- 
sition ; When light is reflected by two mirrors successivelyj 
the angle which the last reflected ray makes with the inci- 
dent ray^ is double the angle between the mirrors. 

If C and D (Fig, 29.) be the two mirrors, a ray of lig^t 
comin? jfrom A to C, will be reflected so as to make the an- 
s\e DCM-eACB; and will be a^ain reflected at D, making 
HDM—CDE. Continue EC and ED to H, draw DG poral- 
lei to BH, and continue AC to P. Then is CPM the angle 
which the last reflected ray DP makes with the incident ray 
AC ; and DHM is the angle between the mirrors. 

By the preceding article, with Euc, 29. I, and 16. 1, 

GDC-DCM-ACB=POM 

And HDM-EDC=EDG+GDC=DHM+PCM. 

But by Euc. 32. 1 and 15. 1, 

CPM+PCM«DHM+HDM«2DHM+PCM 

Therefore CPM-2DHM. 
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CkSi. 1. If the two mirrore make an an^le of a certain 
number of d^freesi the apparent direction of the object will 
be changed twice, as many' degrees. The object at A, seen 
by the eye at P, without any mirror, would appear in the 
durection PA/ But after reflection from the two mirrors, the 
hsfht comes to .the eye in the direction DP, and the apparent 
place of the object is changed from A to R. 

Cor. 2. If the two mirrors be parallel, they will make no 
alteration in the apparent place of the object. 

93. The principal parts of Hadley's quadrant are the fol« 
lowing ; 

1. A graduated arc AB (Fig. 17.) connected with the 
radii AC and BO. 

2. An index CD, one end of which is fixed at the center, 
C, while the other end moves over the graduated arc. 

3. A plane mirror called the index glass, attached to the 
index at C. Its plane passes through the center of motion 
C, and is perpenaicular to the plane of the instrument ; that 
is, to the plaoe which passes through the graduated arc, and 
its center C. 

4. Two other plane mirrors at E and M, called horizon 
glasses. Each of these is also perpendicular to the plane of 
the instrument The one at E, called the /ore horizon glass^ 
is placed parallel to the index glass when the index is at 0. 
The other called the ha^k horizon glass, is perpendicular to 
the first and to the index at 0. This is only used occasion- 
ally, when circumstances render it difficult to take a good 
observation with the other. 

A part of each of these glasses is covered with quicksilver, 
so as to act as a mirror ; while another part is left transpar- 
ent, through which objects may be seen in their true situation. 

6. Two sight vanes at O and L, standing perpendicular 
to the plane of the instrument. At one of these, the eye is 
placed to view the object, by looking on die opposite horizon 
glass. Tn the fore sight vane at G, there are two perforations, 
one directly opposite the transparent part of the fore horizon 
glass, the other opposite the silvered part. The back sight 
vane at L has only one perforation, which is opposite the 
center of the transparent port of the back horizon glass. 

6. Colored glasses to prevent the eye from being injofed 
by the dazzling light of the sun. These are placed at H, 



Digitized by LjOOQ IC 



54 NAVIOATIOlf. 

between the index mirror and the fore horizon glass. They 
may be taken out when necessary, and placed at N between 
the index mirror and the back horizon glass. 

94. This instrument which is in form an octant^ is called 
a quadranti because the graduation extends to 90 degrees, 
although the arc on which these degrees are marked is only 
the eighth part of a circle. The light coming from the object 
is first reflected by the index glass C, (Pig. 17,) and thrown 
upon the horizon glass £, by which it is reflected to the eye 
at O. If the index be brought to 0, so as to make the index 
^lass and the horizon glass parallel ; the object will i^ipear 
m its true situation. (Art 92. Oor. 2.) But if the index 
glass be turned, so as to make with the horizon riass an 
angle of a certain number of degrees ; the apparent direction 
of the object will be changed twice as many degrees. 

¥{ow the graduation is adapted to the apparent change in 
the situation of the object, ana not to the motion of the index. 
If the index move over 46 degrees, it will alter the apparent 
place of the object 90 degrees. The arc is conunonly grad- 
uated a short distance on the other side of towards P. 
This part is called the arc of excess. 

95. The quadrant is used at sea, to measure the angular 
distances of the heavenly bodies from each otiier, and their 
elevations above the horizon. One of the objects is seen in 
its true situation, by looking through the transparent part of 
the horizon glass. The other is seen by reflection, by look- 
ing on the sSvered part of the same glass. By turning the 
inaex, the apparent place of .the latter may be changed, till 
it is brought in contact with the other. The motion of the 
index which is necessary to produce this change, determines 
the distance of the two objects.* 

96. To find the distance of the moon from a star, — ^Hold 
the quadrant so that its plane shall pass through the two 
objects. Look at the star thripgh the transparent part of the 
horizon glass, and then turn the index till the nearest edge 
of the image of the moon is brought in contact with the star. 
This will measure the distance between the star and one 
edge of the moon. By adding the semi-diamejter of the moon, 
we shall have the distance of its center from the star. 

* For the adjuatmtnU of the quadrant, see Vioce'e Practical Aatronomyi 
Mackay'a ((ayigation, or Bowditch^l Prsctical Navigator. 
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The distance of the ran from the moon, or* the disfance 
of two stais horn each other, may be measured in a similar 
manner. 

97. To mecuure the altitude of the sun above the horizon, 
— ^Hold the instrument so that its plane shall pass through 
tfie sim, and be perpendicular to the horizon. Then move 
the index till the lower edge of the image of the sun is 
brought in contact with the horizon, as seen through the 
transparent part of the glass. 

The altitude of any other heavenly body may be taken in 
the same manner. 

98. To measure altitudes by the haek observation. — ^YThen 
the index stands at 0, the index glass is at right angles with 
the back horizon glass. (Art 93.) The apparent place of die 
object as seen by reflection from this glass,-must therefore be 
changed 180 d4;rees ; (Art. 92. Cor. 1,) tiiat is, it nmst ap- 
pear m the opposite point of t^e heavens. In taking alti- 
tudes by the back observation, if the object is in the east, the 
observer faces the west ; or if it be in the south, he faces the 
north ; and moves the index, till the image formed by reflee* 
tion is brought down to the hori?on. 

This method is resorted to, when the view of the horizon 
in the direction of the object is obstructed by fog, hills, &t. 

99. Dip or Depression of the Horizon. — ^In taking the alti- 
tude of a heavenly body at sea, with Hadley's duaarant, the 
reflected imogje of the object is made to coincide with the 
most distant visible part of the surface of the ocean. A plane 
passing through the eye of the observer, and thus touching 
the ocean, is called the marine horizon of the place of obser- 
vation.' If BAB' (Pig. 13.) be the surface of the ocean, and 
the observation be made at T, the marine horizon is TA. 
But this is different from the true horizon at T, because 
the eye is elevated above the surface. Considering the earth 
as a sphere, of which C is the center, the true honzon is TH 
perpendicular to TC. The marine horizon TA fBills below 
this. The angle ATH is called the dip or depression of the 
horizon. This varies with the height of the eye above the 
surface. Allowance must be made tor it, in observations for 
determining the altitude of a heavenly body above Hie true 
horizon. 

In the right angled triangle ATC, tlie angle ACT is equal 
to the angle of depression ATH ; for each is the complement 
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of ATC. The side AC is the fiemi-diameter of the earth, 
and the hjrpothenuse CT is equal to the same semi-diameter 
added to BT the height of the eye. Then 

AC : R : : TC : Sec. ACT-ATH the depression.^ 

100. Artificial Horizon, — Hadley's duadrant is particu- 
larly adapted to measuring altitudes ai sea. But it may be 
made to answer the sante purpose on land, by means of what 
is called an artificial horizon. This is th^ level surface of 
some fluid which can be kept perfectly smooth. Water will 
answer, if it can be protected from the action of the wind, by 
a covering of thin glass or talc which will not sensibly change 
the direction of th^ rays of light But quicksilver, Barbadoes 
tar, or clear molasses, will not be so Uable to be disturbed 
by the wind. A small vessel cohtaininc* one of these sub- 
atances, is placed in such a situation that the object whose 
attitude is to be taken may be reflected from the surface. 
As this surface is in the plane of the horizon, and as the 
angles of incidence and reflection are equal, (Art 91.) the 
imaee seen in the fluid must appear as far below the horizon, 
as me object is above. The distance of the two will, there- 
fore, be dottble the altitude of the latter. This distance may 
be measured with the quadrant, by turning the index so as 
to bring the ima^ formed by the instrument to coincide with 
that formed by the artificial horizon. 

101. The Sextant is a more .perfect instrument than the 
quadrant, though constructed upon the some principle. Its 
arc is the sixth part of a circle, and is graduated to 120 de* 
grees. In the place of the sight vane, there is a small tele- 
scope for viewing the image. There is also a ma^ifying 
glass, for reading ofi* the (fegrees and minutes. It is com- 
monly made with more exactness than the quadrant, and is 
better fitted for nice observations, particularly for determining 
longitude, by the angular distances of the heavenly bodies. 

A still more accurate instrument for the purpose is the 
Circle of Reflection. For a description of this, see Borda on 
the Circle ot Reflection, Rees's Cyclopedia, and Bowditch's 
Practical Navigator. 

. ■ , • , t , 

• Sm note I, and Tabto Q. 



Digitized by LjOOQ IC 



■mLYEYUfCL 57 



SURVEYING. 



(SECTION I. 



SURTETING A FIELD BT MEASIT&IirO BOVNO IT. 

• 

Art. 105. The most common method of snnreyii^r a field 
is to measure the length of each of the sides, and the angles 
which they make wim the meridian. The lines are usually 
measured witfi a chain, and the angles with a compass. 

106. The Compo^^.-^The essential parts of a Surveyor's 
Compass are a graduated circle, a magnetic needle, and sight 
holes for taking the direction of any object. There are nre* 
quently added a spirit level, a small telescope, and other ap- 
pendages. The instrument is called a Theodolite, Circum- 
ferentor, d&c. according to the particular construction, and 
the uses to which it is applied. 

For measuring the andes which tlm sides of a field make 
with each other, a graauated circle^ith sights would be 
Sufficient. But a neMle is commonly used for determining 
the position of the several lines with respect to the meridian. 
This is important in running boundaries, drawing deeds. &c. 
It is true, the needle does not often point direcQjr north or 
south. But allowance may be made tor the variation, when 
this has been determined by observation. See Sec. Y. 

107. The Chain. — The Surveyor's or Oonter's chain is 
lorn rods long, and is divided into 100 links. Sometimes a 
half chain is used, containing 60 links. A rod, pole, or perch, 
is 16^ feet Henoe 

1 Link —7.92 inches «-| c^a foot nearly. 
IRod - 26 links -16^ feet. 
1 Chain— 100 links —66 feet 

48 
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108. The measuring unit for the area of a field is the 
acre^ which contains 160 square rods. If then the contents 
in square rods be divided by 160, the quotient will be the 
number of acres. But it is commonly most convenient to 
make the computation for the area in square chains or luiksj 
which are decimals of an acre. For a square chain »4x4 
-=16 square rods, which is the tenth part of an acre. And a 
square link— ^J^Xttj— tjItt ^^ * square chain ^jjj\^^ 
of an acre. Or tibus, 

626 links, or 272 j feet = 1 square rod, 
10000 4356 — 1 chain or 16 rods, 

26000 10890 = 1 rood or 40 rods, 

100000 43560 - 1 acre or 160 rods. 

109. The contents, then, being ciilculated in chains and 
links; if four places of decimals be cut off, the remaining 
figures will be square chains ; qi if Jive places be cut off, the 
remaining figures will be acres. Thus the square of 16.32 
chains, or 1632 links, is 2663424 square links, or 266.3424 
square chains, or 26.63424 acres. If the contents be con- 
sidered as square chains and decimals^ removing the decimal 
point one place to the left will give the acres. 

110. In survejring a piece of land, and calculating its con- 
tents, it is necessary, in all common cases, to suppose it to be 
reduced to a horizontal level. If a hill or any uneven piece 
of ground, is bought and sold ; the quantity is computea, not 
from the irregular surface, but from the level base on which 
the whole may be considered as resting. In runnins^ the 
lines, therefore, it isHiecessary to reduce them to a level. 
Unless this is done, ax^orrect plan of the survey can never 
be exhibited on paper. 

If a line be measured upon an ascent which is a regular 
ptancy thoufi^h oblique to the horizon ; the length of the cor- 
responding level base may be found, by taking the angle of 
elevation. 

Let AB TFig. 30.) be parallel to the horizon, BO perpen- 
dicular to AB, and AG a line measured on tht side oi a hill. 
Then, the angle of elevation at A being taken with a quad- 
rant, (Art. 4.) 

R : Cos. A : : AC : AB, that is, 

As radius^ to the cosine of the angle of elevation ; 
So is the oblique line measuredy to the corresponding 
horizontal base. 
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If the chain, instead of being carried paraliel to the surface 
of the ground, be kept constantly parallel to the horizon; 
the line thus measured will be we base line required. The 
line AB (f^. 30.) is evidently equal to the sum of the par* 
allel lines abf cd^ and eC. 

PLOTTING A SURVEY. 

111. When the sides of a field aie measured, and their 
bearincs taken, it is easy to lay down a plan of it on paper. 
A noim and south line is drawn, and with a line of chords, 
a protractor, or a sector, an angle is laid off, equal to the an* 
gle which the first side of the field makes with the meridian, 

\ .and the length of the side is taken from a scale of equal parts, 

(Trig. 166 — 161.) Through the extremity of this, a second 
meridian is drawn parallel to the first, and another side is 
laid down ; from the end of this, a third side, &c. till the 
plan is completed. Or the plot may be constructel in the 
same manner as a traverse in navigation. (Art 76.) U the field 
is correctly surveyed and plotted, it is evident the extremity 
of the last side must coincide with the banning of the first 

Example I. 

Draw a plan of a field, from the following courses and 
distances, as noted in the field book ; 

Ch. Links. 

1. N. 78° E. 2 46 

2. S. 16° W. 3 64 

3. N. 830 W. 2 72 

4. N. 12<^ E. 2 13 
8. N. 60iOE. 96 

Let A (Fig. 31.) be the first comer of the field. 

Thro' Ajdrawthe merid. NS, make BAN-78°, and AB— 2.46 
Thro' B,drawN'S' par.to NS,make S'BC-16o,andBC«3.54 
Thro'C,drawN"S"par.toNS,makeDCN"«-83o&CD-2.72 

6cc. &c. 

112. To avoid the inconvenience of drawing parallel lines, 
the sides of a field may be laid down from the angles tehich 
they make with each other, instead of the angles which they 
make with the meridian. The position of the line BC (Pie. 
31.) is determined by the angle ABC, as well as by the angle 
S'BG. When the several courses are given, the angles which 
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any two contiguous sides make with each other, may be 
known by the following rules. 

1. If one course is North and the other South, one East 
and the odier West ; mbtract the less from the greater* 

2. If one is North and the other South, but both East or 
West; cM them together. 

3. If both are North or South, but one East and the odier 
West; subtr€tei their sum from 180 degrees. 

4. If both are North or South, and both East or West ; 
€uid together 90 degrees^ the less course^ and the complement 
of the greater. 

The reason of these rules will be evident by appljning them 
to the preceding example. (Fig. 31.) 

The first course is BAN, which is equal to ABS'. (Euc. 
29. 1.) If from this the second course CBS' be subtracted, 
there will remain the angle ABC. 

If the second course CBS', or its equal BCN^', be added 
to the third course DCN" ; the sum will be the angle BCD. 

The sum of the angles CDS, NDE, and CDE, is 180 de- 
grees. (Euc. 13. 1.) Kthen the two first be subtracted from 
180 dcCTees, the remainder will be the angle CDE. 

Lastly, let EP be perpendicular to NS. Then the sum of 
the angles DES, PES, and AEP the complement of AEN, is 
equal to the angle DEA. 

We have then the angle ABC-620, DEA- 131^° 

BCD-990 EAB=162 o. 

CDE«86°, 

With these angles, the field may be plotted without draw- 
ing parallels, as m Trig. 173. 

FINDING TH£ CONTENTS OF A FIELD. 

113. There are in common use two methods of finding 
the contents of a piece of land, one by dividing the plot into 
triangles, the other by calculating the departure and differ- 
ence of latitude for each of the sides. 

When a survey is plotted, the whole figure may be divided 
into triangles, by drawing diagonals ftom the different angles. 
The leng^s of the diagonals, and of the perpendiculars on 
the bases of the triangles, may be measured on ttie same 
scale of equal parts from which the sides of the field were 
laid down. The area of each of the triangles is equal to 
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half the prodtict of its base and pexpendicular; and their sum 
is the area of the whole figure. (Hfeiis. 13.) 

ExampU L 

Let the plan Fig. 32 be die same as Fig. 31, the sides of 
which with their bearings, are given in Art. 111. 
Then the triangle ABC— BCx^AP — 3.84 sq. chains. 
ACE-ACxiEF -1.53 
DCE«ECxiDP"-2^ 
The contents of the whole- 8.26 

114. This method cannot be relied on, where great accu* 
racy is required, if the. lines are measured by a scale and 
compasses only. But the parts of the several triangles may 
be lound by trigonameiriccU calculation^ independently oi 
the projection ; and then the area of each may be computedi 
either from two sides and the incbided angle, or from Uie 
three sides. (Mens. 9, 10.) 

The sides of the field and their bearings being given by 
the survey, the angles of the original figure may all be 
known. (Art 112.) Then in the triangle ABC (Fig. 32.) we 
have the side AB and BC, with the angle ABC, to find the 
other parts. (Triff. 153.) And in the triangle CDE, we have 
the sides DC and DE, with the angle CDE. Subtracting 
the angle BAC from BAE, we shall have CAE ; and sub- 
tracting DEC firom DEA, we shall have CEA. There will 
then be given in the triangle ACE, the side EA and the an* 
gles. (Trig. 150.) 

Tb» sides and bearings, as given in Art 111, are 

1. AB N. 78'' E. 2.46 chains. 

2. BC S. 16 W. 3.64 

3. CD N. 83 W. 2.72 

4. DB N. 12 E. 2.13 
6. EA N. 60i E. 0.96 

Then by Mensuration, Art. 9, 
R : Sin. ABC : : ABxBC : 2 area ABC -7.69 sq. chains. 
R : Sin. AEC : : AE xEC : 2 area AEC-3.06 
R : Sin. CDE : : CDxDE : 2 area CD E-6.77 

2)16.62 
Contents of the whole field, 8.26. 
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Or Ifae areas of the several triandes may be found by Ae 
rule in Mensuration, Art. 10 ; viz. If a, 6, and c, be die sides 
of any triangle, and A»- half their sum ; 

The area^^hx{h—a)x{h—b)x{h—e.) 
Examph 11. 

Oomec Cb. Linki. 

1. E. 26 34 

2. S. 10° 30' E. 32 26 

3. N. 42 W. 18 36 
4 S. 58 W. 23 52 
6. N. 30 65 

Contents of the field, 69.736 acres. 

The method which has been explained, of ascertaining^ the 
contents of a piece of land by dividing it into triangles, is of 
use in cases which do not require a greater degree of accu- 
racy, than can be obtained by the scale and compasses. But 
if the areas of the triangles are to be found by trigonometrical 
calculation, the process becomes too laborious for common 
practice. The following method is often to be preferred. 

FINDING THE AREA OF A FIEtD BY DEPARTURE AND 
DIFFERENCE OP LATITUDE. 

116. Let ABODE (Fig. 33.) be the boundary of a field. 
At a given distance from A, draw the meridian line NS. 
Parallel to this draw L'R', AG, BH, and DK. These may 
be considered as portions of meridians passing through the 
points A, B, D, and E. For all the meridians which cross a 
field of moderate dimensions, may be supposed to be parallel^ 
without sensible error. At rieht angles to NS draw the par- 
allels AL, BM, CO, EP, and DR. These will divide the 
figure LABCDR into the three trapezoids ABML, BOOM, 
and CDRO; and the figure LAEDR, into the two trapezoids 
DEPR and EALP. The area of the field is evidently equal 
to the difference between these two figures. 

The sum of the parallel sides of a trapezoid, multiplied 
into their dist(uice, is equal to twice the area. (Mens. 12.) 
Thus 

(AL+BM)xAG-=2 area ABML. 

Now AL is a given distance, and BM=-AL4-BG. But 
BG is the departure, and AG the difference of latitude, cor- 
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responding to AB one of the sides of the field. ( Aiis 99. 40.) 

And hj Art. 44, 

p.^ • TO«t AR . . S Sin. BAG : Depart. BG 
Kaa. . vm. ao . .j Qjg g^Q • jj^g^ L^t. AG. 

Or the departure and dinerenoe oi latitude may be takm 
from the Tvaverse table, as in Navigation. (Art. 60.) 

In the same manner, from the sides BC, CD, DE, and EA, 
may be found the departures CH, CK, DR', AL', and the 
diflferences of latitude BH, DK, ER', and EL'. We shall 
then have the parallel sjdes of each of the trapezoids, or the 
distances of the several comers of the field from the meridian 
NS. For 

BM- AL +BG, DR-CO — CK, 

CO -BM +CH, EP -DR— DR'. 

If the field be measured in the direction ABODE, the dif* 
ferences of latitude AG, BH, and DK, will be S(nUhing9f 
while R'E and EL' will be Northings. The former are me 
breadths of the three trapezoids which form the figure 
LABCDR ; and the latter are the breadths of the two trape- 
zoids which form the figure LAEDR. The difierence, then, 
between the sum of the products of the northings into the 
corresponding meridian oistonces^ and the sum of the pro- 
ducts of the southings into the corresponding- meridian dis- 
tances, is twice the area of the field. 

It will very much facilitate the calculation, to place in a 
table the several courses, distances, northings, southings, &c. 
We have, then, the following 

KfJLE. 

116. Find the northing or southing, and the easting or 
westing, for each aide of the field, <mi 'place them in distinfit 
columns in a table. To these add a column of Meridian 
Distances, for the distance of me end of each side of the 
field from a given meridian; a column of Multipliers, to 
contain the pairs of meridian distances for the two ends of 
each of the sides ; and columns for the north and south 
Areas. See Fig. 33^ and the table for example L 

Suppose a meridian Une to be drawn witnaut the field, at 
any given distance from the first station ; and place the 
assumed distance at the head of the column of Meridian 
Distances. To this add the first departure, if both be east 
or both west; but subtract, if one be east and the other west; 
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and plaee the mm or difference in the column of Meridian 
Distances, against the first course. To or from the last 
number, add or subtretct the second departure, ^c. ^c. 

For the column of Multipliers, add together the first and 
meond numbers in the column of Meridian Distances ; the 
second and third, the third and fourth, ^e. placing the sums 
opposite the several courses* 

Multiply each number in the column of Multipliers into 
its corresponding northing or southing, and fktce the pro- 
duct in the column of north or south areas. The difference 
between the sum of the north areas, and the sum of the 
south areas, will be twice the area of the field. 

This method of finding the contents of a fields as it depends 
on departure and difference of latitude, which are calculated 
by rieht-angled trigonometry, is sometimes called Rectangu- 
lor Surveying. 

117. If the assumed meridian pass through the eastern or 
western extremity of the field, as L'ER' (Fig. 33.) the dis- 
tance EP will be reduced to nothing, and the fibres AEl/ 
and EDR' will be triangles instew of trapezoids. If the 
survey be made to begin at the point E, cipher is to be placed 
at the head of the column of meridian distances, and the fir^ 
number in the column of multipliers will be the same, as the 
first in' the column of meridian distances. See example IL 

118. When there is a re-entering angle in a field, situated 
with respect to the meridian as ODE ; (Fig. 34.) the area 
EDM, being included in the fi^^ure BCRA, will be repeated 
in the column of south areas. But, as it is also included in 
the figure DCRM, it will be contained in the column of north 
areas. Therefore the difference between the north areas and 
the south areas, will be twice the area of the field, in this 
ease, as well as in others. 

119. If any side is directly east or west, there will be no 
difference of latitude, and consequently no number to be 
placed against this course, in the columns of north and south 
areas. See example II, Course 1. AB. (Fij?. 34.) 

'Vie number in the columns of areas win be wanting alsOi 
when any side of the field coincides with the assumm me- 
ridian. See example n, Course 6. EA. (Fig. 34.) 
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120. In- finding the departure and difference of latitude 
from the traverse table, the numbers for the links may be 
looked out separately ; care being taken to remove the oeci- 
mal point two places to the left, because a link is the 100th 
part of a chain. 

Thus if the course be 29^, and the distance 23.46 chains; 
• The diff.of latand depart. for23 chains are 20.12 and 11.16 

for 46 links .40 .22 



for 23.46 



20.52 11.37 



Example I. See Fig. 33. 



Ooonac. 


DiBt. 


Diff. L«t 


DepQrtuie.||ii. d. 


Mult. 


N, Areas. 


S.An>a8. 


N. 


S. 


E. 


^' 20 K. 


1. lAO 

8.<40a. 


AB 

SOdi. 

BO 


AO 

13J6 

BH 

9.70 


OB 

26.96 


BM 

46.96 


AL+BM 




2 ABML 


2. OBH 

•. 140 a. 


HC 

2.42 


CO 

49.38 


BM+CO 

96.34 




2 BMOC 

934.4960 


3. CDK 

8. 35<» w. 


CD 

30 




ICD 

24.57 




CK DR 

17.21 32.17 


CO+DB 

81.55 




3 CORO * 

2003.6835 


4.n» ' 

H.e5<»w. 


°2S 

XA 

39.42 


B'K 

6.46 

el' 
39,97 






db' 
18.13 


EP 

14.04 

AL 

20. 


DB+EP 

46.21 

EP+AL 

34.04 


2 DEPR 

390.4745 




5. L'BA 

K.8042'JB. 




L'A 
6.96 


2 BPLA 

1326.5388 






1)47.42 


47.42 


35.34 


35.34 




1717.0133 


3818.7066 



Twice the figure ABCDRL is 3818.7055 square drains; 
Twice the figure AEDRL 1717.0133 

The difierence 



2101.« 

The contents of the field 1060.8461 square chains, or 
106.0846 acres. (Art 109.) 

48 
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Example IL See Fig. 34. 



Counas. 




Diff. Lat. 


Departure. 


M. 

Dist. 

00 


Mult N. Areas. 


S.Areu. 


DlBt. 


N. 


S. 


E. 


w. 


1. a. 


▲B 

26.34 


00 


00 


26.34 




AB 

26.34 


▲B 

26.34 


00 


00 


2.«. ior>>. 


BC 

32.26 

CD 

18.36 




31.72 


6.88 




CB 

32.22 


abH-gr 
66.66 




2 ABCR 

1857.6232 


3. w . 420 ^. 


13.64 






12.27 


DM 

19.96 


CB+DM 

62.17 


2 CDMB 

711.6988 




4. i. 6S» w. 


DB 

23.62 




12.47 




19.96 


00 


DM 

19.96 




2 DMB 

24a7765 


ft. H. 


MA 

30.66 


30.66 




00 


00 


00 


00 










44.19 


44.191 






711.6988 


2106.299T 



The Contents of the field-i(2106.3— 711.6)-=697.35 sq. ch. 

Or 69.735 acres. 
In this example, the meridian distance of thtf first station 
A being nothing, cipher is placed at the head of the column 
of meridian distances. (Art. 117.) The first side AB being 
directly east and west, has no difference of latitude, and 
therefore the number in the column of areas against this 
course i? wanting, as it is against the fifth course, which is 
directly north. (Art. 119.) The number against the fourth 
course in the column of multipliers, is only uie length of the 
«line DM ; the figure DME being a triangle, instead of a 
trapezoid. 

Example III. 

Find the contoits of a field bounded by the following lines ; 
1. N. 36° 30' E. 16 ch. 60 links. 



2. N. 72 

3. S. 70 

4. S. 53 

5. S. 83 

6. S. 31 

7. S. 62 
a N. 73 
9. N. 17 



46 E. 18 

45 E. 18 
W. 12 

15 E. 24 

15 W. 15 

45 W. 22 

30 W. 26 

26 W. 14 



70 
70 
45 
10 
20 
60 
30 
66 



The aieais 146|acies. 
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121. When a field is correctly sttrve3red, and the depart- 
ures and differences of latitude accurately calculated; it is 
evident the sum of the northings must be equal to the sum 
of the southings, and the sum of the eastings equal to the 
sum of the westings. If upon adding up the numbers in 
the departure and latitude columns, the northings are not 
found to agree nearly with the southings, and the eastings 
with the westings, there must be an error, either in the sur- 
vey or in the calculation, which requires that one or both 
should be revised. But if the difference be small, and if 
there be no particular reason for supposing it to be occasioned 
by one part of the survey rather than another ; it may be 
apportioned among the several departures or differences of 
latitude, according to the different lengths of the sides of the 
field, by the following rule ; 

As the whole perimeter of the field, 
To the whole error in departure or latitude ; 
So is the length of one of the sides, 
To the correction in the corresponding departure or 
latitude. 

This correction, if applied to the colunm in which the 
sum of the numbers is too small, is to be added; but if to the 
other column, it is to be subtracted.* See the ezan4)le on 
the next page. 

# 

« See ttie fourth nQmber of the Analyet, poblidied at Philadelphia. 
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In this example, the whole pnrinieter of the field is lOO^ 
chains, the whole error in latitude .34, the whole error in 
departure .42, and the length of the first side 18. To find 
the corresponding errors, 

inni ♦ iQ . . ^ '34 : .06 the error in latitude, 
luui , lo . . ^ ^2 : .08 the error in departure. 

The error in latitude is to be added to 10.26 making it 
10.32, as in the column of corrected northings; and the 
error in departure is to be added to 14.79 making it 14.87, as 
in the column of corrected eastings. After the corrections 
are made for each of the courses, the remaining part of the 
calculation is the same as in the preceding examples. 

122. If the len^h and direction of each of the sides of a 
field except one be given, tlie remaining side may be easily- 
found by calculation. For the difference between the sum 
of the northings and the sum of the southings of the given 
sides, is evidently equal to the northing or southing of the 
remaining side ; and the difierence between the sum of the 
eastings and the sum of the westings of the given sides, is 
equal to the easting or westing of the remaining side. Hav- 
ing then the difierence of latitude and departure for the side 
required, its length and direction may be found, in the same 
manner as in the sixth case of plane sailing. (Art. 49.) 

Example Y. 

• What is the area of a field of six sides, of which five are 
given, viz. 



1. 


S. 


66° 


E. 


4.18 chains. 


2. 


N. 


21 


E. 


4.80 


3. 


N. 


66 


W. 


3.06 


4 S. 


21 


W. 


0.13 


6. 
6. 


N. 


66J W. 


1.44 


The area is two acres. 






Example TI. 


1. 


N. 


38° W. 


17.21 chains. 


2. 


N. 


13 


E. 


21.16 


3. 


N. 


72 


E. 


24.11 


4. 


s. 


41 


K 


19.26 


6. 


S. 


11 


W. 


2436 


6. 


■ ■ 
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123. Phiting by departure cmd difference of JoHiude^— 
A survey may be easily plotted from the northings and 
southings, eastings and westings. For this purpose, the col- 
umn of Meridian Distances is used. It will be convenient 
to add also another column, containing the distance of each 
statioft from a given parallel oflatituae^ and formed by add- 
ing the northings and subtracting the southings, or adding 
the southings and subtracting the northing 

Let AT (Pig. 33.) be a parallel of latitude passing through 
the first station of the field. Then the southing TB or LBI 
is the distance of B, the second station, from the given par- 
allel. To this adding the southing BH, we have LO the 
distance of CO from LT. Proceeding in this manner for 
each of the sides of the field, and copying the 7th column in 
the table, p. 65, we have the following differences of latitude 
and meridian distances. 

Diff. Lai. Merid. Diet. 

AL 20. 

1. LM 13.15 BM 46.96. 

2. LO 22.85 CO 49.38 

3. LR 47.42 DR 32.17 
4 LP 38.97 EP 14.04 

To plot the field, draw the meridian NS, and perpendicu- 
lar to this, the parallel of latitude LT. From L set off the 
differences of latitude LM, LO, LR, and LP. Through L, 
M, O, R, and P, draw lines parallel to LT ; and set off the 
meridian distances AL, BM, CO, DR, and EP. The points 
A, B, C, D, and E, will then be given. 

124. When a field is a regular figure^ as a parallelogrami 
triangle, circle, d&c. the contents may be found by the rules 
in Mensuration, Sec. I, and XL 

126. The «rea of a field which has been plotted, is some- 
times found by reducing the whole to a triangle of the 
same area. This is done by chang^ing the figure in such a 
manner as, at each step, to make the number of sides one 
less, till they are reduced to three. 

Let the side AB (Fig. 36.) be extended indefinitelv both 
ways. To reduce the two sides BC and CD to one, draw a 
Une from D to B, and another parallel to this from C, to in- 
tersect AB continued. Draw zuso a line from D to the point 
of intersection G. Then the triangles DBC and DBG are 
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equal. (Euc. 37. 1.) Taking from each the common part 
DBH, there remains BGH equal to DCH. If then the trian- 
gle DCH be thrown out of the plot, and BGH be added, we 
shall have the five-sided figure AGDEF equal to the six* 
sidod figure ABCDEF. 

In the same manner, the line EL may be substituted for 
the two sides AF and EF ; and then DM, for EL and ED. 
This will reduce the whole to the triangle MGD, which is 
equal to the original fi^re. The area of the triande may 
then be found by multiplying its base into half its iieight ; 
and this will be the contents of the field. 

In practice, it will not be necessary actually to draw the 
parallel lines BD, GC, &c. It will be sufficient to lay tlie 
edge of a rule on C, so as to be parallel to a line supposed to 
pass through B and D, and to mark the point of intersec- 
tion G. 

126. If after a field has been surveyed, and the area com- 
puted, the chain is found to be ^oo lon^ or too short; the 
true contents may be found, upon the prmciple that similar 
figures are to each other as the squares of their homologous 
sides. (Euc. 20. 6.) The proportion may be stated thus ; 

As the square of the true chain, to the square of that by 

which the survey was made ; 
So is the computed area of the field, to the true area. 

S 
Ex. If the area of a field measured by a chain 664, feet 

long, be computed to be 3g.6036 acres ; what is the area as 

measured by the true chain 66 feet long? 

4 Ans. 33 acres. 

127. A plot of a field may be changed to a different scah^ 
that is, it may be enlarged or diminished in any given ratia 
bv drawing Unes paralkl to each of the sides of the original 
plan. 

To enlarge the perimeter of the figure ABODE (Fig. 36.) 
in the ratio of aG to AG ; draw lines firom G through each 
of the angular points. Then beginning at a, draw ab paral-p 
lei to AB, be parallel to BC, &c 



Digitized by LjOOQ IC 



^ MIEVKYIINL 

It is evident that the angles are the same in the enlarged 
figure, as in the original one. And by similar triangles, 

AG : aG : : BG : 60 : : CG : cG : : &c. 

And 
AG : aG : : AB : ab : : BO : 6c : : &c. 

Therefore ABODE and abcde are similar figures. (Ena 
Dcf. 1. 6.) 

In the same manner, the smaller figure a^VddV^ may be 
drawn, so as to have its perimeter proportioned to ABODE 
as a'G to AG. 
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SECTION 11. 

MBTBODB OF 8VRVSYINO IN PARTICUI«A.R C.A8E8, 

Art. 128. Measuring round a field, in the manner ex- 
plained in the preceding section, is by far the most common 
method of surveying. The following problems are some- 
times useful. They may serve to verify or correct the sur- 
reys which are made by the usual method. 

PROBLEM I. 

To survey afield franh.Two stations. 
129. Find the distance of the two stations, and 

THEIR bearings FROM EACH OTHER ; THEN TAKE THE 
BEARINGS OF THE SEVERAL CORNERS OF THE FIELD FROM 
BACH OF THE STATIONS. 

In the field ABCDEj (Pig. 37.) let the distance of the two 
stations S and T be given, and their bearings from each 
other. By taking the bearing of A firom^ and T, or the 
angles AST and ATS, we have the direction of the Unes 
drawn from the two stations to one of the comers of the 
field. The point A is determined by the intersection of these 
lines. In the same manner, the^ point B is determined by 
the intersection of SB and TB ; the point G, by the intersee*- 
tion of SC and TC; Ac. Ac. The sides of the field aw 
then laid down, by connecting the points ABCD, Ac. 

The area is obtained, by miding the areas of the several 
triangles into which the field is divided by lines drawn from 
mie of the stations. Thus the area of ABCDB (Fig. 37.) is 
equal to 

ABT + BCT+ CDT +DET +EAT 
or to 
ABS+BCS+CDS+DES+EAS. 

Now we have the base line ST given and the angles, in 
the triangle AST, to find AS and AT ; in thA triangle BST, 
to find £^ and BT, Ac. After these are found, ws have two 
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sides and the included angle in the triangles ABT, BCT, &c 
from which the areas may be calculated. (Mens. 9.) 

Exctmple. 

Let the station T (Fiff. 37.) be N. 80<^ E. from S, the dis- 
tance ST 27 chains, and the bearings of the several comers 
of the field from S and T as follows; 

TA N. 3(P W. SA N. 17° R 

TB N. 16 R SB N. 55 R 

TO 8. 63 E. SO S. 73 E. 

TD S. 66 W. SD S. 24 W. 

TE N. 70 W. SE N- 26 W- 

These will give the following angles ; 
ATS- 70° AST= 630 ATB- 46° • 
BTS-115 BST- 25 BTC-112 

CTS«133 CST- 27 ClD-lOS 

DTS- 26 DST-124 DTE= 56 

ETS- 30 EST-106 ETA= 40 

From which, with the base line ST, are calculated the fo^ 
lowing lines and areas. 

AT —32.89 chains. ABT —206.45 sq. chains. 

BT- 17-76 BCT-*294.98 

CT -36.84 CDT-740.7 

DT-43.46 DET-666.1 

ET-P.37.36 EAT-» 396. 

Contents of the field, —230.22 acres* 

The coarse and length of each of the Meg of the field 
may be found, if necessary. After the parts mentioned above 
aie calculated, there will be given two sides and the indudad 
angle, in the triangle ATB, to find AB^ ki BTC to find BC^ 
Ac. 

If die base line between the two stations be too shert^ooim^ 
pared with the sides of the field and their distances, the ssr* 
vey will be liable to inaccuracy. It should not mneiaUj 
be less than one tenth of the longest straight line which can 
be drawn on the ground to be measured. 

130. It is not necessary that the base line, from the ex- 
tremities of which the bearings are taken, should be wUhin 
the field. It nay be one of the sides, iX it may be eatiNly 
miAeitf the fidd 
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Let S wd T (Fig. 3&) be two stations ftom which all the 
corners of a field ABODE may be seen. If the direotion 
and length of the base line be measured, and the bearings 
of the points A, B» G, D, and E, be token at each of the sta- 
tions, the areas of the several triangles may be founds The 
figure ABCTDE is equal to 

DET + EAT + ABT +BCT 

From this subtracting DCT, we have the area of the field 
ABODE. 

In this manner, a piece of ground maybe measured which, 
firom natural or artincial obstructions, is inaccessible. Thus 
an island may be measured from the opposite bank, or an 
enemy's camp, from a neighboring eminence. 

131. The method of survepng by making observations 
from two stations, is particularly idapted to the measurement 
of a bay or harbor. 

The survey may be made on the water, by anchoring two 
vessels at a distance from each other, and observing from 
each the bearings of the several remarkable objects near the* 
shore. Or the observations may be made from such elevated 
situations on the land, as are favorable for viewing the figure 
of the harbor. If all the parts of the shore cannot be seen 
from two stations, three or more may be taken. In this case 
the direction and distance of each firom one of the others 
should be measured. 

PROBLEM II. 

To swrvtif afield by measuring from ovb flTAXioNi. 

132. Takb the bearings of the several ooRinBRa 

OF THE FIELD, AlgO MEASURE THE DISTANCE OF BACH 
FROM THB GIVEN STATION. 

If the length and direction of the several lines AT, BT, 
CT, DT, and ET, (Pig. 37.) be ascertained; there will be 
given two sides and the included angle of each of the trian* 
gles ABT, BOT, ODT, DET, and BAT; from which their 
areas may be calculated, (Mens. 9.) and the sum of these will 
be the contents of the whole figtire. 
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The station may be taken in one of the sides or angles of 
the field, as at C. (Fig. 32.) The lines 

CD, CE, GA, CB, and the angles 

DCE, EGA, ACB, being given, 
the areas of the triangles may be found. 

PROBLEM III, 

To survey afield by the chain alone. . 

133. Measure the SIDES of the field, and the 
DIAGONALS bt which it is divided into triangles. 

By measuring the sides (Fig. 32.) 
AB, BG, CD, DE, EA, 
and the diagonals GA and GE, we have the three sides of 
each of the triangles into which the whole figure is divided. 
They may there&re Be constructed, (Trig. 172.) and their 
areas calculated. (Mens. 10.) 

134. To measure an angle with the chain, set off equal 
distances on the two lines which include the angle, as AB, 
AG, (Pig. 39.) and measure the distance from B to G. There 
will then be s}ven the three sides of the isosceles triangle 
ABG, to find the ande at A by construction or calculation. 

The chain may pe thus substituted for the compass, in 
surveying^ a field by going round it, according to the method 
explained in the preceding section ; or by measuring fix)m 
one or two stations, as in problems I and U. 

PROBLGM IV. 

To survey an irregvlar boundary by means of offsets. 

136. Run a straight line in ant convenient di- 
rection, AND MEASURE THE PERPENDICULAR DISTANCE 
OF EACH ANGULAR POINT OF THE BOUNDARY FROM THIS 
LINE. 

The irregular field (Fig. 40.) may be surveyed, by takinfi^ 
the bearing and length of each of the four lines AE, EF, FI, 
lA, and measuring the perpendicular distances BB', CQ^y 
DD', GG', HH', KK'. These perpendiculars are called 
offsets. It is necessary to note in a field book the parts 



Digitized by LjOOQ IC 



■mtnnnNo. 



77 



into whieh the line that is measured is divided by tbe oflbets, 
as in the following example. (See Fig. 40.) 



Offsets on the left. 


Coaraes and Distances. 


Oflwta on the tigbt. 


Chains. 

BB' 2.18 
CC 2.18 
DD' 1.23 


AR N. 86° K 12.74 ch. 
AB' 3.26 
B'C 2.13 
CD' 1.12 
D'E 6.24 






EPS.240E. 7.23 




OG' 2.86 
HH' 1.48 


FI N. 87^ W. 13.34 
PG' 3.84 
G'H' 2.22 
H'l 7.28 






IAN.26«W. 6.32 
IK' 
E'A 


KK'2.94 



As the o&ets are perpendicular to the lines surveyed, the 
little spaces ABB', BB'CC, CC'DD', <fcc. are either right an- 
gled triangles, parallelograms, or trapezoids. To find the 
contents of the field, calculate in the first place th6 area be- 
tween the lines surveyed, as the trapezium AEPIA, fFig. 40.) 
and then add the spaces between the ofisets, if they tall with- 
in the boundary line; or subtract them, if they fall without^ 
asAIK. 

When any part of a side of a field is inaccessible, equal 
ofEBeta may be made at each end, and a line run parallel to 
the boundary. 

PROBLEM V. 

To measure the distance between any twd points on the sur^ 
face of the earth, by means of a series of triangles extend- 
ing from one to the other. 

136. Measure a side op one op the triangles por 
A BASE LINE, TAKE THE BEARING op this or sobib 

other side, and MBA8VRB THE ANGLES IN EACH OP THE 
TRIANGLES. 

If it be required to find the distance between the two 
points A and I, (Fi^. 41.^ so situated that the measure con 
not be taken in a direct line firom one to the other ; let a se> 
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Ties of triaBgles be arranged in mich a tninner between them, 
that one side shall be common to the ftret and second, as BC, 
to the second and third as CD, to the third and fourth, d&c 
Then measure the length of BC for a base line, take the bear- 
ing of the side A6, and measure the angles of each of the 
triangles. 

These data are sufficient to determine the length and bear- 
ins^ of each of the sides, and the distance and bearing of 
I from A. For in the two first triangles ABC and BCD, the 
angles are given and the side BC, to find the other sides. 
When CD is found, there are given, in the third triangle 
CDE, one side and the angles, to find the other side. In Uie 
same manner, the calculation may be carried from one trian* 
gle to another, till all the sides are found. 

The bearings of the sides, that is, the angles \diich they 
make with the meridian, may be determined from the bear- 
ing of the first side, and the angles in the several triangles. 
Thus if NS be parallel to AM, the angle BAP, or its equal 
ABN subtracted from ABD leaves NBD ; and this taken from 
180 degrees leaves SBD. 

From the bearing and lengdi of AB may be found the 
southing AP, and the easting VB, In the same manner are 
found the several southings PP', P'P", P"P"S P"^M. The 
sum of the southings is the line AM. And if the distance is 
so small, that the several meridians may be considered paral- 
lel, the difierence between the sum of the eastings and the 
sum of the westings, b the perpendicular IM. We have 
then, in the right angled triangie AMI, the sides AM and MI, 
to find the distance and bearing of I from A. 

137. Th s problem is introduced here for the purpose of 
giving the general outlines of those important operations 
which have Deen carried on of late years, with such admira- 
ble precision, under the name of Trigonometrical Surveying. 

Any explanation of the subject, however, which can be 
made in this part of the course, must be very imperfect In 
the demonstration of the problem, the several triangles are 
supposed to be in the same plane, and the distances of the 
meridians so small, that they may be considered parallel. Bat 
in practice, the ground upon which the measurement is to be 
made is very irregular. The stations selected for the angu- 
lar points of the triangles, are such elevated parts of the coun- 
try OS are visible to a considerable distance. They should 
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be 80 situated, that a signal staff, tower, or other* ootispicnous 
object in any one of the angles, may be seen from the other 
two angles in the saooe triangle. It will rarely be the case 
that any two of the triangles will be in the same plane, or 
any one of them parallel to Uie horizon. Reductions wiH 
therefore be necessary to bring them to a common' level. 
But even this level is not a plane. In the cases in which this 
kind of surveying is commonly practised, the measurement 
is carried over an extent of country of many miles. The 
several points, when reduced to the same distance from the 
crater of the earth, are to be considered as belon^ti^ to a 
spherical surface. To make the calculations then, if the line 
to be measured is of any considerable extent, and if nice ex- 
actness is required, a knowledge of Spherical Trigonometry 
is necessary. 

138. The decided superiority of this method of surveving, 
in point of accuracy, over ail others which have hithertp 
been tried, particularly where the extent of ground is great, 
is oxring partly to the fact that almost all the quantities meas- 
ured are angles; and partly to this, that for the single lino 
which it is necessary to measure, the ground may be chosen^ 
any where in the vicinity of Uie system of triangles. It 
would be next to impossible to determine the precise horizon- 
tal distance between two points, by carrying a chain over an 
irregular surface. But in the trigonometrical measurements 
which are made upon a great scale, there can generally be 
found somewhere in the country surveyed^ a level plane, a 
heath, or a body of ice on a river or lake, of sufficient extent 
for a base. This is the only line which it is absolutely ne- 
cessary to measure. It is usual, however, to measure a see* 
ond, which is called a line of verification. If the length of 
the base BC (Pig. 41.) and the angles be given, all the other 
Hues in the fi|tire may be foutid by trigonometrical calcula- 
tion. But if GH be also measured, it will serve to detect any 
error which may have been committed, either in taking the 
angles, or in computing the sides, of the series of trianglea 
between BC and GH. 

139. In measuring these lines^ reds of copper or platina 
have been used in Frraee, and glass tubes or seeel chains in 
England. The results have in moj^y instances been extremo- 
Iv exact A base was measured, on Honnslow Heath, by 
ueneral Roy, with g^biss rods. Several years after, it was r^ 
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measured by Colonel Mudge, with a steel chain of very nice 
construction. The difierence in the two measurements was 
less than three inches in more than five miles. Two parties 
measured fst base in Peru of 6272 toises, or more than seven 
miles ; and the difference in their results did not exceed Uto 
indies. * 

Exact as these measurements are, the exquisite con- 
struction of the instruments which have been us^ for taking 
the angles^ has given to that part of the process a still higher 
degree of perfection. The amount of die errors in the an- 
gles of each of the triangles, measured by Ramsden's Theodo- 
ite, did not exceed three seconds. In the great surveys in 
France, the angles were taken with nearly the same correct- 
ness« 



i 



140. One of the most important applications of trigono- 
metrical surveying, is in measuring arcs of the meridian^ ot 
oi parallels of latitude^ particularly the former. This is ne- 
cessary in determining the figure of the earthy a very essen- 
tial problem in Geography and Astronomy. A defi^ree of 
zeal has been displayed on this subject, proportioned to its 
practical importance. Arcs of the meridian have been meas- 
ured at great expense, in England, France, Lapland, Peru, 
&>c. Men of distinguished science have engi^^ed in the un- 
dertaking. 

A meridian line has been measured, under the direction of 
General Roy and Colonel Mudge, from the Isle of Wight, to 
Clifton in the north. of England, a distance of about 200 
miles. Several years were occupied in this survey. An- 
other arc passing near Paris, has been carried quite through 
France, and even across a part of Spain to Barcelona. In 
measuring^ this, several distinguished mathematicians and as- 
tronomers were engaged for a number of years. These two 
arcs have been connected by a system ot triangles running 
across the English Channel, the particular object of which 
was to determine the exact difference of lox^itude between 
the observatories of Greenwich and Paris. Asides the me- 
ridian arcs, other lines intersecting them in various directions, 
have been measured both in England and France. With 
Aese^ the most remarkable objects over the face of the coun- 
try have been so connected, that the geography of the vari- 
ous parts of the two kingdoms is settled, with a precisiop 
which could not be expected from any other method. 
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141. The exactness of the surveys will be seen from a 
comparison Of the lines of verificcUion as actually measuied, 
with the lengths of the same lines as detennined by calcula- 
tion. These would be affected by the amount of all the er- 
rors in measuring the base lines, in taking the angles, in com- 
puting the sides of the triangles, and in making the necessary 
reductions for the irregularities of surface. A base of veri- 
fication measured on I&mnev Marsh in England, was found 
to differ but about two feet from the length of the same line 
as deduced from a series of triangles extending more than 60 
miles. A base of verification connected with the meridian 
passing through France, was found not to difbr one foot from 
the result of a calculation whidi depended on the measure- 
ment of a base 400 miles distant. A line of verification of 
more than 7 miles, on Salisbury Plain, differed scarcely oti 
inch from the length as computed from a system of triangles 
extending to a bi»e on Hounslow Heath.* 
I .ii. ■ I ■■■■ ..1.^ II .1 I .1. .11. ^ II 11 I III 11^ 

♦ SMNotoK. 
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SECTION IIL 

LATIKO OUT AND DIVIDING LANDS. 

Art. 142. To those who are familiar with the principles 
of geometry, it will be unnecessary to give particular rules, 
for all the various methods of dividing and laying out lands. 
The following problems may serve as a specimen of the man* 
ner in which the business may be conducted in practice. 

PROBLEM I. 

To lay oui a given number of acres in the form qf a square. 
143. Reduce the number op acres to sauARS rods 

OR CHAINS, AND EXTRACT THE SQUARE ROOT. ThlS wiU 

give one side of the required field. (Mens. 7.) 

Ex. 1. What is the side of a square piece of land contain- 
ing 124^ acres ? Ans. 141 rods. 

2. What is the side of a square field which contains 58} 
acres? 

PROBLEM II. 

To lay out a field in the form of a parallelogram, when 
one side and the contents are given. 

144 Divide the number op square rods or chains 
BY THE length OF THE GIVEN SIDE. The quotient will 
be a side perpendicular to the given side. (Mens. 7.) 

Ex. What is the width of a piece of land which is 280 
rods long, and which contains 77 acres ? 

Ans. 44 rods. 

Cor. As a triangle is half a parallelogram of the same 
base and height, a field may be laid out in the form of a tri- 
ang^ whose area and base are given, by dividing twice the 
area by the base. The quotient will be the perpendicular 
from the oi^[>osite ang^e. (Mens. 8. 
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PROBLEM III. 



Tblajfvuia piece of land in the farm of a parallelogram^ the 
length of which shall be to the breadth m a given eatio. 

146. As the length of the parallelogram, to Its breadth ; 
So is the area, to the area of a square of the same 
breadth. 

The side of the square may then be found by problem I, 
and the length of the parallelogram by problem U. 

If BCNM (Fig. 42.) is a square in the ri^t paialleloiB^ram 
ABCD, or in the oblique parallelogram ABC'D^ it is erident 
that AB is to MB or its equal BC, as the area of the parallel- 
ogram to thai of the square. 

Ex. If the length of a parallelogram is to its breadth as 
7 to 3, and the contents are 52| acres, what is the length and 
breadth ? 

PROBLEM IV. 

The area of a parallelogram being given^ to lay it out in 
. such aform^ that the length shall exceed the breadth by a 

given DIFFERENCE. 

146. Let ar«BC the breadth of the parallelogram ABCD 

(Piff. 42.) and the side of the square BONM. 

cI-bAM the difference between the length and 

breadth. ' 
a"»the area of the parallelogram. 
Then a— (3r+cf)xa?=-ar»+(ir. (Mens. 4.) 
Reducing this equation, we have 

^a+\d^—\d^x. 

That is, to tire area of the parallelogram, add one fourth 
of the square of the difference between the length and the 
breadth, and from the square root of the sunh, subtract half 
the difference of the sides ; the remainder will be the breadth 
of the parallelogram. 

Ex. If four acres of land be laid out in the form of a par 
allelogram, the difference of whose sides is 12 rods, what is 
ttie breadth? 
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PROBLEM ▼. 

To lay out a triangle tohose area and angles are given. 

147. Calculate the area of ant supposed trianolx 

WHICH HAS THE SAME ANGLES. ThEN 

As THE AREA OF THE ASSUMED THIANGLE, 
To THE AREA OF THAT WHICH IS REQUIRED ; 
So IS THE SQUARE OF ANT SIDE OF THE FORMER, 
To THE SQUARE OF THE CORRESPONDING SIDE OF THE 
LATTER. 

If the triangles B'CC and BCA (Fig. 43.) have equal an- 
gles, they are similar figures, and therefore their areas are 
as the squares of their like sides, for instance, as AC* : CC'«. 
(Euc. 19. 6.) The Sfjuare of CC^ being found, extracting 
the square root will give the line itself. 

To lay out a triangle of which one side and the area are 
given, divide twice the area by the given side ; the quotient 
will be the length of a perpendicular on this side from the 
opposite angle. (Mens. 8.) Thus twice the area of ABC 
(Fig. 45.) divided by the side AB, gives the length of the per- 
pendicular CP. 

148. This problem furnishes the means of cutting off, or 
laying out, a given quantity of land in various forms. 

Thus, from the triangle ABC, (Fi^. 43.) a smaller triangle 
of a given area may be cut off, by a hue parallel to AB. Tne 
line CC being found by the problem, the point C will be 
given, from which the parallel line is to be drawn. 

.149. If the directions of the lines AE and BD, (Fig. 44.)" 
and the length and direction of AB be given ; and if it be 
required to lay off a given area, by a line parallel to AB ; let 
the lines AE and BD be continued to C. The angles of the 
triangle ABC with the side AB being given, the area may be 
found. Frofai this subtracting the area of the given trape- 
zoid, the remainder will be the area of the triangle DCE ; 
frorn which may be found, as before, the point E through 
which the parallel is to be drawn. 

If the trapezoid is to be laid off on the other side of AB, 
its area must be added to ABC, to g'ive the triangle D'CE'. 

150. If a piece of land is to be laid off from AB, (Fig. 
45.) by a line in a given direction as DE, not parallel to AB; 
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let AC parallel to DE be drawn through one end of AB. 
The required trapezium consists of two parts, the triangle 
ABC, and the trapezoid ACED, As the angles and one side 
of the former are given, its area may be found. Subtracting 
this from the given area, we have the area of the trapezoii^ 
from which the distance AD may be found by the preceding 
article. 

161. If a given area is to be laid off from AB, (Fig. 46.) 
by a line proceeding from a given peitit D ; first lay off the 
trapezoid ABCO. If this be. too small, add the triangle 
DCE ; but if the trapezoid be too large, subtract the triangle 
DCE'. 

PROBLBM VI. 

To divide the area of a triangle into porta having given ra- 
tios to each other, by lines drawn from one of the angles 
to the opposite base. 

162. Divide thb bass in thb samb proportion as 

THE PARTS REaUIRBD. ^ 

If the triangle ABC (Fig. 47.) be divided by the lines CH 
and CD ; the small triangles, having the same height, are to 
each other as the bases BH, DH, and AD. (Euc. 1. 6.) 

PROBLEM VII. 

To divide an irregular piece of land into any two given 

parts. 

163. Run a line ai a venture, near to the true division line 
required, and find the area of one of the parts. Jff'this be 
too large ortoosmaU, add or subtract, by the preceding arti- 
cles, a triangle, a trapezoid, or a trapezium, as the case ma/y 
require, 

A field may sometimes be conveniently divided by redu- 
cing it to a triangle, as in Art 126, (Fig. 36.) and then di* 
vidmg the triangle by problem YL 
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SECTION IV. 

LEVELLING. 

Art. 164 It is frequently necessary to ascertain how mach 
one spot of ground is higher than another. The practica- 
bility of supplying a town with water from a neighboring 
fountain, will depend on the comparative elevation of the 
two places above a common level. The direction of the cur- 
rent in a canal will be determined by the height of the seve- 
ral parts with respect to each other. 

The art of levelling has a primary reference to the level 
surface of water. Tne sur&ce of the ocean, a lake, or a 
river, is said to be level when it is at rest If the fluid parts 
of the earth were perfectly spherical, every point in a level 
surface would be at the same distance from the center. The 
difference in the heights of two places above the ocean would 
be the same, as the (ufference in their distances from the cen- 
ter of the earth. It is well known that the earth, though 
nearly spherical, is not perfectly so. It is not necessary, how- 
ever, that the diflbrence between its true figure and that of a 
sphere should be brought into account, in the comparatively 
small distances to which the art of levelling is commonly ap- 
plied. But it is important id ^distinguish between the true 
and the apparent level. 

156. 7%6 TRUE LEVEL is a CURVE wkick either coincides 
withy or is parallel to^ the surface of water at rest. 

The APPARENT LEVEL is a STRAIGHT LINE which tS a 

TANGENT to the truc level, at the point where the observation 
is made. 

Thus if ED (Fig. 48.) be the surface of the ocean, and AB 
a concentric curve, B is on a true level with A. But if AT 
be a tangent to AB, at the point A, the apparent level as ob- 
served ai A, passes through T. 

166. When levelling instruments are used, the level is de- 
termined either by a fluid or a plumihline. The surface of 
the former is paralld to the horijEon. The latter is perpen- 
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dietdar. One of the most ooixTenient instmments for the 
purpose is the spirit level A glass tube is nearly filled with 
spirit, a small space being left £>r a babble of air. The tube 
is so formed, that when it is horizontal, the air bubble will be 
in the middle between the two ends. To the glass is attach- 
ed an index with eight vanes ; and sornetimes a small tele> 
scope, for viewing a distant object distinctly. The surveyor 
should also be provided with a pair of levelling rod$, which 
are to be set up perpendicularly, at convenient distances, for 
the purpose of measuring the height from the surface of the 

E round to the horizontal line whidi passes through the spirit 
vel. 

If strict accuracy is aimed at, the spirk level should be in 
the middle between the two rods. Consiaering D'EEK'D as 
the spherical surface of the earth, and B'AB''fi as a concen- 
tric curve; a horizontal line passing through A is a tangeni 
to this curve. If therefore AT' and AT'' are eqi^al, the 
points T' and T" are equally distant from the levd of the 
ocean. But if the two rods are at T and T'jWhile the spirit 
level is at A, die height TD is greater than T'D'. The dif- 
ference however will be trifling, if the distance of the stations 
T and T' be small. 

167. With these simple instruments, the spirit level and 
the rods, the comparative heights of any two places can be 
ascertained by a series of observations, without measuring 
their distance, and however irregular may be the ground b^ 
tween them. But when one of the stations is visible from 
the other and their distance is known ; the difference of their 
heights may be found by a single observation^ provided al- 
bwance be made for atmosbhxffic refraction, and for the dif« 
ference between the true aoa tto aj^Nirent Isro. 

PROBLEM I. 

To find the d^erenee in the height of two places by level- 
ling rods. 

168. Set up the levelling rods perpendicular to the hori- 
zon^ and at equal distances from the spirit level; observe 
the points where the line of kvel strikes the rods before and 
behindy and measure the heights of these points above the 
ground; levd in the same manner from the second station 
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to the thirds /ram the third to the fourth^ ^c. The differ- 
ence between the sum of the heiffhis at the back stations^ 
and at the forward stations^ wiU be the difference between 
the height of the first station and the last. 

If the descent from H to H" (Fig. 49.) be required, let the 
spirit level be placed at A, equally distant from the stations 
H and H' ; observe where the line of level BP cuts the rods 
which are at H and H', and measure the heights BH and 
FH'. The difference is evidently the descent from the first 
station to the second. In the same manner by placing die 
spirit level at A', the descent from the second station to the 
third may be found. The back heights, as observed at A 
and A', are BH, and B'H' ; the forward heights are FH' and 
F'H''. 

Now FH^-^-BH-nthe descent from H to H', 
And F'H"— B'H'— thedescent from H' to H'^ , 
Therefore, by addition, 
(FH' +F'WO-(BH +B'H')-- the whole descent fromH to H''. 

169. It is to he observed, that this method gives the true 
level, and not the apparent level. The lines BF and B'F' 
are not parallel to each other; but one is parallel to a tangent 
to the horizon at N, the other to a tangent at N^ So that the 
points B and F are equally distant^ from the horizon, as are 
also the points B' and F'. The spirit level may be placed at 
unequal distances from the two station rods, if a correction 
is made for the difference between the true and the apparent 
level by problem n. 

. 16Q. If the stations are numerous, it will be expedient to 
place the back and the forward heights in separate cohmms 
m a table, as in the following example. 

Back heights. 

Feet. In. 



Ist Observation 
2- « 

3. « 

4 « 

6. - 



Difference 



3 
2 
6 
4 
6 



7 
6 
3 
2 
9 



Fore heights. 

Feet In. 
2 8 



1 

r 

2 
10 



19 4 
2 10 



19 4 
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If the Slim of the forward heights is less than the sam of 
the back heights, it is evident that the last station must be 
higher than the first 

PROBLEM II. 

161. To find the difference between the true and the ap- 
parent levelyfer any given distance. 

If C (Fig. 12 ) be the center ot the earth considered as a 
sphere, AB a portion of its surface, and T a point on an ap- 
parent level with A ; then BT is the difference between the 
true and the apparent level, for the distance AT. 
Let 2BC =«D, the diameter rfthe earth, 

AT»=rf, the distance oHT, in a right line from A, 
BT =»A, the height of T, or the difference between 
the true and the apparent level. 

Then by Euc. 36. 3, 

(2BC+BT)xBT-AT» ; tiat is, (D+A)xA-rf« ; 
and reducing the equation, 

A«.VjD»+d»— iD. 

Therefore, to find h the difference between the true and 
the apparent level, add together one fourth of the square of 
the earth's diameter, and the square of the distance, extract 
the square root of the sum, and subtract the semi-4iameter 
of the earth. 

162. This rule is exact. But there is a more simple one, 
which is sufficiently near the truth for the common purposes 
of levelling. The height BT is so small, compared with 
the diameter of the earth, that D may be substituted for 
D+A} without any considerable error. The original equa« 
tion above will then become 

DxA— cl*. Therefore A— g- 

That is, the difference between the true and the apparent 
level, is nearly equal to the square of the distance divided 
by the diameter of the earth. 

Ex; 1. What is the difference between the true and the 
apparent level, for a distance of one English mile, supposing 
the earth to be 7940 miles in diameter ? 

Ans. 7.98 inches, or 8 inches nearly. 

46 
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In the equation A"- jj, as D is a constant quantity, it is 

evident that h varies as d*. According to the last rule then, 
the difference between the true and the apparent level varies 
as the square of the distance. The difference for 1 mile 
being nearly 8 inches, 

In. Feet. In. 

For 2 miles, it is 8 x2« — 32^-2 8 nearly. 
For 3 miles, 8x3«— 6 
For 4 miles, ' 8X4*— 10 8 
&c. &c. See Table IT. 

Ex. 2. An observation is made to determine whether wa- 
ter can be brought into a town from a spring on a neighbor- 
hill. At a particular spA in the town, the spring, which 
\i miles distant, is observed to be apparently on a level. 
What is the descent from the spring to this spot ? 

The descent is nearly 4 feet 2 mches for the whole dis- 
tance, or 20 inches in a mile : which is more than sufficient 
for the water to run freely. ▼ 

Ex. 3. A tangent to a certain point on the ocean, strikes 
the top of a mountain 23 miles distant. What is the height 
of the mountain ? Ans. 352 feet. 

163. One place may be below the apparent level of an- 
other, and Y^t above the true level. The difference between 
the true and the apparent level for 3 miles is 6 feet If one 
spot, then, be only two feet below the apparent level of an- 
other 3 miles distant, it will really be 4 feet higher. 

If two places are on the same true level, it is evident that 
each is below the apparent level of the other. 

PmOBLBM III. 

To find the difereuQe in the heights (tf two places whose 
distance is known. 

164 From the angle of elevation or depression^ calculate 
how far one of the places is above or below the apparent level 
of the other ; and then make allowance for the difference 
between the apparont and the true level. 

By taking, with a qaadrant, the elevation of the object 
whose distance is given, we have one side and the angles of 
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a right angled triangle, to find the perpendicular height 
above a harizanial plane. (Art. 6.) Adding this to the di&r* 
ence between the true and the apparent level, we have the 
height of the object above the true level of the place of ob- 
servation. When an angle of depression is taken, it will be 
necessary to subtract instead of addUig. 

Ex. 1. The angle of elevation of a hill, as observed from 
the top of another 4^ miles distant, is found to be 7 degrees. 
What is the di^rence in the heights of the two hills ? 

Height of one above the level of the other 2917.3 feet 
Di^rence of the levels 13.6 

Diflkrence in the heigl^t of the hills 2930.8 

Ex. 2. From the top of a tower> the angle of depression 
of a fort 4 miles distant, is found to be 3^ dbgrees. What is 
the height of the tower above the fort 1 

Ans. 1189 feet 

If the operation of levelling is meant to be very exact| 
especially when extended to considerable distances, allow- 
ance should be made for atmospheric refraction.* 

* SeeNotoA. 
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SECTION V. 

THE HAGNETIC NEEDLE.* 



Art. 166. The direction in which a ship is steered, and 
the bearic^ of the sides of a field, are commonly determined 
by observing the angles which they make with the magnetic 
needle. This is a bar of steel to which the magnetic power 
has been communicated from some other artificial or natural 
magnet. When it is balanced on a pin, so as to tarn fireely 
in any direction, it points towards the north and south. 

The poles of the needle are its two extremities ; and the 
vertical plane which passes through these, is called the 
magnetic meridian. The astronomical meridian passes 
through the poles of the earth. These two meridians rarely 
coincide. The needle does not often point directly north 
and south; 

167. The DBCLiKATiON of the needle is the angle which 
it makes with a north and south line ; or the angle between 
the magnetic and the astronomical meridians. It is said to 
be east or west, according as the north pole of the needle 
points east or west of the north pole of the earth. 

The variation of the needle is properly the change of its 
declination. The term, however, is frequently used to sig- 
nify the declination itself. 

The declination of the needle is very different in different 
parts of the earth. In some places, it is 20 or 30 degrees : 
m others, little or nothing. In the variation charts given by 
writers on magnetism, the declination is marked, as it is 
found by observation on different parts of the globe. Lines 
are drawn connecting all .the points which have the same 
declination. Thus a line is drawn through the several places 
in which the declination is 10 degrees; another through those 
in which it is 6 degrees, &c. These lines are very winding, 
yet they never cross each other, though they extend all over 



• Cavallo on Magnetism, Reea' Cyclopedia, Tranaactions of the Royal Sod tv 
of London, the Royal Irish Academy, the American Philosophical Society, and 
the American Academy of Arts and Sciences. 
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tfi6 globe. One of the tines of no dedinaiian peases through 
the middle parts of the United States. The declination is 
towards this line, in places which are on either side of it. 
Thus in New England the declination is west, while on the 
Ohio it is east It increases with the distance from the line 
of no declination. 

168. The declination is not only different in different 
places, but different in the same place at different times. At 
London, about 250 years since, it was 11^ degrees east. It 
gradually decreased till 1657, when the needTe pointed di- 
rectly north. From that time it deviated more and more to 
the west, till in 1800 the declination became about 24 de- 
grees. At present, it appears to be nearly stationary, both at 
London and Paris. 

In New England, the declination has been generally de- 
creasing, for many years. At Boston, it was about 9 degrees 
in 1708, 8 degrees in 1742, 7 degrees in 1782, and 6^ degrees 
in 1810 ; the rate of variation being about 1^' in a year, or 
a degree in 40 years.* 

The variation in the declination is by no means uniibrm. 
If the needle moves two minutes from the meridian in one 

{'ear, it may move a greater or less distance the next year, 
ts progress is different in diflferent places. In some it is 
moving east, and in others west ; in some it is coming nearer 
to the meridian, in others going farther from it. 

169. There is also a diurruU variation, which appears to 
be owing to a change of temperature. During the fore part 
of the day, the north end of the needle frequently moves a 
few minutejs of a degree to the west. In the evening, it re- 
turns nearly to the same point from which it started. This 
diurnal variation is found to be the greatest in the summer 
months, when the action of the sun is most powerful. 

In addition to these various changes, there are local per- 
turbations of the needle, occasioned probably by the attraction 
6f ferruginous substances beneath the surface of the ground. 

- 170. So many irregularities must render the magnetic 
compass an inaccurate instrument, unless the state of the 
declination is ascertained by frequent observations. This is 

* See the observations of Dr. Bowditcfa, in the Memoirs of the Americiin 
Academy of Arts and Sciences, Vol. III. Part II. p. 337, and Prof. Olmitted's 
paper in the Am. Jour, of Aru and Sciencesi Vol. XVI, p. CO. 
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particularly necessarf at sea, where &e dedination may be 
changed by a few hours' sail. 

The astronomical meridian is determined by the positioiis 
of the heavenly bodies. The situation of the sun at rising 
or setting being known, its distance firom the magnetic me- 
ridian may be observed with an azimuih compassj which is 
a mariner's compass with the addition of sight vanes for tak* 
ing the direction of any object 

171. On land, a true meridian line may be drawn by ob- 
servations on the pole star. If this were exactly in the pole, 
it would be always on the meridian. But the star revolves 
round the pole, at a short distance, in a little less than 24 
hours. In about 6 hours from its passing the meridian above 
the pole, it is at its greatest distance west ; in about 12 hours, 
it is on the meridian beneath the pole, and in about 18 hours, 
at its greatest distance east. If the direction of the star can 
be taken, at the instant when it is on the meridian, either 
above or beneath the pole ; a true north and south line may 
be found. This method, however, requires that the exact 
time of passing the meridian be known, and that the obser- 
vations be made expeditiously. 

172. But as the stax conies very gradually to its greatest 
distance east or west, it is easy to observe these limits ; and 
as the revolution is made in a circle round the axis of the 
earth, it is evident that the pole must be in the middle be- 
tween the two extreme distances. To draw a true meridian 
line, then, take the direction of the pole star when it is far- 
thest westy and also when it is farthest east; and bisect the 
angle rndde by these two directions. 

When a meridian is once drawn, it may be rendered per- 
manent, by fixing proper marks ; and the declination of the 
needle may then be ascertained* at any time, by the survey- 
or's compass, or more accurately by the variation compass^ 
which has a long needle, and a graduated arc of so large a 
radius as to admit of very accurate divisions.* 

• Sao Note L. 
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NOTES. 



Norn: A. Page 10 and 91. 

A ray of li^bt, in cominff from a distant object to the eye, 
through the air, is turned m)m a stra^ht line into a curve 
which is concave towards the earth. The effect is to elevate 
^e apparent place of the object, as each point appears in the 
direction in which the light from that point enters the eye. 
The change in the apparent situation is called astronomical 
rrfraction^ when the heavenly bodies are concerned ; and 
terrestrial refraction^ when the objects are on the earth. 
The measure of the latter is the angle at the eye, between a 
straight line drawn to the object, and a tangent to the cur- 
vilinear ray, as TAT', (Fig. 60.) T being the place of the ob- 
ject, and T' its apparent place as seen from A. 

The refraction is very much affected by the state of the 
atmosphere ; changing with the temperature, tc& well as with 
Uie density indicated by the barometer. In the delicate ob- 
servations made in the trigonometrical surveys in England 
and France, the terrestrial refraction was found to vary from 
i to ^j of the angle at the center of the earth subtended by 
the distance of the object. The mean is y^ : thus if an ob- 
ject at T (Fig. 60.) as seen from A in the mean state of the 
atmosphere, appears to be raised to T' ; the angle TAT' is 
about tV of the angle ACT subtended by the mstance AT. 
This angle is easily found from the arc AB. which is nearly 
equal to AT ; the whole circumfenence of the earth being to 
the arc, as 360 degrees to the angle required. The mean 
terrestrial refraction, as thus calculated, is 3.7" for a milsi 
and increases as the distance nearly ; the elevation of the ob- 
ject beinff supposed to be small in comparison with its dis- 
tance, ui measuring altitudes, the terrestrial refraction is to 
be subtracted from the observed angle of elevation. 
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The alteration in the height of the object, by the mean re- 
fraction, is equal to | of the curvature of the earth for the 
given distance, or of the dilBTerence between the true and ap- 
parent levels, as calculated by the rule in Art. 162. If the 
angle of refraction were equal to half the angle at the center 
of the earth subtended by the distance, the change in the 
height of the object would be just equal to the correction for 
the curvature. If an object at B (Fig. 12.) were raised by 
refraction, so as to be seen from A in the direction of the tan- 
gent AT ; the change in the altitude would be equal to BT, 
which is the difference between the true and the apparent 
level of A. In this case the angle BAT would be half ACB, 
rEuc. 32. 3 and 20. 3.) But as the aiigle of refraction is in 
met only yV of the angle at the center, the change in the al- 
titude is onlv 4 of the correction for curvature. The latter 
is about I of a foot for a mile, and varies as the square of the 
distance. If then d be the distance in miles ; the correction 
for the curvature will be f ci>, and the correction for refrac- 
tion /yrf*. See Table IT. 

The greatest distance at which an object can be seen on 
the surface of the earth, as calculated by the rule in Art. 23, 
depends on the apparent altitude. This being to the real al- 
titude as 7 to 6, and the distance being nearly as the square 
root of the altitude ; the distance at which an object can be 
seen by the mean refraction, is to the distance at which it 
could be seen without refraction, as V7 : V6, or as 14 : 13 
nearly. See Playfair's Astronomy, Sec. II. Vince's Astron- 
omy, Chap. YII. and the accounts of the Trigonometrical 
Surveys in England and France. 



Note B. p. 20. 

The method of calculation in plane sailing is sometimes 
spoken of as inaccurate, as only approximating to the truth, 
in proportion to the smallness of the difference between a 
plane and that part of the ocean to which the calculation is 
applied. This view of the subject appears not to be strictly 
correct It is true, that plane sailing is incomplete^ as it does 
not ascertain the longitude. This belongs to middle latitude 
or Mercator's sailing. It is also true, that if a ship sails on 
several courses^ the snm of the departure is not equal to the 
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departure for the same distance on a single course, as would 
be the cose on a plane. (Art. 7S.) It is farther to be ob- 
served, that the departure, as calciflated by plane sailing, is 
neither the meridian distonce measured on the parallel of 
latitude from which the ship sails, nor that measured upon 
the parallel upon which she arrives. But the departure for 
a siugle course, as defined in Art. 40^ and the difference of 
lalituae, are as accurately calculated by plane sailing, as if 
the surface of the ocean were a plane. Let the whole dis- 
tance be divided into portions so small, that one of the arcs 
shall diiSer less from its tangent tfian by any given quantity. 
Each of these portions is to the corresponding departure, as 
radius to the sine of the course ; and to the difference of lati- 
tude, as radius to the cosine of the course, llierefore the 
whole distance is to the whole departure, as radius to the 
sine of the course ; and to the whole difference of latitude, 
as radius to the cosine of the -course. These proportions 
are exact, even for a spheroid, a cylinder, or any solid of rev- 
olution. 

If there were any incorrectnese in piane sailing, it would 
extend to Mercator's sailing also ; for one is founded on the 
other. In Mercator's soiling, the proper diflkrence of lati- 
tude is to the meridional difference of latitude, as the depart- 
ure to the difference of longitude. Now the departure is cal- 
culated by plane sailing; and any error in this must produce 
an error in the longitude. Or if the longitude be found by 
the theorem in Art. 72, without previously calculating the de- 
parture ; yet the table of meridional parta which must be 
used, is founded on the ratio between the departure and the 
difference of longitude. Art 65. 

Note C. p. 27. 



* 



It is here supposed that the direction of the ship is at 
right angles with every meridian which she crosses. A num- 
ber of curious questions have been started respecting sailing 
on a sphere ; such as whether a due east or west line coin- 
cides with a parallel oS latitude, &^c. Most of these points 
are easily settled by proper definitions. But this is not the 
place to consider them, as they belong to spherical geometry. 

47 
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Note D. p. 34. 

As the length of a minute of Mercator's meridian, is equal 
to the secant of the latitude, it will be a little more exact to 
take the latitude of the middle of the arc, rather than that 
of one extremity. On the extended meridian, the first min- 
ute will then be made equal to the secant of i', the second to 
the secant of U', the third to the secant of 2}', &c. 

* rhe method of calculating by natural secan^ though use- 
ful in forming a table of meridional parts, is subject to this 
inconyenience, that to obtain the meridional parts for any 
number of degrees of latitude, it is necessary to find sepa- 
rately the parts for each of the minutes contained in the 
g'ven arc, and then to add them together. There is a dif- 
rent method, by which the meridional parts for an arc of 
any extent, may be calculated independently of any other 
arc. A portion of Mercator's meridian, extending from the 
equator to a given latitude, the semi-diameter of the earth 
being 1, is equal to the hyperbolic logarithm of the co-tanr 
gent of half the complement of the latitude. See Che Lon- 
don Philosophical Transactions, Vol. xix. No. 219, Vince's 
Fluxions, Art 190, and the Introduction to Button's Mathe- 
matical Tables. 

Note E. p. 39. 

The distance which a ship sails, in going from one place 
to another on a rhumb line, is not the nearest distance ; for 
this would be an arc of a great circle. To sail on a great 
circle, except on a meridian or the equator, she must be con- 
tinuaUjr altering her course. If it were practicable to steer a 
vessel in this nuuiner, the departure, difference of latitude, 
&c. might be calculated by spherical trigonometry. 

Note F. p. 41. 

A traverse may also be constructed like the plot of a field 
in surveying, either by drawing parallel lines, as in Art. 111. 
or from the angles ^ven by the rules in Art. 112, or more 
simply, as in Art 123, by departure and difference of latitude, 
when these have been founa by calculation or inspection. 
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Note G. p. 46. 



Plane sailing k sometimes Tepresented as a method of cal- 
culation founoed on the principles of the plane chart. Bat 
in the construction of this chart, a principle is assume which 
18 known to be erroneous. That part ef the surface of the 
earth which is represented on it, is supposed to be a plane. 
This renders the construction more or less inaccurate. But 
in plane sailing, the calculations are strictly correct. The 
principle assumed here is not that the surface of the earth is 
a plane ; but that, from the peculiar nature of the rhumb 
line, the distance, departure, and difference of latitude, where 
the course is given, have the same roHo to each other which 
they would have upon a plane. 



Note H. p. 51. 

The duadrant of reflection has received the name oiHad* 
ley's Quadrant, as the description of it which was first made 
public, was given by John Hadley, Esq. But he has not an 
undisputed claim to the first indention. His description of 
the instrument was communicated to the Royal Society of 
London, in May, 1731. It appears that the principle on 
which it is constructed had been suggested by Dr. Hooke, 
several years before. But the form which he proposed was 
not calculated to answer the purpose, as it admitted of only 
one reflection. Sir Isaac Newton, however, who died in 
1727, left among hi^papers a description of a quadrant with 
two reflections, which is substantially' the same as Hadley^, 
This was published in the philosophical Transactions for 
1742. 

It is also stated that a quadrant similar to Hadle3r's had 
been contrived by Mr. Thomas Godfrey, of Philadelphia, 
before Hadley's description was communicated to the Royal 
Society. 

Hooke's Posthumous Works, Button's Dictionary, Trans- 
itions of the Royal Society of London for 1731, 1734 and 
1742, American Magazine for Aug. and Sept. 1768, Miller's 
Retrospect, i. p. 468, and Analectic Magazine, ix. 281. 
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Note I. p. 66. 

The proportion in Art 99, on account of the smallness of 
the height BT compared with the semi^diameter of the earth, 
is not very suitable for calculating the depression with exact- 
ness. The following rule, whidi includes the effect of re* 
fraction, is better adapted«to the purpose. The depression is 
found by multiplying 59'^ into the square root of the heiefat 
in feet. See Vince's Astronomy, Art 197, Kees' Cyclopediai 
and Table IL 

In taking the altitude of a heavenly body with Hadley's 
duadrant, when the view of the ocean is unobstructed, the 
reflected image is made to coincide with the most remote 
visible point of the water. But when there is land in the 
direction in which the observation is to be mode, the ima^ 
is brous[ht to the water's edge ; and the dip is increased^ m 
proportion as the distance of the land is diminished. See 
Table IIL 

Note K. p. 81. 

This is not the place for a detailed account of the various 
trigonometrical operations which have been undertaken, for 
the purpose of determining the length of a degree of latitude, 
in different parts of the earth. The subject belongs rather to 
astronomy, than to common surveying. It may not be 
amiss, however, to give a concise statement of the measure- 
ments which have teen made in the present and the preced- 
ing century. 

About the year 1700, Picard measured a degree between 
Paris and Amiens ; and the arc was extetided by Cassini to 
Perpignan, about 6 degrees south of Paris, and afterwards to 
the northward as far as Dunkirk. These measurements were 
made in the middle latitudes. To compare a degree h'ere, 
with the length of one near the pole, and another on the 
equator, two expeditions were fitted out from France about 
the same time, one for Lapland, and the other for South 
America. The latter sidled in May, 1735, for Peru, and 
after a series of the most formidable embarrassments, they 
succeeded at the end of 8 years, in accomplishing their ol>- 
ject. They measured an arc of the meridian, crossing the 
equator from 3° 7' north latitude to about 3i^ south. The 
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other murty in 1736^ under the direction of Maupertuis, pro 
ceeded to the head of the ffulf of Bothnia, and measured an 
arc of the meridian extending along the river Tomea, and 
crossing the polar circle. The difficulties which they expe- 
rienced, in this frozen and desolate region, were scarcely m- 
ferior to those with which, the other adventurers were at the 
same time contending in South America. 

The determination of these three arcs, one in France, one 
in Peru, and one in Lapland, were sufficient to satisfy astron* 
omers, ihat a d^ee of latitude near the poles is greater than 
one oa the equator, and consequently that the equatorial 
diameter of the earth is longer than the polar. But it does 
not necessarily follow from this, that there is a regular in* 
crease in the length of a degree, from the lower to the higher 
latitudes. On the contrary, according to the survey which 
had been made by Picard and others, a degree was found to 
be greater in the south of France, than in the north. The 
zeal (tf astronomers was therefore excited to take farther 
measiues to determine what is the exact length of 'a degree, 
in various parts of the earth, and to ascertain whether in the 
influence of gravitation, there are local inequalities, which 
affect the astronomical observations. 

La Gaille, about this time, measured an arc of the meridian 
at the Cope of Good Hope. He was not, however, provided 
with such instruments as would insure a great degree of pre- 
cision. Boscovich, a distinguished philosopher, measured 
an arc of two degrees in Italy, from Rimini to Rome. Be- 
tween the years 1764 and 1768, Messrs. Mason and Dixon, 
under the oirection of the Royal Society of London, measured 
an arc of the meridian of about one de^ee and a half, cross- 
ing the line between Pennsylvania and Maryland. As the 
country here is very level, the whole distance was measured* 
not by a combination of triangles, but in the first place with 
a chain, and afterwards with rods of fir. A degree was also 
. measured in Piedmont, another in Austria, and a third m 
Hungary; the first by Beccaria, and the two latter by 
Liesganig. 

But the most perfect of all the trigonometrical surveys up- 
on a great scale, are those which have been made within a 
few years in England and France. The instruments used 
for taking the angles, particularly the theodolite of Ramsden. 
and the repeating circle of Borda, have been brought to a 
surprising degree of exactness. The re-meosuremcui of tlie 
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lino from Dunkirk to Baroebna, a part of which had been 
several times surveyed before, was commenced in 1792, un- 
der the direction of the Academy of Sciences in Paris ; for 
the purpose of obtaining a standard of measure of lengths, 
weights, capacity, &c, derived from a portion of the meridian. 
The northern part of the arc was measured by Delambre, 
and the southern part by M^chain, who lost his life in 1806, 
in attempting to extend the line beyond Barcelona, to the 
Balearic Islands in the Mediterranean. This line was after- 
wards continued by Biot to Formentera, the southernmost 
of these Islands, which is in Lat. 38^ 38' 56'^ The latitude 
of Dunkirk is 51^ 2' 9". The whole arc is, therefore, more 
than 12 degrees, and is nearly bisected by the 46th parallel 
of latitude. This is connected with the line carried through 
England to. Clifton in Lat. 63^ 27' 31'' : making the whole 
extent nearly 15 d^ees. 

The arc which had been surveyed by Maupertuis, on the 
polar circle, was re-measured by Swanberg and others, in 
1802. There is a difference of 230 toises in the length of a 
degree, as calculated from these two measurements. In 
India, an arc of the meridian was measured, on the coast 
of Coromandel, in 1803, by Major Lambton. 

According to these various measurements, we have the 
following lengths of a degree of latitude in different parts 
of the earth. 

1. In Peru, by Bouguer, 

2. In India, by Lambton, 

3. At the Cape of Good Hope, , 

by La Caille, 

4. In Pennsylvania, by Mason 

and Dixon, 

5. In Italy, by Boscovich, 

6. In Piedmont, By Beccapa, 

7. In France, by Delambre and > 

Mechain, \ 

8. In Austria, by Liesgani^, 

9. In England, by Roy and Mudge, 62 

10. In Lapland, by Maupertuis, 66 20 67,422 > 61,184 

Do. by Swanberg, 67,192 60,962 

On a comparison of all the measurements which have 
been made, it is found that a degree of latitude is greater 
near the poles, than in the middle'latitudes : and greater in 
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the middle latitudes, than near the eqAator. The eartl. 
is therefore compressed at the poles, and extended at the 
equator. But it does not appear that it is an exact spheroid, 
or a solid of revolution of any kind. If arcs of the meridian 
which are near to each other and of moderate length be 
compared, they will not be found to inczease regularly from 
a lower to a higher latitude. On the southern part of the 
line which was measured in France, the d^ees increase 
very slowly ; towards the middle, very rapidly ; and near 
the northern extremity, very slowly again. Similar irregu* 
larities are found in that part of the meridian which passes 
through England. These irregularities are too ffreat to be 
ascri^ to errors in the surveys. It is concluded, there- 
fore, that the direction of the plumb line, which is used in 
determining the latitude, is affected by local inequalities in 
the action, of gravitation, owinc^ probably to the different 
densities of the substances of which the earth is composed. 
These inequalities must also have an influence upon the 
figure of the fluid parts of the globe, so that the surface 
ought not to be considered as exacdy spheroidical. 

See Col. Mudge's account of the Trigonometrical Survey 
in England. Gregory's Dissertations, 6cc. on the Trigono- 
metrical Survey. Bees' Cyclopedia, Art. Degree. Pla^air's 
Astronomy. Philosophical Transactions of Ix»ndon for 1768, 
1785, 1787, 1790, 1791, 1796, 1797, 1800. Asiatic Re- 
searches, vol. viii. Puissant. « Traits de G6od4sie." Mau- 
pertuis. " D6gr6 du Meridien entre Paris et Amiens." Do. 
" La Figure de la Terre." Cassani. " Expos6 des Opera- 
tions, d^c." Delambre. '< Bases du syst6me m^trique." Swan- 
berg. ^ Exposition des Operations faites en Laponie." La- 
place. << Traits de M^canique C^l^te." 



Note L. p. 94. 

One of the most simple methods of determininji^ when the 
pole star is on the meridian, is from the situations of two 
other stars, Alioth and y Cassiopeiae, both which come on to 
the meridian a few minutes before the pole star, the one 
above and the other below the pole. Alioth, which is die 
star marked t in the Great Bear, ibon the opposite sideof the 
pole from the pole star, and about 30 degrees distant. The 
star y in the constellation Cassiopeia, is nearly as far on the 
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other side of the pole. The ri^ht ascension of the latter 
in 1810 was Oh. 45m. 24s., increasing about 3| seconds an- 
nually. The right ascension of ^lioth was 12h. 45ra. 366., 
increasing about 2^ seconds annually. These two stars, 
therefore, came on to the meridian nearly at the same time. 
This time may be known by observing when the same ver- 
tical line passes through them both. The right ascension 
of the pole star in January 1810, was Oh. 64m. 36s., and 
increases 13 or 14 seconds in a year. So that this star comes 
to the meridian about 9 or 10 minutes afler r Cassiopeise. 
In very nice observations, it will be necessary to make al- 
lowance for nutaticHi, aberration, and the annual variation 
in right ascension. 

About 10 minutes after a line drawn from Alioth to y Cas- 
siopeicB is parallel to the horizon, the pole star is at its great- 
est distance from the meridian. As this is the case only once 
in 12 hours, the two limits on the east side, and on the west 
side, cannot both be observed the same night, except at cer- 
tain seasons of the year. But on any clear night, one obser- 
vation may be made ; and this is sufficient for finding a me- 
ridian line, if the distance of the star from the pole, and the 
latitude of the place be giv«i. The angle between the me- 
ridian and a vertical plane passing through a stai*, or an arc 
of the horizon contained between tnese two planes, is called 
the azimtUh of the stdr. And by spherical trigonometryj 
when the star is at its greatest elongation east or west, 

As the cosine of the latitude, 
To radius ; 

So is the sine of the polar distance. 
To the sine of the azimuth. 

The distance of the pole star from the pole in 1810, was 
10 42/ 19.6", and decreases 19) seconds annually. 

To observe the direction of the pole star when its azimuth 
is the greatest, suspend a plumb line 16 or 20 feet long from 
a fixecT point, with the weight swinging in a vessel of water, 
to protect it fronrthe action of the wind. At the distance 
of 12 or 16 feet south, fix a board horizontal on the top of a 
firm post. On the board, place a sight vane in such a man- 
ner that it can slide a short distance to the east or west. A 
little before the time when the star is at its great elongation, 
let an assistant hold a lighted candle so as to illuminate the 
plumb line. Then move the sight vane, till the star seen 



Digitized by LjOOQ IC 



105 

through it is in the direction of the line. Continue to follow 
the motion of the star, till it appears to be stationary at its 
greatest elongation. Then fasten the sight vane, and fix a 
candle or some other object in tlie direction of the plumb 
line, at some distance beyond it. 

As the declination of the needle is continually varying, 
the courses given by the compass in old survejrs, are not 
found to agree with the bearings of the same lines at the 
present time. To prevent the disputes which arise from this 
source, the declination should always be ascertained, and the 
courses stated according to the angles which the lines make 
with the astronomical meridian. 

It must be admitted, after all, that the mamietic compass 
is but an imperfect instrument. It is not used in the accu- 
rate surveys in England. * In the wild lands of the United 
States, the lines can be run with more expedition by the 
compass, than in any other way. And in most of the com- 
mon survejrs, it answers the purpose tolerably well. But in 
proportion as the value of land is increased, it becomes im- 
portant that the boundaries should be settled with precision, 
and that all the lines should be referred to a permanent me- 
ridian. The angles of a field may be accurately taken with 
a graduated circle furnished with two indexes. The bear- 
ings of the sides will then be eiven, if a true meridian line 
be drawn through any point of the perimeter. 

48 



Digitized by LjOOQ IC 



Digitized by LjOOQ IC 



107 



EXPLANATION OPTHE TABLES. 



Table I contains the parts of Mercator's meridian, to every 
other minute. The parts for any odd minute may be found 
with sufficient exactness, by taking the arithmetical paean 
between the next greater and the next less. For the uses 
of this table, see Navigation, Sec. III. 

Table II gives the depression or dip of the horizon at sea 
for different heights. Thus if the eye of the observer is 20 
feet above the level of the ocean, the angle of depression is 
4' 24''. See Art. 99. This table is calculated according to 
the rule in Note I, which gives the depression 69" for one 
foot in altitude ; allowance being made for the mean terres- 
trial refraction. 



In Table III is contained the depression for different 
heights and different distances^ when the view of the ocean 
is more or less obstructed by land. Thus if the height of the 
eye is 30 feet, and the distance of the land 2^ miles, the de- 
pression is 8'. See Note I. 

Table JLY contains the curvature of the earth, or the differ- 
ence between the true and the apparent level, for different 
distances, according to the rule in Art 161. Thus for a 
distance of 17 English miles, the curvature is 192 feet 

Table T contains the distances at which objects of differ- 
ent heights may be seen from the surface of the ocean, in the 
mean state of the atmosphere. This is calculated by first 
finding the distance at which a given object might be seen, 
if there were no refraction, and then increasing this distance 
in the ratio of V7 : V6. See Note A. 
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Table YI contains the polar distance and the ridit ascen- 
sion in time, of the pole star, from 1800 to 1820. From this 
it will be seen, that the right ascension is increasing at the 
rate of about 14 seconds a year, and that the north polar dis- 
tance is decreasing at the rate of 19^ seconds a year. From 
the latitude of the place, and the polar distance of the star, 
its azimuth may be calculated, when it is at its greatest dis- 
tance from the meridian. The time when it passes the me- 
ridian may be ascertained by finding the difference between 
the nght ascension of the star and that of the sun. See 
NoteL. 
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3096 



3013 



293230163101 



3019 
3021 



29433027 



3073 
3075 
3078 
3081 



3104 
3107 



30243110 



46= 



n53 



3159 



30843171 



3188 
3191 
3194 
3197 



47° 



3203 
3206 
3209 



32123301 



3214 



3220 
3223 
3226 
32293319 



3232 3322 3413 3506 3601 



32363325 
3328 



3241 



32443334 



3247 



31623260 
31653263 
31683256 



3259 



31823271 



3286 



3113 3200 3289 3379 



48° 



3292 
329o 
3298 



33823474 



3385 



33883481 



33U3 3394 3487 3582 3678 



3306 
3309 
3312 



331634073499 
34103603 



3331 



3340 
3343 



3266 
32683368 



3361 



3098 3186 3274 3364 3456 3660 3646 



328333733465 



49° 



60° 



3478 



3391 



3484 



33973490 



3400 



3493 



34033496 



3416 
3419 



3609 
3612 



34223515 



3425351836143711 



33373428 



3431 
3434 



334634373631 



3460 



3280 3370 3462 3666 3662 



3471 



3575 

3678 



36863681 
36883686 



3591 



36943691 
36983696 



3604 
3607 



36103708 



3528 



3349 3440 3534 3630 3727 



3365 3447 3640 363613734 



3277 3367 3469 3663 3649 3747 



3669 



3376 3468 3662 3669 3767 



62° 



6JL° 

35693666 
35723668 



3672 
3675 



3688 



36213617 



382536203717 



3626 



3698 
3701 
3704 



3714 



36233721 



3724 



35433639;3737 



3463364736433741 



3744 



60 
62 
64 
66 
3666136623760 68 



3760 
36663764 



M. 




2 

4 

6 

8 

10 
12 
14 
16 
18 

20 
22 
24 
26 

28 

30 
32 
34 
36 
38 

40 
42 
44 

46 

4S 



M. 43° 



44° 46° 46° 47° 48° 49P 60° 61° 62° M 



49 
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HEBimOMAL PAElk 



M. 




2 
4 

6 
8 

10 
12 
14 
16 
18 

20 
22 
24 
26 
28 

30 
32 
34 
36 
38 

40 
42 
44 
46 
48 

60 
62 
64 
66 
68 



3r64 
3767 



37703871 



3774 3875 3978 4085 4194 4306 
S777 3878 3982 4088 4197 4309 



378038823986 
3784 

3889 



3787 
3790 



379438953999 

379738994003 
380039024006 
380439064010 



3807 
3811 



630 



386539684074 



3S683971 
3975 



640 



38853989 



38923996 



4113 
4117 
390940144121 



3913 4017 4124 4834 4347 4464 4584 4707 4836 



381439164021 



3821 
38243926 



3831 



3838.39404046 



38413944 
3947 

B961 



3868;3%1 
3961 



660 



40774186 



4081 



40924201 



4095 
4099 
4103 



399240994208 



4031 



3844394740624161 



8848;3961 4066 4164 4276 
38513964 40604168 4279 



4067 



66° 



418342944409 



41904302 



410642164328 



4110 4220 4332 4448 4668 4691 



4223 
4227 
4231 



4139 



4153 



4175 



3964407041794291 



67° 



420543174433 
4321 



4212 



4336 4452 4672 4695 4822 
4227 4340 4466 4676 4699 4826 



412842384361 



4249 



58<= 



429844134631 



43134429 



4436465546784805 
4325 4440 4669 4682 4809 



4344 



3817 3919 4024 4132 4242 4356 4472 4592 4716 4844 
3923 4028 4135 4246 4359 4476 4696 4720 4848 



4363 



3827 3930 4035 4142 4263 4367 4484 4604 4728 4867 



3933 4038 4146 4267 4370 4488 4608 4733 4861 



3834 3937 4042 4160 4260 4374 4492 4612 4737 4865 



3854 3968 4063 4172 42834398 46 15 4637 4762 4892 



42874401 



69° 



4417 
4421 



4426464346664792 



4444 



4460 



4264 4378 4499 4616 4741 



4049 4167 4268 4382 4495 4620 4746 4874 



43944611 



440646234646 



60O 



46274649 



4635 
4639 



4775 
46634779 
46674784 
46624788 



464746704796 



4561 



40744801 



4664 



46874814 



468047034831 



4272 4386 4603 4626 4760 4879 



4390 4607 4689 4764 4883 



Ql" 



4818 



4468468847124839 



4480460047244862 



463347684887 



4519464147664896 



4771 



62° 



4870 



4901 




2 

4 
6 

8 

10 
12 
14 
16 
18 

20 

28 
24 



30 
32 
34 
36 
38 

40 
42 
44 
46 

48 

60 
62 
64 
66 
68 



M. 630 



64° 66° 660 



670 



680 690 



60O 



610 



620 



M. 
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MBBIDIOMAL VOm. 



630 



64<= 



669 



660 



670 



6S= 



69= 



70O 



71« 



720 



M. 




2 

4 
6 

8 

10 
12 
14 
16 
18 

20 
22 
24 
26 
28 

30 
32 
34 
36 

38 

40 
42 
44 
46 
48 

50 
62 
64 
66 

68 



4906 
4909 



6039 
5044 



61795324 



49145049 
49186063 
492350686198 



6328 
61885333 



5184 
6188 
6193 



5338 
5343 



5474 
5479 
5484 
6489 
5495 



5631 
5636 



5795 
5800 



56425806 



5966 
5972 
5978 



59726152 



6146 
6152 
6158 



5647 
5662 



5811 
58176989 



59846164 



6336 
6341' 
6348 
6354 



61706361 



49276062 



6203 



53485600 



493160675207 



4936 

49405076 

4946 

4949 
4954 



6071 
5076 
6081 



6086 
60905231 



5217 
6222 

6226 



49685095 



4963 



5099 



49675104 
49726108 



4976 
4981 
4986 



5113 
6118 
5122 



53535506 
521253685510 
5363J5616 
53685620 

63735526 
53786531 
53835536 
53885541 
53936546 

53985552 
64035657 



5658 6823 5996 6 177 6367 
5663 5828 6001 6183 6374 



56685834 



5674 
5679 



60076189 



6380 



5839 
5845 



6013 



61966387 



60196201 



6394 



66855851 
56905856 



5236 
5241 
5246 

6250 
5255 



5695 
5701 
5706 



5862 



6025 
6031 
6037 



62086400 



6214 
6220 



6407 
6413 



58686043 



5874 



6049 



671258796055 



5717]5885 
5118 5260 5408 6562 5723 5891 



6265 



54135667 
4990 5127 6270 5418 5573 



,C 



6061 
6067 



5728!5896 6073 6258;6453 



62266420 
62336427 

62396433 
62456440 
625216447 



499451325275 



4999 
5003 
5008 
6012 



5136 
5141 
5146 
5161 



5280 
5284 
5289 
6294 



50175155 



6021 
5026 
5030 
5035 



5160 
5166 
6169 



6304 
5309 
5314 



5423'5678 
54285583 
54335588 
54385594 
54436599 



57345902 
57395908 



607962646460 



5745 
5760 
5756 
5761 



5399544856045767 



60856271 



6467 



6091 
6097 



5914 
5919 
5925 
5931 6109 



62776473 
62836480 



61036290 



51746319 



M. 63° 64° 65° 



54545610 
54595615 



57725943 



59376116 



5778 



5464562057835954 



54695625 



66° 



5948 



5789 



670 68° 



6303 

6309 

61276315 



6121 
6127 
6133 



6487 



62966494 



6960 



6600 
6507 
6514 
6322'6621 
614063286528 



690 



70O 71° 72° 




2 
4 
6 
8 

10 
12 
14 
16 
18 

20 
22 
24 
26 

28 

30 
32 

38 

40 
42 
44 

46 

48 

60 
62 

54 
56 

58 



M. 
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MERIDIOIIAI. PART& 



M. 




2 
4 

6 

8 

10 
12 
14 
16 

18 

20 
22 
24 
26 

28 

30 
32 
34 
36 

38 

40 
42 
44 
46 
48 

50 
52 
54 

56 

58 



6534 
6541 
6548 
6555 



66626775 



730 



6569 
6576 
6583 
6590 
6597 

6603 
6610 
6617 
6624 
6631 

6639 
6646 
6653 
6660 
6667 

6674 
6681 
6688 
6695 
6702 

6710 
6717 
6724 
67:il 
673S 



740 



674669707210 



6753 
6760 
6768 



6978 
6986 
6994 
7001 



67827009 



6790 
6797 
6804 
6812 

6819 
6826 
6834 
6841 
6849 

6856 
6864 
6871 
6879 
6886 

6894 
6901 
6909 
6917 
6924 



75° 



7467 
72187476 



7227748577648067 
7235174947774,8077 



7017 
7025 
7033 
7041 

7048 
7056 
7064 
7072 
7080 

7088 
7096 
7104 
7112 
7120 

7128 
7136 
7145 
7153 
7161 



7243,7503 

7252i7612 
7260:7521 
7268;7530 
72777539 

72857548 

7294;7557 
73027566 
7311 17570 
73197585 
73287594 



69327169 
69397177 
6947:7185 
6955i7194 
69637202 



M.|73= 74° 



75'^ 



76° 



77° 



78° 
7745 



79° 
8046 



77548056 



80° 



83758739 



8387 



8752 



7336 
7346 



7603 
7612 



7353,7622 
73627631 
7371J7640 

73797650 
73887659 
7397:7668 
74067678 
74147687 

742317697 
74327706 
744117716 



83988765 



7783,8088 



841087789189 



84228791 



7793 8099 8433 8804 9218 



78038109 
7813!8120 
78228131 
78328141 

784218152 
78528163 
78628174 
78728185 
7882,8196 



8445 
8457 
8469 



849288699292 



789282078562 
790282188565 



8817 
8830 
8843 
84808856 



9233 

88309248 

9262 

9277 



8504 
8516 

8528 
8540 



88839307 
88969322 



79128229 
79228240 
793218251 

7942,8262 
79538273 
7963'S284 
7978i8295 
79838307 



8577 

8589 
8601 

8614 
8626 
8638 
8651 
8663 



799483188676 
8004iS329'8688 
8014!S34l|8701 
7449;77:i5S025|S352S714 



7458 
76° 



773!- 



77° 



8035 

78° 



8364 

79° 



8726 
80° 



81^ 



8909 
8923 

8936 



8963 
8977 
8991 

9005 
9018 
9032 
9046 
9060 



82° 



9146 
9160 
9174 



9203 



9337 
9353 

9368 



89509383 



9399 
9414 
9430 

9445 
9461 
9477 
9493 
9509 



90749525 
90889541 
91039557 
9117 9573 



9131 



9589 



81° 



82- 



M. 




2 

4 
6 

8 

10 
12 
14 
16 
18 

20 
22 
24 

26 

28 

30 
32 
34 
36 
38 

40 
42 
44 
46 

48 

50 
52 
54 
56 

58 

m' 
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TABLE n. 

DEFRESaiON OF THE HORI- 
ZON UF THE SKA. 



TABLE IL 



ur 



Hei(btortlte 
Ejre in feet. 




1 


0' 59" 


2 


1- 24 


3 


1 42 


4 


1 58 


« 


2 12 


6 


2 25 


7 


2 36 


8 


2 47 


9 


2 57 


10 


3 7 


11 


3 16 


12 


3 25 


13 


3 33 


14 


3 41 


15 


3 48' 


16 


3 56 


17 


4 3 


18 


4 10 


19 


4 17 


20 


4 24 


22 


4 37 


24 


4 49 


26 


5 1 


28 


6 13 


30 


6 23 


35 


5 49 


40 


6 14 


45 


6 36 


50 


6 57 


60 


7 37 


70 


8 14 


80 


8 48 


90 


9 20 


100 


9 50 


120 


10 47 


140 


11 39 


160 


12 27 


180 


13 12 


200 


13 55 



DIP OP THB SEA AT DIFFERENT DISTANCES 
FROM THE OBSERVER. 



Dist. of 

land in 

flea 
miles. 


Height of the Eye above Uie Sea, 
In feet. 


5 


10 

22^ 


15 
3? 


20,25 


30 
6i 


35 
79^ 


40 
90' 


i 


11' 


45,56' 


0^ 


6 


11 


17 


22,28 


34 


39 


45 


f 


4 


8 


12 


15ll9 23 


27 


30 


10 


4 


6 


9 


12115 


17 


20 


23 


1 J 


3 


5 


7 


9 


12 


14 


16 


19 


ll 


3 


4 
~3 


6 
1 


8 
"6 


10 

~8 


11 

10 


14 

n 


15 
12 


2 


2 


2* 


2 


3 


5 


6 


7 


8 


9 


10 


3 


2 


3 


4 


5 


6 


7 


8 


8 


3* 


2 


3 


4 


5 


6 


6 


7 


7 


40 


2 


3 


4 


4 


5 


6 


7 


7 


5 


2 


3 


• 4 


4 


5 


5 


6 


6 


6 


2 


3 


4 


4 


5 


5 


6 


6 



TABLE IV. 



CURVATURE OF THE EARTH. 


DIM. In 


Helitht 


Diat. In 


Heigltt. 


miles. 


Inches. 

1 


mtloe. 


Feet 

149 


i 


15 


i 


16 


170 


1 


8 


17 


192 




Feet 


18 


215 


2 


2.6 


19 


240 


3 


6. 


20 


266 


4 


10.6 


25 


415 


6 


16.6 


30 


599 


6 


23.9 


35 


814 


7 


32.5 


40 


1064 


8 


42.5 


45 


1346 


9 


53.8 


50 


1662 


10 


66.4 


60 


2394 


11 


80.2 


70 


3258 


12 


95.4 


80 


4255 


13 


112. 


90 


5386 


14 


130. 


100 


6649 
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TABLE V. 

DISTANCES AT WHICH OBJECTS CAN Bfc SEEN AT SEA. 



HelfhtUi 

fMt 


DWaaee ta Bnc. 
mllw. 


HelchtlnfMt 


Dlatuceln 
Bog-mllai. 


1 


1.3 


60 


10.2 


2 


1.9 


70 


11.1 


3 


2.3 


80 


11.8 


4 


2.6 


90 


12.6 


6 


2.9 


100 


13.2 


6 


3.2 


200 


18.7 


7 


3.5 


300 


22.9 


8 


3.7 


400 


26.5 


9 


4. 


600 


29.6 


10 


4.2 


600 


32.4 


12 


4,6 


700 


36. 


14 


49 


800 


37.4 


16 


6.3 


900 


39.7 


18 


6.6 


1000 


41.8 


20 


6.9 


2000 


69.2 


26 


6.6 


3000 


72.6 


30 


7.3 


4000 


83.7 


36 


7.8 


5000 


93.6 


40 


8.4 


10000 


133. 


46 


8.9 


16000 


163. 


60 


9.4 


20000 


188. 
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TABLE VI. 

TBB POUS DISTANOB AND BIGBT ABOENSION OF THB FOLB RTAB. 





Polar Dtatanee. 


A]iB.ytf. 


Right Awandon. 


AmLVar. 






ta.iii.fl. 


«• 


1800 


lo 45^ 35'' 


— 19".5 


62 24 


+12.9 


1801 


1 45 15 




52 37 




1802 


1 44 56 




52 50 




1803 


1 44 36 




53 3 




1804 


1 44 17 




53 16 


t 


1805 


1 43 57 




53 29 




1806 


1 43 38 




53 42 




1807 


1 43 18 




53 65 




1808 


1 42 58 




54 9 




1809 


1 42 39 




54 22 


8. 


1810 


1 42 19 




54 36 


+13.6 


1811 


1 42 




64 60 




1812 


1 41 40 




65 4 




1813 


1 41 21 




55 18 




1814 , 


1 41 1 




66 33 




1816 


1 40 42 




66 47 




1816 


1 40 23 




66 2 




1817 


1 40 04 




66 17 


, 


1818 


1 39 45 




66 32 




1819 


1 39 25 




66 46 


8. 


1820 


1 39 05 


—19^.4 


67 1 


+14.3 


1821 


1 38 46 




67 15 




1822 


1 38 26 




67 30' 




1823 


1 38 7 




67 46 




1824 


1 37 48 




68 




1825 


1 37 28 




58 16 




1826 


1 37 9 




58 30 




1827 


1 36 49 




68 46 




1828 


1 36 SO 




69 




1829 


1 36 11 




69 16 




1830 


1 35 61 




69 31 




1831 


1 35 32 




69 46 




1832 


1 35 13 




1 2 




1833 


1 34 53 




1 18 




1834 


1 34 34 




1 34 


8. 


1835 


1 34 16 


— 19".351 


1 60 


+16.9978 


1836 


1 33 55 




1 1 6 




1837 


1 33 36 




1 1 22 




1838 


1 33 16 




1 1 38 




1839 


1 32 57 




1 1 44 




1840 


1 32 38 




1 2 1 
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